International Journal of Mathematical Archive-3(12), 2012, 4866-4871
@IMA Available online through www.ijma.info ISSN 2229 - 5046

Some Properties of Weak Form of b-y-Open Sets

Hariwan Z. Ibrahim*
Department of Mathematics, Faculty of Science, University of Zakho, Kurdistan-Region, Iraq

(Received on: 05-11-12; Revised & Accepted on: 18-12-12)

ABSTRACT

In this paper, we introduce and explore fundamental properties of maximal b-y-open sets in topological spaces such as
decomposition theorem for maximal b-y-open set. Basic properties of intersection of maximal b-y-open sets are
established.
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1. INTRODUCTION

A proper nonempty b-y-open subset U of a topological space X is said to be a maximal b-y-open set if any b-y-open set
which contains U is X or U. In [2], we study minimal b-y-open sets. Although the définition of the maximal b-y-open
set is obtained by the definition of the minimal b-y-open set, the properties of them are quite different, as we see in this
paper, especially the results in the last two sections. The purpose of this paper is to prove some fundamental properties
of maximal b-y-open sets and establish a part of the foundation of the theory of maximal b-y-open sets in topological
spaces.

In Section 3, we prove some basic results which are necessary for the subsequent arguments. We obtain a relation
among maximal b-y-open sets in Theorem 3.6. At the end of this section, we show that for any proper nonempty
cofinite open subset V, there exists, at least, one maximal b-y-open set U which contains

V (Theorem 3.8).

In Section 4, we study some relations among b-y-closure, b-y-interior, and maximal b-y-open sets. As an application,
we prove a result about a pre b-y-open set (Theorem 4.12). In the last two sections, we study various properties of b-y-
radicals.

In Section 5, we prove fundamental properties of b-y-radicals of maximal b-y-open sets. We establish a very useful
decomposition theorem for a maximal open set in Theorem 5.8. Theorem 5.8 will be applied to prove Theorem 5.9.
Theorem 5.10 gives a sufficient condition for the set of all maximal b-y-open sets. In Section 6, we consider the closure
of the b-y-radicals of maximal b-y-open sets. We establish “The law of b-y-radical b-y-closure” in Theorem 6.3.

2. PRELIMINARIES
Throughout the present paper X denotes the topological space. For a subset A of X, the closure of A and the interior of
A will be denoted by cl(A) and int(A), respectively.

Definition 2.1. [3] A subset A of a topological space (X, 1) is said to be b-open if A < int(cl(A)) U cl(int(A)). The
family of all b-open sets is denoted by BO(X, 7).

The following definitions and results are obtained from [1]. Let y be a mapping on BO(X) in to P (X) and y: BO(X)—
P(X) is called an operation on BO(X), such that V < y(V ) for each V € BO(X).

Definition 2.2. A subset A of a space X is called b-y-open if for each x € A, there exists a b-open set U such that x € U
and y(U) € A.

Definition 2.3. Let A be a subset of (X, 1) and y: BO(X) — P(X) be an operation. Then the b-y-closure of A is denoted
by t,-bcl(A) and defined as follows t,-bcl(A) = N { F: F is b-y-closed and A € F}.

Definition 2.4. An operation y on BO(X) is said to be b-regular if for every b-open sets U and V of each x € X, there
exists a b-open set W of x such that y(W) < y(U) N y(V).
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Proposition 2.5. Let y be a b-regular operation on BO(X) If A and B are b-y-open sets in X, then AN B is also a b-y-
open set.

3. Maximal b-y-Open Sets

Definition 3.1. A proper nonempty b-y-open subset B of X is said to be a maximal b-y-open set, if any b-y-open set
which contains B is X or B.

Example 3.2. Let X = {a, b, c}, 1 = {J, X, {a}, {a, b}} be a topology on X. Define an operation y: BO(X) — P(X) by
v(A) =cl(A) ifa ¢ Aand y(A) = Aif a € A. Calculation gives that b-y-open sets are {a}, {a, b}, {a, c}, X, &. Clearly
{a, b}, {a, c} and X are maximal b-y-open sets.

Lemma 3.3. (1) Let U be a maximal b-y-open set and W a b-y-open set. Then U U W =X or W c U.
(2) Let U and V be maximal b-y-open sets. Then U u V =X or U = V.

Proof. (1) Let W be a b-y-open set such that U U W # X. Since U is a maximal b-y-open set and U c U U W, we have
U u W =U. Therefore, W cU.
2)fUUV#£X,thenUcVandV c U by (1). Therefore U = V.

Proposition 3.4. Let U be a maximal b-y-open set. If x € U, then W u U = X or W < U, for any b-y-open
neighborhood W of x.

Proof. By Lemma 2.3 (1), we have the result.

Theorem 3.5. Let U,, Ug and U, be maximal b-y-open sets such that U, # Ug. If U, ~ Ug < U,, then U, = U, or Ug =
U,
Proof. We see that
U,nU,=U,n (U,NX)
=U, N (U, N (U, L Up)) (by Lemma 3.3 (2))
=U,n((U,nUy) u (U, Up))
=UsnU)u(U,nU, N Ug)
=UsnU,)u (U, Ug) (by U,nUgc U,)
=U,n (U, u Up)

Hence we have U, N U, = U, N (U, U Up). If U, # Ug, then U, U Ug = X and hence U, N U, = U, implies U, c U,.
Since U, and U, are maximal b-y-open sets, we have U, = U,.

The following Theorem gives a relationship among maximal b-y-open sets:

Theorem 3.6. Let U;, U, and Us be disjoint maximal b-y-open sets. Then, U; n U, is not a subset of U; n Us.

Proof. If Uy n U, < Uy n Us, then we see that (U;n Uy) U (U, N Ug) < (Upn Ug) U (U, m Ug). Therefore, U, N (U U
Us) < (U; U Uy) n Uz Since Uy U Uz = X = Uy U Uy, we have U, ¢ Us. It follows that U, = Us, which contradicts our

assumption.

Proposition 3.7. Let U be a maximal b-y-open sets and x € U. Then U = U{W: W is a b-y-open neighborhood of x
such that W U U = X}, where v is a b-regular operation.

Proof. This follows from Proposition 3.4 and the fact that U is a b-y-open neighborhood of x, we have U c U{W: W is
a b-y-open neighborhood of x such that W U U # X} < U. Therefore, we have the result.

Recall that the complement of any finite subset is a cofinite subset. The following theorem shows the existence of
maximal b-y-open sets for special cases.

Theorem 3.8. Let V be a proper nonempty cofinite b-y-open sets subset. Then, there exists, at least, one (cofinite)
maximal b-y-open set U such that V < U.

Proof. If V is a maximal b-y-open sets, we may set U = V. If V is not a maximal b-y-open set, then there exists
(cofinite) b-y-open set V, such that V < V; = X. If V; is a maximal b-y-open set, we may set U = V,. If V; isnota
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maximal b-y-open set, then there exists a (cofinite) b-y-open set V, such that V < V; < V, = X. Continuing this
process, we have a sequence of b-y-open set

VcVicVy - Ve -

Since V is a cofinite set, this process ends in a finite number of steps. Finally, we get a maximal b-y-open set U = V,,
for some positive integer n.

4. Applications of b-y-closure, b-y-interior in maximal b-y-open sets

Now, we study some relationship among b-y-closure, b-y-interior and a maximal b-y-open set. As an application, we
prove Theorem 4.12 about pre b-y-open sets:

Theorem 4.1. Let U be a maximal b-y-open set and x € (X — U). Then, (X — U) < W, for any b-y-open neighborhood
W of x.

Proof. Since x € (X — U), we have W is not subset of U, for any b-y-open neighborhood W of x. Then W u U = X, by
Lemma 3.3 (1). Therefore, (X —U) c W.

Corollary 4.2. Let U be a maximal b-y-open set. Then, either of the following holds:
(1) W =X, for each x € (X — U) and each b-y-open neighborhood W of x.
(2) There exists a b-y-open set W such that (X — U) c W and W c X.

Proof. If (1) does not hold, then there exists an element x € (X —U) and a b-y-open neighborhood W of x such that
W < X. By Theorem 4.1, we have (X — U) c W.

Corollary 4.3. Let U be a maximal b-y-open sets. Then, either of the following holds:
(1) (X—=U) c W, for each x € (X — U) and each b-y-open neighborhood W of x.
(2) There exists a b-y-open set W such that (X —U) =W = X.

Proof. Assume that (2) does not hold. Then, by Theorem 4.1, we have (X — U) c W, for each x € (X — U) and each b-
y-open neighborhood W of x. Hence, we have (X —U) c W.

Theorem 4.4. Let U be a maximal b-y-open set. Then t,-bcl(U) = X or t,-bcl(U) = U.

Proof. Since U is a maximal b-y-open set, only the following cases (1) and (2) occur by Corollary 4.3:

(1) for each x € (X — U) and each b-y-open neighborhood W of x, we have (X — U) < W. Since (X — U) # W, we have
W n U = O, for any b-y-open neighborhood W of x. Hence, (X — U) c t,-bcl(U). Since X=U u (X-U) c U U 1,
bcl(U) = t,-bel(U) = X, we have 1,-bcl(U) = X.

(2) There exists a b-y-open set W such that (X — U) = W = X, since (X — U) = W is a b-y-open set, U is a b-y-closed set.
Therefore, U = 1,-bcl(U).

Let A be a subset of (X, 1) and y: BO(X}> P(X) be an operation. Then the b -y-interior of A is denoted b t,-bint(A)
and defined as follows t,-bint(A) = w { U: U is b-y-open and U € A}.

Theorem 4.5. Let U be a maximal b-y-open set. Then t,-bint(X — U) = (X — U) or t,-bint(X — U) = &.

Proof. By Theorem 4.4, we have either (1) t,-bint(X — U) = @ or (2) t,-bint(X - U) =X —TU.

Theorem 4.6. Let U be a maximal b-y-open setand & = S € (X — U). Then t,-bcl(S) = (X —U).

Proof. Since & # S < (X — U), then by Theorem4.1, we have W n S = &, for any x € (X— U) and any b-y-open
neighborhood W of x. Then (X — U) & t,-bcl(S). Since X — U is a b-y-closed set and S < (X — U), we see that t,-bcl(S)
c 1,-bel(X — U) = X — U. Therefore, X — U = t,-bcl(S).

Corollary 4.7. Let U be a maximal b-y-open set and M < X with U < M. Then t,-bcl(M) = X. Where vy is a b-regular
operation.
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Proof. Since U ¢ M ¢ X, there exists a & = S < (X — U) such that M = U U S. By b-regularity of operation y and
Theorem 4.6, we have t,-bcl(M) = t,-bcl(S U U) = 1,-bel(S) U t,-bel(U) o (X — U) u U = X. Therefore, t,-bcl(M) = X.

Theorem 4.8. Let U be a maximal b-y-open set and assume that (X — U) has at least two elements. Then, for any
element a € (X —U), t,-bcl(X — {a}) = X, where y is a b-regular operation.

Proof. Since U < X — {a} by our assumption, we have the result by Corollary 3.7.
Theorem 4.9. Let U be a maximal b-y-open set and U = N < X. Then, t,-bint(N) = U.

Proof. If N = U, then t,-bint(N) = t,-bint(U) = U. Otherwise N = U, and hence U < N. It follows that U € t,-bint(N).
Since U is a maximal b-y-open set, we have also t,-bint(N)cU. Therefore, t,-bint(N) = U.

The following Theorem follows from Theorems 4.6 and 4.9:
Theorem 4.10. Let U be a maximal b-y-open set and & = S < (X — U). Then, X — t,-bcl(S) = ,-bint(X — S) = U.
Definition 4.11 [2]. A subset M of X is said to be pre b-y-open-set, if M c t,-bint(t,-bcl(M)).

Theorem 4.12. Let U be a maximal b-y-open set and U — M < X. Then, M is a pre b-y-open set, where v is a b-regular
operation.

Proof. If M = U, then M is a b-y-open set. Therefore, M is a pre b-y-open set [2].
Otherwise U c M, then by Corollary 4.7, t,-bint(t,-bcl(M)) = t,-bint(X) = X o M. Therefore M is a pre b-y-open set.

The following Corollary directly follows from Theorem 4.12:

Corollary 4.13. Let U be a maximal b-y-open set. Then, X — {a} is a pre b-y-open set, for any a € (X — U), where y is a
b-regular operation.

5. Basic properties of b-y-radical

In this section, we prove fundamental properties of radical of maximal b-y-open sets. We establish a very useful
decomposition theorem for a maximal b-y-open set in Theorem 5.7.

Definition 5.1. Let U = {U,: A € | } be a class of maximal b-y-open sets. Then, n U = n, ¢,U,, is called the b-y-radical
of U.

Example 5.2. Let X = {a, b, ¢}, 1 = {, X, {b}} be a topology on X. Ddfine an operation y: BO(X) — P(X) by y(A) =
A for all A € BO(X) Then, , the b-y-radical is the set {b}.

The intersection of all maximal ideals of a ring R is called the (Jacobson) radical of R [4, 5]. Following this
terminology in the theory of rings, we use the terminology “radical” for the intersection of maximal b-y-open sets.

The Symbol | \I" means difference of index sets; namely, | \I = | —I", and the cardinality of a set | is denoted by |I| in
the following arguments:

Theorem 5.3. Suppose that |I| > 2. Let U, be a maximal b-y-open set for any A< I and U, = U,, for any A, p € | with &
# L.

(1) Let p be any element of 1. Then, X — (M e 1-q3Us) < U,

(2) Let p be any element of I. Then, My e 1.q3Un = &.

Proof. (1) By Lemma 3.3 (2), we have (X — U,) € U, for any Ae | with & = p. Then, (X - U,) < my e 1q3Us. Therefore,
we have X — My e I—{u}U}» c U“.

(2) If "y e 13U =D, By (1), we have X = U,. This is contradiction to our supposition that U, is a maximal b-y-open
set. Therefore, we have My e . qUs# .

Corollary 5.4. Let U, be a maximal b-y-open set, for any A € I and U, = U, for any A, u € I with & = . If |I| > 3, then
Ui,nU,=d, forany A, pu € | with A = .

Proof. By Theorem 5.3 (2), we have the result.
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Theorem 5.5. Let U, be a maximal b-y-open set for any A € | and U, # U,,, for any A, pu € | with & = p. Assume that ||
>2. Let p be any element of I. Then, Me.q3Us < Uy @ MiergzUs

Proof. If myeiq3Us < U, Then by Theorem5.3 (2), we have X = (X— muerqaUn) U (MiergpUs) < U, This is
contradiction to our assumption. If U, c(er-3Us then we have U, < U, and hence U,= U, for any element A € (I
—{u}). This contradicts our assumption that U, = U, when A # p.

Corollary 5.6. Let U, be a maximal b-y-open set, forany A € land U, = U, forany A, pn € I, withA = p. IfJ#3 |,
then Myerg3Un & Nie sUi & MiergsyUn.:

Proof. Leti €5. By Theorem 5.5,
Mer-iUr = Me-arqinyUn < Ui

Therefore, we see My, e 153U @ Mie sUi. On the other hand, since Nie sUi = Nig-a-g spyUi @ Ma e 1-{s3Us, We have Mie sU;
& My e gspUn.

Theorem 5.7. Let U, be a maximal b-y-open set, for any A € | and U, #U,, for any A, p € I, with A=p. If & =8 |,
then My e IUL C Nie SUi-

Proof. By Corollary 5.6, we have m; e Uy = (M. e 1453 Un)N (NiesUi) < Mie Ui

Theorem 5.8. (Decomposition Theorem for Maximal b-y-Open Set). Let |I| > 2. Let U, be a maximal b-y-open set for
any A € land U, = U, forany A, p € | with A # p. Then, forany p € 1,

Up=(mneiU) U (X=mergaUi).
Proof. Let u € I. By Theorem 5.3 (1), we have
(MrertU) U (X=mpergaUs) = (MrergaU) nU) U (X— My erggUs)
= ((MrergyUn) U (X = myergaUn) N (U w (X — myergaUn))
= UH o (X —Mye |_{“}U)L) = U“.
Therefore, we have U,= (M. e Uy) U (X — My e(i-guapUa)-

Theorem 5.9. Let | be a finite set and U, be a maximal b-y-open set for any A € I and U, = U, forany &, p € | with A #
. If myeUy is a b-y-closed set, then U,, is a b-y-closed set, for any A I, where v is a b-regular operation.

Proof. By Theorem 5.8, we have U, = (", e Uy) U (X— My e 143Us) = (M e Us) U (Us e 1gy(X — Uy)). Since 1 is a
finite set and y is b-regular so, Uy e 1.4,3(X — U,) is a b-y-closed set. Hence, U,, is a b-y-closed set by our assumption.

The following Theorem gives a sufficient condition for the set of all maximal b-y-open sets:

Theorem 5.10. Assume that |I|> 2. Let U be a maximal b-y-open set, for any A € 1 and U, # U,, for any A, p € | with
A= If gy e U= &, then {Uy: A € 1} is the set of all maximal b-y-open sets of X.

Proof. If there exists another maximal b-y-open set U, of X, which is not equal to U;, for any A € I, then & = m, ¢ \U; =
M e(ugop-oy Ua- By Theorem 5.3 (2), we see that My, e¢jugoyp-ro3 Un # . This contradicts our assumption.

Example 5.11. If each point {x} is b-y-closed of a space X, then X — {a} is a maximal b-y-open set for any a € X.
Moreover, we see that {X — {a}: a € X} is the set of all maximal b-y-open sets of X by Theorem 5.10, since Mye x(X —

{ahu, = <.

6. More about b-y-radical of maximal b-y-open sets

In this section, we study the b-y-closure of b-y-radical of maximal b-y-open sets, we begin with a proposition.
Proposition 6.1. Let U, be a set, for any A € 1. If t,-bcl(m,c,Uy) = X, then t,-bel(U,) = X, forany A € I.

Proof. We see that X = t,-bcl(m,.cUy) < t,-bel(Uy). It follows that t,-bcl(U,) = X, for any A € .
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Theorem 6.2. Let | be afinite set and U , be a maximal b-y-open set for any A € I. If t,-bcl(m; o U;) # X, then there
exists A € | such that t,-bcl(U;) = U,, where y is a b-regular operation.

Proof. Suppose that t,-bcl(U,) = X forany A € I. let u € I. Since y is b-regular, so M 5.3 Us. is a b-y-open set. Also
b-regularity of operation y implies that t,-bcl(meUs) = t,-bel((MyerqUs) N UL) = 1-bel(MyergaUs) N 1,-bel(u,) o
(f\)L € |_{H}U)L) M Ty'bCI(Uu) = (m;ha_{u}u;») NX= (f\;L € |'{H}U7V)' Therefore, ’Ey'bcl(f\)L € |-{u}U7») c Ty'bCI(Ty'bCI(m)LE IUL)) =
t,-bcl(, € jU;). On the other hand, we see that me Uy < Mye 1q3Un and hence t,-bcl(meUy) = t,-bel(Myer-
1Y) Then, by induction on the element of I, we see that t,-bcl(meUy) = t,-bel(Uy) = X, for any A € 1. This
contradicts our assumption that t,-bcl(, € U,) = X. Therefore, we see that there exists A € | such that t,-bcl(U;) = U,.

The b-y-radical of maximal b-y-open sets have the following outstanding property:

Theorem 6.3. (The b-y-Closure Law of b-y-Radical). Let | be finite and U, is a maximal b-y-open set for each A € I.
Let " € | such that t,-bcl(U,) = U, for any A € T" and t,-bcl(U;) = X for any A € | - T". Then, t,-bcl(myeUs) = mye rUy
(=X, if I = &), where v is a b-regular operation.

Proof. If I' = &, then we have the result by Theorem 6.2. Otherwise I" # &, and hence we see that

T,-bel(MyeUy) = T-bel((MyerUs) N (MyerrU5) = 1-bel((MyerUy)) N ty-bel((My er- rU2)) 2 (Mie rUz) N t-bel(Myer rUy)
= (MperU;) N X = myerU,. By Theorem 6.2 and the fact that (m;erU;) is a b-y-open set. Since y is b-regular, it follows
that t,-bcl(, € \U,) = t,-bel(t,-bel(me \Uy)) o (-bel(my, erU,). On the other hand, we see that Mg U, € My er U,
and hence t,-bcl(MeU,) < t-bel(myery,). 1t follows that t,-bel(my, e 1 Uy)) = t,-bel(mye rUs,). The b-y-radical mye rUy
is a b-y-closed set since U, is a b-y-closed set for any A € T by our assumption. Therefore, we see that t,-bcl(my e, Uy)
= MyerUs.
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