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ABSTRACT

In this paper we consider entire functions represented by Dirichlet series. We obtained some relationships involving
orders and types of two or more entire Dirichlet series [2].
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1. INTRODUCTION:
Let ' f' be an entire function represented by the Dirichlet series

f(z)= iane“,
n=1

Where &, € C and A, 'S satisfy the following conditions:
i 0<A <4, <-<4, »>0asn—> oo

logn

ogn _y,

n

(1.1)

(i) limsup

If' p' is the Ritt order [3] of ' f', then

: A, log 4,
p=limsup—————"

> log|a,| !

(0< p< ).
(1.2)

Further A satisfy the conditions:
(iiiy Ay, ~ A, as N —> o0 and
B

(iv) {Iog
a

If ‘A" is the lower order of ' f', then

2 =liminf 221094
"> log|a,|

/(ﬁ,n+1 - Ay )} , eventually, is non-decreasing sequence.

n+1

(0< A <),
(1.3)

Let ' f' be an entire function of finite, positive order ' p".
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If 'T" isthe Ritt type of ' f' then
. A
T =limsup 2 [a, |

If 't" is lower type of ' ', then P. K. Kamthan[1] showed that

Pl

n—oo

t= Iiminfﬁ|an|
pe (1.5)

In this paper we investigate certain relationships between two or more entire functions.

2. MAIN RESULTS
Theorem 1: Let {,un} and {vn} be real sequences such that conditions (i) and (ii) are satisfied with 'z, in the

place of 'A " or 'v,"inthe place of 'A ", foreveryn. f, and f, are entire functions represented by the Dirichlet
series
f,(z)= anef‘nz, f,(2) = Z:Cnev”Z vz eC,

n=1 n=1

of orders p,, p,; lower orders A,,4,, types T, T, and lower types t,t, respectively, each being positive and
finite.

Further condition (iv) is satisfied with 'D." and 'C," in the place of 'a,". Then the function ' f' defined by
f(z)=>Yae™, vzeC,
n=1
where {1, } satisfies (i) and (i),
(V) ﬂn~/1n~Vnasn_>°oand

(vi) For some positive reals @1 @2 with &1 + &, =1,

logla,| " ~ (Iog|bn|7l)al ~ (Iog|cn|71)ﬂz as N — o0

is an entire function. Further if ' p'," 1" are the order and lower order of f and 'T','t" are the type and lower type
of ' f' respectively, then

@ 4"2," <A<p<pp,”,
(b) t,“t,”” <t and
© T<T,T,”, provided p = p,"* p,".

Proof: In view of the hypothesis it follows that

"mSUplaﬁz Iimsupmz limsup logn _,

" n—o Hn n—o Vi

n—oo
Let kK > 0. Since f, and f, are entire functions it follows that
-1
logjo,|

Iog|cn|71
— 2 >k and ——
Hn Vi

>k eventually.

Hence, for sufficiently large ‘n’,
_1\% 1 \*
log|b, | loglc, |
Hy Vn

> kAt =k,
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By (v) and (vi) we get that

logla,|” R
——— >k eventually. Thus ‘f’ is an entire function.

n

Let O<e< mln{i i}

P P

By the definition of p; (J = 1,2), we have
(Ioglbnl’l)gl > (1, log 1, Y (o, '~ &)

and

(Iog|c b )ﬂ (v, logv, ) (,02_1— e)az eventually.
Hence (Iog|b | )a (Iog|c " ) u, log u, ) (v, logv, ) (pl’l— e)al (pz’l— e)az

= logla,|” > (4, log 4, )(,o1 —e) (pz’l—e)az

= limsup— 4 1094, < L

o togat T (- ef (oo e

Since €> 0 is arbitrary, follows that

1
PETal e S PP
N

Itis trivial that 4 < p.

Let €> O; by the definition of A; (j =1,2), we have

(Ioglbn|71 )H > (i Tog g, )" (2,7 + €

and

(|09|C |7l)02 (v, logv, )* (/1 iy e)az eventually.

= logla,|” > (2, log 4, )(ﬂ1 + )a(/l et e)az eventually.

= A7 = _ < liminf M

() ()= ogia [

Thus A" 432 <A< p< p* p,?. This proves (a).

= A

Let 0 <e< min{t,,t, }

By the definition of t; (j = 1,2), we have

H |bn prl pz/V" > t,— € eventually; these imply
€01 epz

loglb,| ™ | < hIog{LH

( | | )a | A1 €0, (tl_ e)

and

(Iog|cn|_l)m2 <| Ynjogd—Yn U eventually;
| P2 epz(tz_e)
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-1 ﬂ'n ln “ /’i’n “
= logla,| " <~ Iog{—} Iog{—}
yo, A B

_ A 1- log A 1- log B log A,
log A, log A

1- log(A*B*?)
log 4

n

P
+0((log W)}Iog A,
P

n

where A=ep,(t,—€), B=ep,(t,—€).

“1g%2
1_Iog(A B"2)

17 - O((log4,) 2
N e Al

1
= ﬁ|an|pm" > 1 A% B* (eM )logﬂn , where M is a constant.
e P
- - ﬂ/ 1 al az
=>t= |Il;]nﬁlol.;]f p—”8|an|p//1n > E[(Epl(tl— €))” (ep,(t,—€)) }(1)

— AL |:(tl_ €)“ (t,— E)az}
P
2 (4,— )" (t,— €)™
=t >t,"t;2 or t <t,“t;2. This proves (b).

Let e>0and A =ep,(T,+€), B, =ep,(T,+ €); asin (b) we get that
Sal”

1 L
<—A"B" (eM1 )logﬂn eventually, where M, is a constant;
e P

=T= Iimsupﬁ|an|””“ < iAf’i B, (1)
pe pe

n—o

=P T (T o)

=(T,+ €)™ (T,+ €)™, provided p = p;" p;*
=T <T,“T,”. This proves (c).

Thusif p = p* py?, we have t,“t;? <t<T <T,“T,2.
. 1
Remark: Theorems (1), (2) and (3) of P. K. Kamthan [1] can be deduced from our theorem by taking o, = o, = E
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