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ABSTRACT

In this paper we study the existence of global solutions for a class of impulsive abstract partial neutral functional
Volterra-Fredholm integrodifferential equations with unbounded delay. The results are obtained by using semigroup
theory and Leray-Schauder’s Alternative theorem.
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1. INTRODUCTION

In the past decades, the theory of impulsive integrodifferential equations has become an active area of investigation due
to their applications in the fields such as mechanics, electrical engineering, medicine biology, ecology and so on. For
some general and recent works on the theory of impulsive differential and integrodifferential equations, we refer the
reader to [3, 4, 5, 6, 7, 8, 10, 16, 22]. Neutral differential equations arise in many areas of applied mathematics. Theory
of neutral differential equations has been studied by several authors in Banach Spaces [1, 12]. Balachandran and
Sakthivel [2] and Balachandran and Dauer [9] studied the existence of solutions for neutral functional
integrodifferential equations in Banach spaces. In [23] we study the global existence of solutions for the initial value
problems for the first and second order Volterra-Fredholm type neutral impulsive functional integrodifferential
equations.

In [21], the existence of solutions for impulsive neutral functional differential equations of the form,
d
a(u(t)+ F(t,u,)) = Au®)+G(tu,), tel, t=t,

Au(ti) = Ii (ti)
Uo=peB,

by using Leray-Schauder’s alternative theorem are obtained.

In this paper, we establish the existence of mild solutions for a class of impulsive neutral functional Volterra-Fredholm
integrodifferential equations with unbounded delays such as

%(u(m g(t,u,)) = Au(t) + f(t,ut,j;h(t,s,us)ds,jk(t,s,us)ds), tel tt (L.1)
0

Au(t) = Ii(uti), i=12,,..,n. (1.2)

U=peB (1.3)

where A is the infinitesimal generator of a Cy semigroup of bounded linear operators (T(t))so defined on a Banach
space (X, |.||); Here O< t; < t, <...<t,<a are prefixed numbers; the history u; : (-00,0]— X, uy(6) = u(t+6) belongs to
some abstract phase space 3B defined axiomatically; gl X B > X, f: I XBXX XXX, h:Qx B->X, k: QX
Bo>X, 1 B ->X, 1 =1,2,...,n are appropriate functions and Q = {(t,s) €1 x | ; s <t} and the symbol A&(t)
represents the jump of the function & at t, which is defined by A&(t) = £(t")-E(t ).
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The aim of this paper is to study the existence of global solutions for the impulsive neutral functional VVolterra-Fredhom
type integrodifferential equations described in the general “abstract” form (1.1)-(1.3).

In second section, we provide the definitions and preliminary results to be used in the theorems stated and proved in
this article; we review some of the standard facts on phase spaces, mild solutions and certain useful fixed point
theorems. Third section deals with the local existence of mild solutions for the problem (1.1)-(1.3). In fourth section is
dedicated to the study of the existence of global solutions for the problem (1.1)-(1.3). Finally in the fifth section, we
give an application.

2. PRELIMINARIES

We introduce certain notations which will be used throughout the paper without any further mention. Let (X, ||.]|x) and
(Y,|l-Ilv) be Banach spaces, and £(Y,X) be the Banach space of bounded linear operators from Y into X equipped with
its natural topology; in particular, we use the notations £(X) when Y=X.

Throughout this work, A is the infinitesimal generator of a strongly continuous semigroup of bounded linear operators

(T(t))wo defined on a Banach space (X,||.|) and M is a positive constant such that [[T(t)]| < M for every tel. For the
theory of strongly continuous semigroup, refer the reader to Pazy [19].

In this paper, we employ an axiomatic definition of the phase space 8, which is similar to the one introduced in Hino et
al [15] and suitably modified to treat retarded impulsive differential equations. More precisely, 38 is a linear space of
functions mapping (-o0,0] into X endowed with a seminorm ||.||s and we assume that 3 satisfies the following axioms:

Axiom (A): If X : (-0,0+a] »X, a>0, ceR such that x,e B and X|[c,c+a]e PC ([c,0+a], X), then for every
te[o,0+a) the following conditions hold:

(i) x¢isin 3.

(i1)  [Ix(@®llx < Hlxdle;

(iii) [Ix{ls < K(t-c)sup{|Ix(s)llx : o <'s <t} + M(t-0)||Xs]le,

where H > 0 is a constant; K, M : [0,00) —[1,00), K is continuous, M is locally bounded and H, K, M are independent of

x(.).
Axiom (B): The space 38 is complete.

Remark 2.1:
In impulsive functional differential systems, the map [c,6+a] — $B , t—X; is in general discontinuous. For the reason,
this property has been omitted from the description of phase space 8.

Example 2.1 The Phase Space PC , x L?(g, X)

Let r>0 and Q :(—o0,—r] — R be a non negative, locally Lebesgue integrable function. Assume that there is a non
negative measurable, locally bounded function 77 (.) on (-0, 0] such that g( & + ) < 7(£)g(6) for all £ € (—0,0]
and 6 € (—o0,—r]\N, where N, < (—o0,—]is a set with Lebesgue measure zero. We denote by PC_ X L?(g, X) the

set of all functions ¢ : (—o0,0] — X such that ¢ |[-r,0] € PC([-r,0], X) and I 9 | 9]z dO < +o0. In

PC, xL*(g, X)), we consider the seminorm defined by

. 12
|I¢|IB=HS[QPO]II¢(9)IIX +[J g o) 115 dé’}

From the proceeding condition, the space PC, X L*(g, X), satisfies the Axioms (A) and

0 1/2
(B). Moreover, when r = 0, we can take H =1, K(t) = [1+ J. g(e)d 9] and M (t) =n(-t) fort >0.
-t

Let 0 <t; <t, <...<t, < a be pre fixed numbers. We introduce the space PC = PC ([0, a]; X) formed by all functions
u: [0,a] =X such that are continuous at t = t;, u(ty) = u(t)) and u(t;") exists, foralli=1,2, ... n.
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In this paper, we assume that PC is endowed with the norm || U ||,c= sup |Ju(s) || - Itis clear that (PC, |L.|lc) is
se[0,a)

a Banach space; see [14] for details.

In what follows, we put t, = 0, t,,;=a, and for ue PC, we denote by U eC([titisa], X), i =0,1,2,...n, the function
given by

u(t), for te(tt,,],
u(t,’), for t=t.

i =

Moreover, for 8 < PC , we employ the notation B, ,i=0,12,...,n for the sets

|§i={ﬁi ‘ueB}

Lemma 2.1 ([14]). A set B < PC is relatively compact in PC if and only if the set ' is relatively compact in the
space C([t,ti+1] ; X), foreveryi=0,1, ..., n.

Definition 2.1 ([20]). A function u: (-o0,0]ul—>X is called a mild solution of the abstract Cauchy problem (1.1)-(1.3), if
Up = de B; ulje PC (I; X); the function s>AT(t-s)g(s, Us) is integrable in [0,t) for all tel and

u®) =T(t)(2(0)+9(0.9) -g(t,u,) —JAT (t-s)g(s,u.)d s

t S a
+[T-s)f (s,us,jh(s,r,uT)dr,jk(S,r,uT)erd s 2.1)
0 0 0

FRTE-))+ 2o, ~gtu), 1 tel

t<t t<t

Motivated by the previous definition, we introduce the following assumptions. There exists a Banach space (Y, ||-|lv)
continuously included in X such that

(S1)The function s > T (t-s) yeC ([t, +0); Y), t > 0.
(S;)The function s —AT (t-s) defined from (t, + «0), t > 0 into £(Y,X) is continuous and there is a function H (.)eL’
([0,00); R such that

AT (t-8) |lLev.x) < H(t-s), for all t > s.

Remark 2.2. Assume that (S;) and (S,) hold and ueC([0,t]; Y), then from the Bochner’s criterion for integrable
functions and the estimate

[AT(E=s)u(s)llx < IAT(E=S)llLev.xollu(S)lly < H(Es)lu(s)llv,

We have that the function s—AT (t-s)u(s) is integrable over [0,t) for all t > 0. For additional remarks about these types
of condition in partial neutral differential equations, see e.g. [17]. In general, we observe that, except in trivial cases the
operator function s—>AT (t-s) is not integrable over [0, t].

To obtain our results we need the following results.

Theorem 2.1 ([11, Theorem 6.5.4]) Leray-Schauder’s Alternative Theorem). Let D be a closed convex subset of a
Banach space (Z, ||.]lz) and assume that 0eD. If F: D—D is a completely continuous map, then the set {xeD : x =
AF(X), 0 <A<1} is unbounded or the map F has a fixed point in D.

Theorem 2.2 ([18, corollary 4.3.2]). Let D be a closed, convex and bounded subset of a Banach space (Z, ||.||2).
If B, C: D — Z are continuous functions such that
(@) Bzt+CzeDforall ze Z,

(b) C(D) is compact
(c) There exists 0 <y <1 such that ||Bz-Bw|| <y ||z-w|| for all z,weD, then there exists xeD such that Bx+Cx = x.
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3. LOCAL EXISTENCE
In this section, we study the existence of mild solutions for the impulsive systems (1.1)-(1.3) when 1=[0,a]. To obtain
our results, we introduce the following conditions.

(Hy) The function g : I x 8 — X is completely continuous, g(I Xx 8) < Y, geC(l x 8, Y) and there exist positive
constants ¢; and ¢, such that

lgt.dlly < calllls +cz, tel, peB .

(Hy) The function f: I x 8 x X x X — X satisfies the following conditions .

(a) The function f(t, ., ., .) : Bx X x X — X is continuous for all tel.

(b) The function f(., u, v, w) : I = Xis strongly measurable for all u,ve 3.

(c) There exists a continuous function m : | —[0,:0) and a continuous non decreasing function W: [0,00) —(0,0) such
that

[f(t, u, v, W)|| £ mE)W([ulls + V]| + Iw]]), tel=[0,a], u, Vv, we BXx X x X

(H3)The maps I; : 8 — X are completely continuous and uniformly bounded, ieF ={1, 2, ..., N}. In what follows we
use the notation N; =sup(||li(d)]] : be B}

(H4)There are positive constants L;, such that |[li(w1)-li(w2)|l <€ Lillwi-walls, w1, w2 B, ie F.
(Hs)The function g : | x 8 — Y is Lipchitz constant, that is, there is a constant Ly > 0 such that
llg(t,va)-g(tvo)lly < Lgllvi-Volls, tel, vie B, i=1,2.

(He)Let y : (-0,0] wI—>X be the extension of ¢ such that y(t) = T(t)¢(0) for all tel and S(I) the space S(I) = {X : (-0,0]
U 15X 1 X =0, xe PC (I; X)} endowed with uniform convergence topology in I. Then the set of functions
{t—g(t,xc+yy); XxeQ} is equi continuous in | for all bounded sets QS(1).

(H,)The function h : Q x 8 —»X satisfies the following conditions.

(a) For every (t,5)€Q, the function h(t, s, .) : B8 —>X is continuous.

(b) For each xe 3 the function h (., ., X) : Q—X is strongly measurable.

(c) there exists an integrable function p : | —[0,%0) and a constant y > 0 such that

Ihet, s, )1l < yp(s)<(|[x]le).

where Q:[0,00) —[0,0) is a continuous non decreasing function.

t
Assume that the finite bound of I]/p(s)ds is L.
0

(Hg) The function k: Q x 3 —X satisfies the following conditions.

(a) For every (t, s)eQ, the function k(t, s, .) : 8 —>X is continuous.

(b) For each xe 8 the function k(., ., X) : Q—>X is strongly measurable.

(c) there exists an integrable function q : I —[0,) and a constant y; > 0 such that

lIkt, s, )11 < v2a(s)6 (IIX]ls),

where 0 : [0,00) —[0,%0) is a continuous non decreasing function.
a

Assume that the finite bound of I}/lq (s)ds isL;.
0

Theorem 3.1. Assume that the hypotheses (S,), (S2), (H1), (H2), (Hs), (Hs), (H7) and (Hg) are fulfilled. Suppose , in
addition, that the following properties hold.

(@ Forallts [0,a], t>sand r>0, the set {I’(t —9)f(s,x,y,2):se[0t] x|, <r.llyl<r. |zl r} is
relatively compact in X.
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: h MK
b)) u=cK, (”IC“L(Y,X) +IH (S)dsj <L y
0

1-u
the inclusion operator and

a 0 dS - -
jm(s)ds < j , where i.: Y—>Xis
0

- W (s+L,Q(s) + L(s))

Ko | (v il : ~ f oS
c= 1_; {(MH +C Mg, + K;lMa)||¢||B G,y x, (M +D)+C, [H(s)ds + M YN,
0 i=1

where H is a constant given by Axiom(A), K, and M, are given by
K= sup K(t) and M,=sup M (t) respectively.
O<t<a O<t<a

Then there exists a mild solution of the initial value problem (1.1)-(1.3)

Proof: Let S(I) and y : (-0,a]—X be introduced in (Hg) and " : S(1)—>S(l) be the operator defined by (I'u),=0 and

U =T(®)g(0.¢)-gtu, +y) - [ AT(t-5)g(s.u, +y,)d s

+jT(t—S)f(S,US +ys,ih(s,r,ur + yr)dr,ik(s,r,ur+ y,)do)d & D T(t—t)I,{U, +V,)

O<t; <t

To prove that the function " ueS(l) , we need to show that the following properties are satisfied
(i)  The function T'u is continuous in t£ti

(i)  The limit IimHti_ Tu(t)=Tu(t,),foralli=1,2,...,N
(i) The limit lim . T'u(t) exists for all i=1, 2, ..., N

Taking into the account that g and t—>T(t)g(0,¢) are continuous, it follows from (S;) and (H,) and the Remark 2.2 that
the function T'u(t) is continuous int # t;. On the other hand, from the definition of ", the dominated convergence

theorem and the condition (S,), we have that lim _ _ T'u(t) = Tu(t;) andthat lim_ . Tu(t)=Tu(t;)+1;(u,)

Next, we show that I is a continuous operator. Let (U"),<n be a sequence in S(1) and ueS(1) such that u"—u in S(1). By
using the continuity of g and conditions ((Hy)-(a)), (Hz) and (He). We prove that g(t,u: + yg)—> g(t,us + ys)
uniformly in I,

t a
f[t,usn + y:,jh(s,r,u,” + yr”)dr,j.k(s,r,ur” + yT")er—>
0 0

t a
f(tu, + ys,jh(s,r,u, + y,)dr,jk(t,s,u, +y,)dz)
0 0

for all sel and Ii(ut“ + yt)—> Ii(ut + yt) uniformly on I. Using conditions((H,)-(b,c)) and Lebesgue’s Dominated
Convergence Theorem, we conclude that

t t

jAT(t—s)g(s,us” +y! Hs > IAT(t—s)g(s,uS +Y, s

0 0

t S a

jT(t-s)f(s,usn +y0,[h@s,zu," +y."Ydr, k(s m,u," + y,”)dr]ds —
0 0 0

t S a
IT(t—s)f[s,us + ys,jh(s,r,u, + y,)df,jk(s,r,u, + yr)dr]ds
0 0 0

as n—oo, which is clearly implies that I" is a continuous operator.

In order to use Theorem 2.1 we need to obtain a priori bound for the solutions of the integral equations AT'u=u , Ae(0,1)
and x* be a solution of Al'u=u, 0<A<1; taking into account that ||yt ||B < (KaMH +M a)|¢5||Es and using Remark 2.2,
(H,) and (H,;) we find that
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J)+es )

1ATCC OVISN (1, gy ol +€20) il [ (K

+jH(t—s)(cl(Ka B)+c2)ds
j msW (K, s +LO(K )
+L1¢9(K B))ds+ZN:I\7INi

Where we are using the following notation ||f{|= SUP ||f(s)|Ix. Next, putting

0<s<t

o0,t) =K (KaMH +M a]|¢”3 it follows that

b O] <l Pl )l (08,0 ,)

+ j H(t—s)(c,5,(s)+c,)ds + M j m(s)W (5, (s) + LQ(5, (s)) + L,O(5, (s)))ds+ZMN
i=1
After some S|mpI|f|cat|ons and rearrangement of terms we get

8,0 <Ky | [y o (M CLll2lly +€2)) +licl, (€08, 0+ LS, @) +¢,)

F [HE-9)6(6,(5)+ LG, () +¢,)ds

N

t
+M [M(SIW (8, (5) + LS, (5)) + LO(S, (5)) )ds +M YN, |+(K,MH +M, )| ol
0 i=1
From the hypotheiis (b), we have that

5,0 <c+ XM o (s, 5) + Lo, () + Lo, (s
]

Denote by ﬁi (t) the right hand side of the previous inequality, and observing that J, (t) < S, (t) for tel, we arrive at

B, (1) < m(t)w (B, @) + LB, 1) + LO(B, (1))
(1)
Hence ﬁj as Im( )ds I ds
ﬁA(O)W(s + L, Q(s) + Lﬁ(s)) 1-puy - W (s +L,Q(s) + L,&(s))

This allows us to conclude that the set of functions {B;, : A<(0,1)} is bounded. This implies that {u, : u,=I" u,, Ae(0,1)}
is bounded to S(I).

It remains to show that T" is completely continuous. To this end, we introduce the decomposition I'=I'y+ I',, Where
(Tu)e=0, i =1,2 and

Cu®) =T®)90,¢) - gt.u, +y,) - [ AT(E-5)g(s,u, +Y,)d s

t S a
+jT(t—s)f(s,uS + ys,jh(s,r,u, + yr)dr,jk(s,r,ur +y)do)d ¢
0 0 0

rut) = Z T(t_ti)li(uti + yti)’ te[0,a]

O<tj<t
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We now prove that T’y is a completely continuous operator. We consider u in B,(0,S(1)), an open ball of radius r.
Applying Mean Value Theorem for the Bochner integral (see [11, Lemma 2.1.3]), we infer that

(Cu)(t) T (t)9(0,4) - g(t,u, +Y,) —tcolAT (t-0)g(d,u, +Y,), 0 €[0,t],uc B, (0,5(1))" |

+tco{T(t—6?) f(6,u, + yg,jh(s,r,u, +y.)dr, jk(s,r,uf +y.)dz, 6e[0,t],ueB, (O,S(I))}
0 0

Taking the advantage of Theorem 3.1 (a) and (H;), we conclude that {(T";u) (t): ueB.(0,S(l))} is a compact subset of X.

Now, we prove that the set function {(I";u) (t): ueB, (0, S(1))} is equicontinuous in I. To this end, consider
0 <e<t<t’e[0,a]; then there is 0 < & < ¢ such that

[T ©9(0.¢)-T(t)g(0.9)] < &
lgttu, +v) -9t u. +y.)| <&

T(t—s)f(s,u, + yS,J.h(s,r,uT + yr)dr,jk(s,f,ur +y.)dr)
0 0

~T(t-s) f(s,u,+y,, [h(s.zu, +y,)dr, [k(s,7,u, +y,)d0))| <&
0 0

For all ste[O,t], |t-t’|<6 and ueB,(0,S(I)). On the other hand, using the continuity of the map (t,s)—>AT(t-s) for t>s, we
zi1|r,:'\ll'e(?— $)g(s,u, +y,) — AT (t'-s)g(s,u, + Y, )| <&

For all se[0,t-¢], |t-t’| < & and ueB,(0,S(1)). Under these conditions, for ueB,(0,5(l)), [t-t’| < 3, we infer that

ICu®) -Cu®)| <|(TO-T )90, ¢)|+]gt.u +y) - g’ u +y,)|

. f”(AT (t-s)— AT (t'-s))g (s,u, +,)|ds

0

+[[(AT@-9)-AT-9) g (50, +y.)] s

&

+|||AT (t'=s)g (s,u, +y,)| ds

ds

!
+j||(T (t-s)-T(t'-s)) f(s,u, + ys,ih(s,r,u, + y,)dr,Ja‘k(s,r,u, +y,)d7)
} d s

T =s)f (s.u,+y,, [h(s,z,u, +y,)d7, [k(s,7,u, +y,)dr)
0 0

From the above estimate, one can deduce the following inequality:

t t'
||1“1u(t)—1”1u(t')||s25+g(t—g)+gt+(cl(Kar+Kal\7IH +Ma)+cz) j H(t—s)ds+jH(t—s)ds
t-¢ t

MW (K1 +(KMH +M)]], )+ L (K,r+ (K,MH +M,) o], )+ LO(K,r + (K,NH +M,) o], )
+Tm(s)ds

t
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which shows the equicontinuity at tel. So, to conclude the proof, we show that I, is completely continuous. We
observe that the continuity of I’ is obvious. On the other hand for r>0, te[t; ti.1], i>1, and U B_ =B, (0,PC([0,a]; X)),

we have that there exists I > 0 such that

Zi:T(t_tj)lj(BF(O' B)) te(t,t.,),
[Fu]©e{ST 0, -t)1,(6.0.8) t=t,n

i-1

T(t; —t;)1;(B-(0,B))+1,(B;(0,B)) t=t,

j=

Where B- (0, B) is an open ball of radius T . From condition (H,) it follows that lFZ (B, )JI (t) is relatively compact
in X, for all te[t;ti,4], i > 1. More over, using the fact that the operators {l;}; are compact and the strong continuity of
(T(t:))w0, we conclude that for >0, there exists >0 such that
N
TE-t)z-T(s-t)z|<e,  ze(JI;(B:(0,B)) (3.1)
i=1
for all t;, i=1,...N, t, se(t;,ti+1] with [t-s| < 6. Thus for ueB,, te[t,tix1], i > 0, and 0 < |h| <& with t+he[t; ti.1], we have
that
|| [ul]; (t+h)—[T,ul, (t) [ Ne, 1=12,...,N.

We have shown that the set [F2 (Br)]i is uniformly equicontinuous for i > 0. Now, from lemma 2.1, we conclude that
I', is completely continuous.

We have proven that I" satisfies the conditions of theorem 2.1, which allows us infer the existence of a mild solution of
the problem (1.1)-(1.3). This completes the proof of the theorem.

If the map F and [;, i=1...N fulfill some Lipchitz condition instead of the compactness properties considered in theorem
3.1, we also can establish an existence result.

Theorem 3.2. Suppose that the assumptions (Si), (S,), (H,), (Hs), (Hs), (H;) and (Hg) are satisfied and that the
Condition (a) of Theorem 3.1 is fulfilled. If

a - N - a
{KaLg (u il +[ H (s)dsj+ MK, 'L, + MK, liminf W((r + Lo Q(r) + L,O(r)) [m(s)ds <1
0 i=1 r 0

r—oo

Where i, denotes the inclusion operator from Y into X, then there exists a mild solution of the impulsive problem (1.1)
-(13)

Proof: Let I" be the function given in the proof of theorem 3.1 and consider the decomposition I = I'y + I', where (I';u)
=0on (-»,0],i=1,2and

Lu®) =T®g(0.¢)-g(t.u, +yt)—jAT(t—S)g(S,Us +y)ds+ Y T(E-t)(u, +y,), te[0a]

O<t; <t

t S a
ru(t) = jT(t —s)f(s,u, + ys,Ih(s,r,uT + y,)dr,jk(s,r,u, +y.)dr)d ,st,se[0,a]
0 0 0

We claim that there exists r > 0 such that I'(B, (0, S (1))) < B, (0, S(1)).

In fact, if we assume that this assertion is false, then for all r > 0 we can choose x'eB,=B,(0,S(l)) and t "[0,a] such that
ITX'(t)]| > r . Observe that standard computations involving the phase space axioms yield
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F<ITCE) I<IT®IO. @) I+119(t, " +y) - g(t.0) [+ g(t. 0) |

+ [IAT =) I[Ilg(s, %" +Y,) -9 (z,0) |+l 9(z,0) || ]ds

FITA=9) 1 F (5% + s, [Ns,7, X" +,)dz, [K(s,7,x," +y,)dz) || d
0 0 0

+ 2 ITE=O) 04"+, )= LO I+, I

O<t;<a

<M G0.0) l +Ili s SUP I1E.0)l +Ly Il [ Ko +(KMH M) 0l |
<t<a

[ HEL (s (<N M) o, ]+ sup 9.0 o

<r<a

O —y

V[N [+, M) e+, (KN £ M) )+ LOK, 1+ (.0 M) [ )]s
M LK+ (KMH M) [l +110)1]

Dividing both sides by r and taking r—oo we get

1<K, L, [u il x, +j H (s)ds} + MK, Timing VAT LOer) +Lo(0) im(s)ds SNK, YL

r—oo

Which is contrary to our assumptions.

Let r > 0 such that T'(B; (0, S(1)) < By(0,S(l)). It follows from the proof of Lemma 3.1 in [13] that ', is completely
continuous in B, (0, S (1)). Moreover the estimate

a . N
I T,u —rlvnws{KaLg[u il + H(s)dsJ+ MK, " Li}u u-vl,
0 i=1

u, v e By, shows that T'; is a contraction on B,. Consequently, T" is a condensing operator from B, into B,. Then the
existence of a mild solution of (1.1)-(1.3) is a consequence of Theorem 2.2. This completes the proof.

4. GLOBAL SOLUTIONS
In this section, we study the existence of mild solutions for the impulsive problem

%(u(t)+g(t,ut)) = Au(t) + f(t,ut,J‘;h(s,r,ur)dr,jk(s,f,ur)dr), tel=[0,a] (4.1)
0

Au(t) = Ii(uti), i=1 2,..,n. (4.2)

U():(p€$h,0<t1<t2<....<tn<... (43)

where (tj)icn 1S an increasing sequence of positive humbers.

Let h: [0,00) — [0,0) be a positive, non-decreasing, continuous function such that h(0) = 1 and lim_,,.h(t) = +o0. In
addition, suppose that the map (t, s) — T (t-s) is uniformly bounded. Moreover, PC([0,0); X) and (PCh )O(X)

denote the spaces
X:[0,0) > X X, € PC, Vae(0,0)\{t; :i e N},
X, =0

PC([0,x); X) =
([0,0); X) . =supye

X(t)” <0
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(PC)ﬂ(X)={Xe PC([0,); X): |um”h8” }

endowed with the norms ||X||..=supwo||X(t)|| and ||X||P Sup respectively.

[x®)
®

To get the next results, we need a very detailed knowledge of the relatively compact sets of the space (PC)g (X).we
will use the following result.

Lemma 4.2. A bounded set B C(PC)ﬁ(X) is relatively compact in (PC)g (X) ifand only if
(@ Theset B, = {u lo.a1- U € B} is relatively compact in PC([0,a]; X) for all ac(0,00)\{ti : ieN}

(b) lim M:O , uniformly for xeB,
" h()

We introduce the following concept of global solution of the system (4.1)-(4.3).

Definition 4.2. A function u : R—X is called a global solution of the problem (4.1)-(4.3), if the conditions (4.2) and
(4.3) are verified ; U |y, ;€ PC([0,a]; X) forall ae(0,00)\{ti: ieN}

u(t) =T (t)(e(0 )rg(O,go))—g(t,ul)—j'AT(t—s)g(s,us)d sro(t—s)f(s,us,.s[h(s,r,u,)dr,j‘k(s,r,ur)dr)d !

FXTE-))+ Yletu), - gtu), 1 tel=[0%)

t<t t<t

(4.4)

We have to prove the following theorem.

Theorem 4.1. Assume that the hypotheses (S;), (S,), (H,), (Hs), (He) and the Conditions (a) of Theorem 3.1 are valid in
I= [0, a] for all a > 0. Suppose, in addition, that the functions M (.) and K(.) given by Axioms (A) are bounded and that
the following conditions hold.

(@) Forall)>0, ||m—jm(s)W(1+ L,Q+ L,6)Ih(s)ds =

(b) The function g: 1 x B —Y is completely continuous and there exists a positive function c; : [0,00)—[0,00) with

c1(t) = 0 when t — o and a positive constant d, such that ||g (t, l//)”Y <c (t)”l//”B +d, forallt>0, yeB and

Ilm—IH(t s)h(s)ds =

t
© n= L”ic”uv,m K.,.C... +SUPwg Kw'[ H(t— s)cl(s)ds] <1

ds
-[W(s+ L,Q2(s)+L 6?(3))
o= o (6 o <l . 042

+ MKwi N, +d2KwTH(s)dsJ<oo
i=1 o

where ¢y .= SUP ¢4(t) , K= SUp K(t) and M.,.=Sup M(t),
t>0 t>0 t>0
Then there exists a global solution of (4.1)-(4.3)

Proof: Let y: R—»>X be the extension of ¢ such that y(t) = T(t)$(0), t > 0 and Sf) be the set defined by
X
h(t)
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I' : S(o0) — S(0) be the operator defined by (T'u)o=0 and
t
Tu(®) =T(®9(0,¢) - g(t,u, +y,) - [ AT (t-s)g(s,u, +y,)d s
0
t S a
+jT(t—s) f(s,u,+ ys,jh(s,r,u, + y,)dr,jk(s,r,u, +y.)dr)d s
0 0 0

+ ) T(t-t)h U, +Y,) t=0

O<t; <t

It I<IT ®fla© @)+ Jatt.u, + v+ [IAT t=s)|a(s.u, +y,)|d s

+J'||T (t-9)|

f(s,u, + ys,jh(s,r,u, + yr)dr,fk(s,r,ur +y.)d7)| d
0 0

+ 2 ra-u)luw, +y)
O<t;<t
Since [|u(t) [[<||u|lpc, h(t) forall t>0, we have that

Iru@® 1l MO @)l el xo [GOK, U llee, MO

ht) ~  h(t) h(t)
N i ”L(Y,X) [Cl(t)(MKwH +M ) lells +d,]
h(t)
h()jH(t (G (S)K. 1ullg, +(MK,H +M, ) l[gllg) +d, )h(s)ds
h()Im(S)W (K, [1Ullog, *(MK H +M,) [[@]ls) + LK, [[ullsg, +(MK H +M,)l[ol5)
+LO((K,, U llpe, +(MK, H +M_)[¢], ) s)ds+— N,

h(t) =
So by (a) and (b) we have that Tu € S().

Next we show that I'(B,), where B,=B(0,(PC)%(X)), satisfies the conditions of Lemma 4.1. To do this, we show the
continuity of the operator T'. Let (U"),.n be a sequence in S(w) and ueS(w) such that u" — u in S(w). Take

C=sup{|[u” [lec, llUllpc, s NN}, J = (I\ZKOOH +M_ )| ¢z +CK_, and the function p : [0,50)—>R defined
by u(t) = cy(t)J+d..

From the conditions (a), (b) and (c) there exists L; > 0 such that

~

j H (t —s) u(s)h(s)ds +— j m(s)W (J + L,Q(J) + LO(I)h(s)ds + —— 2M N

ht)q h(t) = 2

for t > L;. From the proof of Theorem 3.1, we have that g(t, u"+y)—g(t, u+y,) uniformly for t € [0,L,], when n—co.
From Lebesgue’s Dominated Convergence Theorem, we can fix positive number N, > 0 such that
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Wllg(tu +¥1) -9 +yt)ll+mIH(t—S)ll9(S1Us“+ys)—9(S,Us+ys)lld5

h;)j||f(su +ys,jh(sTu +y)dfjk(3ru +y.)d7)

—f(s,u, + yS,Ih(s,r,uT + yr)dr,jk(s,r,ur +y)do)|ld s
0

M ) - i, +y) <5

h )i
for all te[0,L;] and n > N,. Using the above inequality, for te[0,L;] and n > N,, we have that
T'u™(t)-Tu(t
sup{|| ! (r?(t) u(t) ” e[O, L], n>N } (4.5)

On the other hand for t > L; and n > N,, we get

I Tu" (@) -Tu®ll _llg(t.u," +y)—g(tu +y)ll
h(t) B h(t)

jnAT(t—s)(g(su +¥,)-9(s,u, + ) [ds

h()

h()juAT(t—s)(g(su +¥,)-9(s,u, + ) [ds

h()juT(t s)(f (s,u," +ys,jh(sru +y)drjk(sru +y,)dr)

—f(s,u, + ys,jh(s,r,u, +y,)df,J.k(S,f,U, +y,)d7)|[ds

h()-“lT(t s)(f(s,u," +ys,.[h(31u +y)dTJ.k(STU +y.)d7)

—f(s,u, + ys,jh(s,r,u, + y,)dr,jk(s,r,u, +Y,)d7))||ds
0

2M
h()t;ll“ (U, +y ) -1, +yt)||+h(t)t>L1N

< % j H(t—s) ,u(s)h(s)ds+— j m(s)W (In(s) + L,QJIh(s) + L,63h(s))ds
+M 3 N, +
ht)y= ' 2
S£+£=5
2 2
And thus
sup{|| Fu”(tg(;)l“u(t) I t>L,n> Ng} <g (4.6)
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Using inequalities (4.5) and (4.6), we conclude that I" is continuous.

Next, we prove that the set I'(B,) is relatively compact. Let r > 0 be a positive real number

J= (MKOOH +M_ )¢z +rK, . From the proof of theorem 3.1 it follows that the set I'(By)ljo = {TUlpog :
ueB;,} is relatively compact in PC(]0,a];X) for all ac(0,0) \ {t;, icN}. Moreover, for xeB,, we have that

[ Tu®) |l A
w0 <hol™ Nl @Ollols +d;) |+ h(t) Ul G (0IN0) +d,)
h( )J.H (t—s)(c,(s)Inh(s)+d, )ds+ J.m(s)W(Jh(s)+ L,Q2(JIh(s)) + LA(In(s)))ds
+£ 3 N,
h(t) =

M 11, Il x) (€©OD [l +d ] j H (t-s)h(s)d wi J H(t-s)d s

“ho [

e Mgy x) [c (t)J + j ol j m(s)W (Jh(s) + LyQ(Ih(s)) + L,A(Ih(s)))ds +_Z N,

h(t)
| Cu(t) ||
h(t)

Which enables us to conclude that — 0, when t — oo uniformly for xeB,.

By lemma 4.1 we infer that ['(B,) is relatively compact in (PC)’(X). Thus T is completely continuous. To finish the
proof, we need to obtain an a priori estimate for the solutions of the integral equations AI'u = u, Ae(0,1). To this end, let
u; be the equation AT'u, = u,. For t > 0 we have that

1, @ 1<l D [ (M @+ KH) M) Tl K, 1T, 1) ]+ 11 e (VM +D),

HE-9 (GO H M) ol K, 10, 1,)+0,)ds + M N,

t
M [m(S)W (MK H +M,) @ ls +K., llu; Il,)+ LMK, H + M)l o]l +K., [|u, ||
0
+LO(MK H +M,) ¢l +K, llu, [I,))ds

puting 57 (t) = (MK_H + M) | ¢ ]l +K_. llu, [l
Hui(t)H < HI HL(Y X)Clw(M +6 (t)))+HI HL(Y X)(M +1}j

+jH(t—s)c (s)5, (s)ds+JH(t—s)d ds + Mjm(s)w 5,(s) + L,Q(5, (s)) + L,O(S, (s)))ds+ZMN

=1

We have that
5,(t) < (1_77)_1((MK00H + M+ MK [ iy x) Co) 11+ Ly 9 Ko (M +1)d,

+ Mijm(s)W (0,(s)+L,Q(5,(s)) +L,0(5,(s)))ds + dZKmT H (s)ds + I\ZKOOZ.O: N; ]
<c +ll ijm(s)W (8,(5)+ L5, () + LS, (5)))ds
<)

t
Where 77 = (H ie Loy x) KoCyo +SUPyg KOO'[ H(t- S)C1(S)d3] . Denoting the right hand side of the previous
0
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expression as B, (t) we see that

p.<c +¥ K. MM (5, 6) + LB, 9D + LB, O3

B, (1) < 77 m(t)W (8, (0 + LB, (1) + LO(B, (1))

And subsequently, upon integrating over [0,t], we obtain

Bi() ds ®
W (s + L,Q(s) + Lia(s)) 1-p s Im(s) 5= -C[W(s +L Q(s) +L,6(3))

£:(0)

The above inequality together with condition (d) enables us to conclude that the set of functions {u, : u, = AT'u,} is
bounded in PC ([0, ») ;X). Note that, if xePC ([0, «0); X), then || X [|p¢, <[| X|[,, . This allows us to conclude that the

set {uy : u, = Al'uy, Ae(0, 1)} is bounded in S(e0). Finally from Theorem 2.1 we infer the existence of a fixed point of T,
and consequently the existence of a global solution of (4.1)-(4.3). This completes the proof.

If we suppose that the functions I;, ieN are Lipschitz continuous, then we have the following result.
Theorem 4.2. Suppose that the hypotheses (S;), (S»), (H»), (Hs) and (Hg) are valid for all a > 0. Assume also that

condition (a) of Theorem 3.1 and conditions (b) of theorem 4.1 are satisfied and that ZH I, (0) || < +oo. If

i=1
K, [” i ”L(Y,X) +I H (S)d8j+ Kw|\7| z L
0 i=1

W(T(r,8) + LQ(T(r,)) + LOT(r,9)) 4o 4
r

(4.7

r—oo

+nmmejm@)
0
where T(r,s) = (MKOO H+M_)|#llg +K,rh(s) then there exists a global solution of the problem (4.1)-(4.3).

Proof: Let I be the operator introduced in the Theorem 4.1 and consider the decomposition T" = T';+I",, where (T'ju)o=0,
i=1,2and

LU =T1)9(0,0) - 9(t,u, +¥,) — [ AT (t-5)g(s,u, +y,)d s+

t S a
_fT(t—s)f(s,us +y3,fh(s,r,ur +y1)dr,.|‘k(s,r,uf +y)dr)d s t>0
0 0 0

Lu(t)= > Tt—t)l(u, +y,) t=0

O<t; <t

Proceeding as in the proof of the Theorem 4.1 we infer that the map I'; is completely continuous. Moreover it is easy to
see that

||F2U_F2V”PchSMKaozLi ”u_V”PCh’ u,v e S(x)

i=1

Which implies that I', is a contraction in S(e0). We prove that there is r > 0 such that I'B, c B, where B, = B,(0,S()). In
Tu'(t'
h(t")

fact if we assume that the assertion is false, then, for every r > 0, there exists u’eB, and t' >0 such that

This yields that
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< 0 etu+y )l
h(t’) h(t’)

h( i =9l 9.+ o)l ds
h() [|u +ys||+||jh(sru +y)dr||+||jk(sru +y)dr||]
» M »
+h(tr) YLl ey s IO
. e g G (MK H ML) 9l K, P())
T h(t") ' h(t")
h(t) =) ¢, (MK H +M,) [l @Iy +K,rh(s))+d, |ds
+ hér) [((MKH +M) [l +K. () + LMK, H +M,) [[¢]l; +K,rh(s))

+LO(MK_H +M ) [l¢|l; +K,rh(s)) ]ds

h()

Dividing by r and take r tends to o which implies that

1<c, K, [|| i e +T H (s)ds]+ K_M i L, +liminf M Tm(s)W(T(r’ 8)+ LT (r,8)) + LOT(r,5))) 4

r

Which is contrary to our assumptions. This prove that there exists r > 0 such that I is a condensing operator form B..
This completes the proof.

5. AN APPLICATION

In this section we apply some of the results established in this paper. First, we consider the partial first order differential
equation of the form

%[w(u,t) +0,(t,w(x,t—r))] = ;;):Zw(u,t) + P(t,w(u,t),.:[hl(t, s,w(x,t—r))d si K, (t,s,w(x,t—r))d 3,

(5.1)
w(0,t) =w(z,t)=0, 0<t<a (5.2)
w(u,t) =gp(xt), (5.3)
w(t;, y) —w(t, y) =1, (W, y)), k=12,...m (5.4)

where P : [0,a] x B x R" x R" — R" is a function and g;, hy, ky:[0,a] x [0,a] X R — R are continuous functions. We
assume that the functions P, gy, hy, k; in (5.1)-(5.4) satisfy the following conditions.

(1) There exists constants ¢; and ¢, such that |g(t,¢)| < c,|d|+c, for te[0,a], deB.
(2) There exist a nonnegative function p, defined on [0,a] such that

t
|J'hl(t,s,x)ds|£ p,(t)| x|, for t,se[0,a] and xeB
(3) There exists a nonnegative function g, defined on [0,a] such that

|jk1(t,s,x)ds|Sq1(t)|x|, for t,se[0,a] and xeB
0
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(4) There exist nonnegative real valued continuous function I, defined on [0, a] and a positive continuous increasing
function W defined on R, such that

|P(t, X, y,z) <L@OW( x|+]|y|+]|z]) fort x,y,ze[0a]xBxR"xR".
There exists constants ¢, such that | I(X) |< ¢ | X |, k=1, 2, ..., m for each xeR".

Let us take X = L? [0,7]. Suppose that
a ['e] dS
! 1 (S)(L+ Py (5) +,(5))ds < j W

is satisfied. Define the function f: [0,a] x X X X x X — X, a, b :[0,a] x [0,a] — X, gw,h: [0,a] X X = X, I, € (X, X) as
follows

f(t, X, y, 2) (u) = P(t, x(u,t), y(u,t), z(u,t))

k(t, s, x) (u) =Kka(t, s, x(u,t)) and

h(t, s, x) (u) = hy(t, s, x(u,t)
forte[0,a], X,y,ze Xand 0 <u < .

With these choices of the functions, the equations (5.1)-(5.4) can be modelled abstractly as non-linear mixed Volterra-
Fredholm integrodifferential equations with nonlocal condition in Banach Space X:

%(x(t)+ 9(t,x)) = Ax(®)+ f (&, x(O), [ h(t,s, x(s))d sjfk(t, s,x(s))d 3y, tel (55)
AX |y = L (X)), 1=1,2,,.,m, (56)
X0= ¢ (5.7)

since all the hypotheses of the Theorem 3 are satisfied, the Theorem 3 can be applied to guarantee the solution of the
nonlinear mixed Volterra-Fredholm type neutral impulsive integrodifferential equation.
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