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ABSTRACT

In the paper we investigate some comparative growth properties related to the maximum terms of composite entire
functions.
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1. INTRODUCTION, DEFINITIONS AND NOTATIONS.

Let f be an entire function defined in the open complex plane C. The maximum term ,u(r, f) of f = Z:anzn on
n=0

|z| = r is defined by
u(r, f)= maann|r").

n>0

To start our paper we just recall the following definitions:

Definition 1. The order p, and lower order A, of an entire function f are defined as
: log?M(r, f . log®PM(r, f
o :Ilmsupg—() and A4, :Ilmlnfg—()
r—o0 logr r—o logr
where IOg[k] X= Iog(log[k‘l] X) for k=1,2,3,... and IOg[O] X=X.

Definition 2. The hyper order ,;f hyper lower order Zf of an entire function f are defined as follows

_ [3] . 3]
yo¥ =|imsupw and A: =Iliminf |Og M(r’ f)
r—oo |Ogr r—o |0gr

Sincefor 0<r <R, ,u(r, f)S M(r, f)S RR r,u(R, f) {Cf-[4]}

it is easy to see that

2] [2]
P =Iimsup'°g—”(r’f) and A, _ liming 1097 #(r. )
r—oo |Ogr r—oo Iogr
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and

_ [3] . [3]
pf=limsup'°g—”(r'f) and 71 = liminf 129" 400 f).

ro logr r—e logr

* * —* —*
Definition 3. ([3]) Let f be an entire function of order zero. Then the quantities p f, 4 f and p f, A4 f

are defined in the following way :

] [2]
,O*f :|imsupw’ A =liminf log M(I’,f)
r—ow IOg[Z] r r—o |Og[2] r
and
—* [3] - [3]
P f :|im3upwp](r-’1:), A ¢ =liminf |Og I\{lz](r’f)
r—om IOg r r—w |og r

Definition 4. The type af of an entire function f is defined as

logM (r, f)

0 .
- ,0<p; <

o = limsup

r—o r

In the paper we would like to establish some new results based on the comparative growth properties of maximum
terms of composite entire functions. We do not explain the standard notations and definitions in the theory of entire
functions as those are available in [5].

2. LEMMAS.
In this section we present some lemmas which will be needed in the sequel.

Lemma 1. ([1]) Let f and g be any two entire functions. Then for all sufficiently large values of r,

M(Em[g,gj_|g(o)|, st M(r, o g)<M(M(r.g) f).

8

Lemma 2. ([2]) Let f be an entire function of finite lower order. If there exist entire functions ai (i =12,...nn< 00)

n
satisfying Tkr,ai ): O{T(r, f)} and Y. 5(ai; f)=l, the
=1

jim— ) 1
= logM(r,f) =«

3. THEOREMS.
In this section we present the main results of the paper.

Theorem 1. Let T, and K be any three entire functions with (()0<A <p, <o, (ii) 0<p, <oo,(iii) Ai<p <m

and (iv)0<0'g<oo. Also let there exist entire functions ai(i:1,2,...,n;n£oo) satisfying

n
T\r,ai):o{T(r,g)} and Y. 5(ai;g)=1. Then
=1
(1]99 ﬁcgﬁk < |imsup |Og[2] ,Ll(l”k o g) < 7O, P, .
P, e log® ulexpl(r®) fog)” 2.4,

4
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Proof. Putting R=2r inthe inequality
e, F)<M(r, f)< RR

(R, ) {cf.[4]}

u(r, f)<M(r, f)<2u(2r, f).

we get that

Now in view of the first part of Lemma 1 and the inequality M (r, f)g 2,u(2r, f), we obtain for all sufficiently large
values of r,

log® u(r,kog)> Iog[z]%M (%k 0 gj
> log®' M iM(L,g}k +0(1)
16 4
> (2, —g)logMG,g). )

Again in view of the second part of Lemma 1 and for all sufficiently large values of I,

log® su(exp(r” ) f = g)<log®” M (exp(r” ) f o g)
<log? M (M (exp(rpg ) g), f )

<(p"s +g).(,og +e)r” v

Now using Lemma 2 and from (1) and (2) we get for all sufficiently large values of I,
(4, —¢&)logM| ©
kK ‘9) 0g —9
4
(o7 +elp, +&)r”

o (=) oot 9| 1{9)
(e, +e) T(V,g) CJ

4

log” p(rkeg)
log® slexp(r™ ) f og)~

o

Since 8(> O)is arbitrary,

Iirlswup Iog[z]u(exp(rpg )’ fog

©)

log"! u(r,k o g) )>(1jpg no A,
\4

IO f 'pg
Again by the second part of Lemma 1 and the inequality y(r, f)g M (r, f ) we get for all sufficiently large values of
r!

log® 4(r,k o g)<log®”' M (r,k o g)
<log®M(M(r,g)k)

<(p, +&)logM(r,g). @
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Also in view of the first part of Lemma 1 and for all sufficiently large values of I we obtain that

log™® y(exp(rpg ) fo g)Z Iog[z]%M (M fo gj

2

> log®' M (iM (M g), f ]
16 4
> (X' —¢)log? M (%ﬂ) g]
>(Z¢ -, —e)r™. ©)
Now from (4) and (5) we get for all sufficiently large values of T,

log® u(rkog) _(p, +¢)logM(r,g)
log"? ulexp(r™ ) fog)” (21 —g)a, —s)r™

As 8(> 0) is arbitrary,

[2] o JOw
limsup log” 4(r ko 9) <Py (6)

e log® ulexplr™ ) fog)™ XA,
Thus the theorem follows from (3) and (6).

Theorem 2. Let f,g and K be any three entire functions with (i)0<}Lk <p <, (ii)0<pg<oo, and

(iii) A <p <o (iv) 0 <o, <. Also let there exist entire functions &, (1=12,...,n;n < o0) satisfying

T(r,ai J=o{T(r.g)} anoli %f(ai : g)zl. Then

Ps [2]
(1] ﬂ*o-gﬂ’k Sllmsup [IZ(])g2 ,u(l’,lp(o g) < ”*Ggpk .
4) pi.p, = |0g ,u(exp(r 9), fo k) A A,

Proof. In view of the following inequality and putting R=2r

ulr 1)< M 1) 2 uR, F) of [4])

u(r, f)<M(r, f)<2u(2r, f).

Now in view of the first part of Lemma 1 and the inequality M (r, f )< 2.(2r, f ), we obtain for all sufficiently large

we get that

values of r,

log™ 4(r,k o g)> Iog[z]%M(%,k o gj

> log”' M (%M (5, gj,kj +0(1)

4
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r
>(4, —&)logM| —,g |. @)
4
Again in view of the second part of Lemma 1 and for all sufficiently large values of I,

Iog[z]y(exp(r”g ) fo k)g log?! M (exp(r"g ) fo k)
<log® M (M (exp(rpg ) k), f )

<(p"r + 8).(pk +eNr’ ®)

Now using Lemma 2 and from (7) and (8) we get for all sufficiently large values of I,

(4, — &)logM (; gj

(7 +&)(p, +&)r”

. (h-2) ogm 0] 7{39)

(ol e +e) T(r,g) (Zj Gj

log® u(rkog)
log sulexp(r’ ) f o k)~

Since 8(> O)is arbitrary,

2 1(r K o )
limsup log® {1 k> g) >(l) 774" )

e log® ulexp(r™) fok) " \4) p'ip,

Again by the second part of Lemma 1 and the inequality z(r, f )< M(r, ), we get for all sufficiently large values of
r,

log" u(r,k o g)<log®' M(r,k o g)
<log”’M(M(r,g)k)

<(p, +&)logM(r,g). (10)

Also in view of the first part of Lemma 1 and for all sufficiently large values of I we obtain that

log™® y(exp(rpg ) fo k)z Iog[z]%M(eXp(r/)g fo kJ

Z(ﬂ*f —g)-(ﬂ,k—g)-rpg. (11)

Now from (10) and (11) we get for all sufficiently large values of I,
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log® u(rkog) _(p, +¢)logM(r,g)
log® slexplr’ ) f o k)™ (X' —&)a, —)r™

As 8(> 0) is arbitrary,

[2] o .
limsup log* 1.k~ g) < PO,

F>o0 Iog[z]y(exp(rpg ),f ok)_ iAo (12)

Thus the theorem follows from (9) and (12).

Theorem 3. Let f, g and K be any three entire functions with (i) 0 < A« < p, <o, (i) 0< 4, < p, <,

(iii) Ai<p . <00 and (iV)0< O, <00 Also let there exist entire functions @, (i=12,..,n;n<o)

n
satisfying T(r, ai )2 O{T (r, g)} and ) 5(ai ; g):l. Then
=1

(1)% 7o, Ax < limsup log® u(r.k o g) Py

4

—_—

P 1P, - log" #(eXp(rpg ) fo 9)_ Z*f.ﬂg .

Proof. Considering the following inequality and taking R=2r

u(r, £)<M(r, f)< RR u(R, 1) fcf [4]

u(r, f)<M(r, f)<2u(2r, f).

Now in view of the first part of Lemma 1 and the inequality M (r, f)s 2/1(2r, f ) we obtain for all sufficiently large

we obtain that

values of r,

log™ s(r,k o g)> Iog[e’]%M (%,k o gj

> log M (%M (i, g),k) +0(1)

4
> (A —g)logMG,g). (13)

Again in view of the second part of Lemma 1 and for all sufficiently large values of I,
log® u(exp(r™ ) f o g)<log® M (exp(r™ ) f - g)
<log®¥'M (M (exp(rpg ) g), f )
< (,;*f + 6‘)(,09 + g)r”g : (14)

Now using Lemma 2 and from (13) and (14) we get for all sufficiently large values of I',

— r
Iog[sly(r,kog) >(/1k —8)|09M(4,g)
log” /“(eXp(rpg )' fo g)_ (,Bf + 5)(pg + g)r"g
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A B CON A
(Pf+8)(,og+g) T(Z’gj (r)pg 2

4

Since 8(> O)is arbitrary,

4

limsup

- log® ulexp(r™ ) f - g) - (15)

log™ s(r,k o g) >(1)"9 7o, A
p f'pg

Again by the second part of Lemma 1 and the inequality z(r, f )< M(r, ), we get for all sufficiently large values of
r,

log™ u(r .k o g)<log® M(r,k o g)
<log®'M(M(r,g).k)

s(/_)k +g)logM(r,g). (16)

Also in view of the first part of Lemma 1 and for all sufficiently large values of I we obtain that

Iog[s]y(exp(r”g ) fo g)z IogméM(M, fo g]

2

>log®' M (%M (%ﬁg) g} f]
> (/_1*f - g)log[z] M (ﬂpdfﬂ gj

> &) (1g —e) 179 17)
Now from (16) and (17) we get for all sufficiently large values of I,

log® u(r.k o g) . (,Ek +g)|og|\/|(r,g)_
log® ulexplr™ ) to9)~ (1 — 22, — & )r"

As 8(> 0) is arbitrary,

[3] o 0 /8
IimSUp IOg :u(r7k g) <pk7[69_

e log® ulexplr™ ) tog)” 77 4, -

Thus the theorem follows from (15) and (18).

Theorem 4. Let f, g and K be any three entire functions with (i)0< 4, <p, <, (i) 0< A < p, <en, (iii) 0< p, <en,

(iv)0 <li<p . <ooand (V) 0< O, <00. Also let there exist entire functions &, (i=12,..,n;n<o)

n
satisfying T(r, ai )2 O{T (r, g)} and ) 5(ai ; g):l. Then
=1
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Gj za A < limsup [|3?9[3]/‘(r’f° g) Sf‘*’g;k _
4 P 1.0, o Iog ,u(exp(l’ g)’f ° k) A f'j’k

Proof. Putting R=2r in the inequality
u(r, f)<M(r, )<

#(R, 1) {cf [4]}

u(r, f)<M(r, f)<2u(2r, f).

We obtain that

Now in view of the first part of Lemma 1 and the inequality M (I’, f )S 2,u(2r, f ) we obtain for all sufficiently

large values of I,

log™ z(r K o g)>|og‘°’]1 (%,kogj

1 r
>log®'!M| =—M| =g |k [+0(1
o w( oot
2@ —g)logMG,g). (19)
Again in view of the second part of Lemma 1 and for all sufficiently large values of I,

log® u(exp(r” ) f o k)<log® M (exp(r” ) f o k)

<log®'M (M (exp(rpg ) k), f )

—— %

S(p f +5)(Pk +e)r’ (20)

Now using Lemma 2 and from (19) and (20) we get for all sufficiently large values of I',
— r
A —¢gllogM| —,
3] Pg 2 - P
log u(exp(r ) fo k) (p f +g)(pk +.9).r ‘
r r
— logM| —,g9 | T| -,
(1 -¢) J (4 g) (4 gj (1}”9

2(;*f+8)(pk+a)' T(Z’gj ' (;jpg \4

Since 8(> O)is arbitrary,

P g ol 1)

Again by the second part of Lemma 1 and the inequality z(r, f )< M(r, f), we get for all sufficiently large values of

log® u(r,k o g) >(1jpg 7, A o

4) pip

r,

log™ u(r .k o g)<log® M (r,k o g)
<log”M(M(r,g)k)
s(pk+5)log M(r,g). (22)
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Also in view of the first part of Lemma 1 and for all sufficiently large values of I we obtain that

log® s(exp(r” ) f ok)= Iog["*]%M %ﬁg), fok

> log®! M %M %”),k f

-~ ex (r"g)
2 (7' = s)hogtm[ 22"
4
* pg
2(), f —g)-(/lk —¢)-r'9. (23)
Now from (22) and (23) we get for all sufficiently large values of I,

log™ p(r,k o g) - (;k + g)log M (r, g)'
ol 1 £ oK) (s el ey

As €(> 0) is arbitrary,

(24)

] o ...
IimsupI [Ig?g ﬂ(r’z ) sp_k*ﬂo-g.
oo 100 :u(exp(r )’ fo k) A '/?’k

Thus the theorem follows from (21) and (24).

REFERENCES

[1] Clunie, J.: The composition of entire and meromorphic functions, Mathematical essays dedicated to A.J.
Machintyre, Ohio University Press, 1970, pp. 75-92.

[2] Lin, Q. and Dai, C.: On a conjecture of Shah concerning small functions, Kexue Tong bao (English Ed.), Vol. 31
(1986), No. 4, pp. 220-224.

[3] Liao, L. and Yang, C.C.: On the growth of composite entire functions, Yokohama Math. J., Vol. 46 (1999), pp. 97-
107.

[4] Singh, A.P. and Baloria, M.S.: On maximum modulus and maximum term of composition of entire functions,
Indian J. Pure Appl. Math., Vol. 22 (1991), No. 12, pp. 1019-1026.

[5] Valiron, G.: Lectures on the general theory of integral functions, Chelsea Publishing Company, 1949.

Source of support: Nil, Conflict of interest: None Declared

© 2012, IJMA. All Rights Reserved 4891



