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ABSTRACT

In the present paper we prove some common fixed point theorems by using the Reich and Rhoades type contractive
conditions in complete cone metric spaces which generalize and extend some well known previous results.
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1. INTRODUCTION:

Recently, Huang and Zhang [4] generalize the concept of a metric space, replacing the set of real numbers by an
ordered Banach space and obtain some fixed point theorems for mappings satisfying different contraction conditions.
The study of fixed point theorems in such spaces is followed by some other mathematicians, see [1], [5], [10], [11] and
[12]. The purpose of this paper is to analyze the existence and uniqueness of fixed points of 7-Reich contractive
mappings S defined on a complete cone metric space (X, d) as well as 7-Rhoades contractive mappings (see Definition
3.1). Our results generalize and extend the respective theorems of Morales and Rojas [10] and others.

2. PRELIMINARIES:

In this section we recall the definition of cone metric space and some of their properties (see c.f., [4]). The following
notions will be used in order to prove the main results.

Definition: 2.1. Let E be a real Banach Space and P a subset of E. The set P is called a cone if and only if:
(i) P is closed, non-empty and P # {0}

(i) a,be R,a,b>0,x,ye P=>ax+bye P

(iii) P N (-P) = {0}.

For a given cone P C E, we define a partial ordering < with respect to P by x <y if and only ify—X € P. We

write X <y to indicate that x — y but x # y, while x << y will stand fory —x € int P, where int. P denotes the
interior of the set P.

Definition: 2.2. Let E be a Banach Space and P < E a cone. The cone P is called normal if there is a number K > 0
such that ) < x <y implies ”X" < K”y" for all X, y € E .The least positive number K satisfying the above inequality

is called the normal constant of P.

In the following suppose that E is a Banach space, P is a cone in E with int P # ¢ and < is partial ordering with
respect to P.
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Definition: 2.3. Let X be a non-empty set. Suppose that the mapping d : X X X — E satisfies:
(@) 0<d(x,y) forall X,ye€ X andd (x,y)=0ifand only if x = y;
(b)d(x,y)=d(y,x) forall Xx,ye X;

(0 d(x,y)<d(x,z)+d(y,z) foralix,y,ze X.

Then d is called a cone metric on X and (X, d) is called a cone metric space.
Notice that the notion of cone metric space is more general than the corresponding of metric space followed by an
example:

Example: 21. Let E=RZ%,P={(x,y)eE:x,y>0}cR%, X=Randd:XxX —E such that

dx,y)= (|X - y|, o |X - y|), where a > 0 is a constant. Then (X, d) is a cone metric space.
Definition: 2.4. Let (X, d) be a cone metric space. Let {X, } be a sequence in X andx € X .

(i) {x,} Converges to x if for every ¢ € E with 0 << c, there is an ny such that for all n = ng, d (X, x) <<c. We

denote thisby lim X, = Xor X, = X,(n — o).
n—oo

(ii) If for any ¢ € E with 0 << c, there is an ng such that for all n,m > ng, d(x;,,X;,) <<c, then {X, } is called
a Cauchy sequence in X. (X, d) is called a complete cone metric space, if every Cauchy sequence in X is convergent

in X.

Lemma: 2.1. Let (X, d) be a cone metric space, P C E a normal cone with normal constant K. Let{X, }, {y}, } be

sequences in X and x, y € X.

(i) {x, } converges to x if and only if lim d(Xn , x) =0;
n—oco

(i) If {Xx}, } converges to x and {X,, } converges toy then x = y. That is the limit of {X, } is unique.
(iii) If {X}, } converges to x, then {X, } is Cauchy sequence.

(iv) {X}, } is a Cauchy sequence if and only if ~ lim d(xn , Xm) =0
n,m—>co

WIf X, = Xandy, =Y, (n —>oo) thend(xn,yn)%d(x,y).

Definition: 2.5. Let (X, d) be a cone metric space, P a normal cone with normal constant K and T: X — X. Then

(i) T is said to be continuous if lim X, = X implies that lim T(Xn ) = T(X) ,forall {x,}inX.
n—oo n—oo

(ii) T is said to be sub-sequentially convergent, if we have for every sequence {yn} that T(yn) is convergent,

implies {yn } has a convergent subsequence;

(iii) T is said to be sequentially convergent if for every sequence{y, }, T(y, ) is convergent, and then {y,, } also is

convergent.

Kannan [6, 7] has introduced the following contractive mapping condition:
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If there exists a number a,0 < a < % , such that foreachx,ye X,

d(f(x).f(y)) < ald(x, £ (x)) + d(y.F ().
Further Reich [13] extended it and gave the following contractive mapping condition:

If there exist non-negative numbers a, b, ¢ satisfying a + b + ¢ < 1 such that for each X,y € X,

d(f(x),f(y)) < ad(x,£(x))+bd(y,f (y))+cd(x, y).

Chatterjea [3] has introduced the following contractive mapping condition:

If there exists a number a,0 < a < % , such that foreach X,y € X,

d(f (x),f(y)) < ald(x,£(y))+d(y,f(x))I.

Further Rhoades [15] extended it and gave the following contractive mapping condition:

If there exist non-negative numbers a, b, c¢ satisfying a + b + ¢ < 1 such that for

eachx,y € X,d(f(x),f(y)) < ad(x,f(y))+bd(y,f(x))+cd(x,y).
3. MAIN RESULTS:

First, we give definitions of 7-Reich contractive and 7T-Rhoades contractive mappings on cone metric spaces which are
based on the ideas of Moradi [9] and Morales and Rojas [10].

Definition: 3.1. Let (X, d) be a cone metric space and T, S: X — X two functions.

TR;- A mapping S is said to be T-Reich contraction, (TR;-Contraction) if there is a + b + ¢ < 1 such that
d(TSx,TSy) < ad(Tx, TSx )+ bd(Ty, TSy )+ cd(Tx, Ty)

forall X,ye Xanda,b,c>0.

TR;- A mapping S is said to be 7-Rhoades contraction, (TR,-Contraction) if there is a + b + ¢ < 1 such that
d(TSx,TSy) <£ad(Tx, TSy)+bd(Ty, TSx) +cd(Tx, Ty)

forall X,ye Xanda,b,c=0.

Theorem: 3.1 Let (X, d) be a complete cone metric space, P be a normal cone with normal constant K, in addition let
T: X — X be a one to one continuous function and S: X — X a TR;- Contraction. Then

(1) Forevery x( € X

lim (TS0, TS"1xg )= 0:
n—oo

(2) There is a vV € X such that

lim TS™xq = v;
n—oo

(3) If T is subsequentially convergent, then {Snx 0} has a convergent subsequence;

(4) There is a unique U € X such that Su = u;
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(5) If T is sequentially convergent, then for each X () € X the sequence {Snx 0 } converges to u.

Proof: Let x, be any arbitrary point in X. We define the sequence {Xp } byXp4] =Sxpy = Snxo. Therefore by

TR,

<ad(Txp_1.TSxp_1)+ bd(Txn ,TSx )+ cd(Tx_1.Txy)

< ad(Tx,_1,Txp )+ bd(Txpy, Txp41)+cd(Tx 1, Tx )

(1-b) d(Txn,Txn +1)S (a+c)d(Txn_1,Txn)

a+c
d(Txp, Txp41) < (ﬁjd(TXn—l’TXn)

n
Hence d(TXn’TXn+1)S£?+;j d(TXO,TSXO)

On repeating the same argument, we have

d(Ts"x,, TS™x, )< G‘ +ZJ d(Tx,, TSx)

a+c)’
S\ K|d(Tx(, TSx )

d(TSnxo,TS e XO)

where K is the normal constant of E. By above inequality we get

From (3.1) we have

lim Hd(TSnxo,TSonO]‘ ~0
n—oo

Hence lim d[TS"x.TS™x()=0.
n—oo

By (3.1), for every m,n € N with m > n we have

n m—1
s(‘l’”j (T, TSx, )+ oo +[“+cj d(Tx,,TSx,)
n
a+c 1
=(1_bj xl +Cd(Tx0,TSxO)
1-b

So, d(TSnx ,TS™x )s
0 077 \1-b

From (3.3) we have
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Hd(Ts“xo,Tsmx()]‘ < [? +1§

n K
) oS

1-b

at+c
Where K is the normal constant of E. Taking limit and keeping in mind that <1, we obtain

lim Hd(TSnxo,TSme]‘ ~0

n,m—oo

Hence we have, lim d(TSnxo,TSmX0)= 0,
n—soo

Implying thereby {TSn X} is a Cauchy sequence in X. By the completeness of X, there is v€ X such that

lim TS"xg=v (3.4)
n—oo

Now, if T is subsequentially {SnXO } has a convergent subsequence. So, there are u€ X and {X,, } such that
1
lim S"ixg=u (3.5)
i—o0
Since T is continuous, then by (3.5) we have
lim TS"ixg = Tu (3.6)
i—oo
By (3.4) and (3.6) we conclude that
Tu=v. 3.7
On the other hand,

d(TSu, Tu) < d(TSu,Ts“ix0)+ d(Tsni x0,TS™ ™ 1x0)+ d(TSni+ 1xO,Tu)

1

< ad(Tu, TSu)+ bd(TS“i‘ X0, TS™ x0)+cd[Tu,TSni ‘1x0)

n;
+ (%} d(TxO,TSxo )+ d(TSni +1x0,Tuj

Therefore,

(1-a)d(TSu, Tu) < bd(TSni -1

x(. TS x0)+cd(Tu,TSni _lxo)

n;
+(a+cj d(TxO,TSxO)+ d(TSnino,Tu)

1-b
d(TSu,Tu)S[%)d(TSni_1x0,TSnixo)+(—l < jd(Tu,TSni_le)
_a a
1 (a+c\M 1 n. +1
+— d\Txy,TSx)+| — d(TS itix ,Tu)
l—a(l—bj (Tx.TSx) [1_a) 0
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|[d(TSu, Tu)j| < lb—K d(TSni_lxo,TSni xo) +1LK d(Tu,TSni_lxojH
—a —a
1 (a+c) 1 n. +1 )
+—— == K[d(TSx(,Txg)+—K d(TS i xO,Tu) —0asi— oo
I-a\l-b l1-a

where K is the normal constant of X. Hence d (TSu, Tu) = 0, which implies that TSu = Tu. Since T is one to one, we have
Su=u.
Hence S has a fixed point. Because S is a TR;-Contraction, we have
d(TSu, TSv) < a[d(Tu, TSu )]+ b[d(Tv, TSv)] + c[d(Tu, Tv)].
If v is another fixed point of S then from injectivity of T we get Su = Sv.

Hence fixed point is unique .Finally, if T is sequentially convergent, by replacing for 71, by n, we conclude that
lim SnXO =1 This shows that {Snxo } converges to the fixed point of S.
n—oo

Corollary: 3.1. Let (X, d) be a complete cone metric space, P be a normal cone with normal constant K. Suppose that the
mapping S: X— X satisfies the contractive condition

d(Sx,Sy) < ad(x,Sx) + bd(y,Sy)+ cd(x, y) forall X,y€ X and0<a+b+c<l

Then S has a unique fixed point in X and for any X() € X .Iterative sequence {Snxo } converges to the fixed point.

Corollary: 3.2. Let (X, d) be a complete metric space and T, S: X — X be mappings such that T is continuous one to one and

subsequentially convergent. If 0 <a + b + c < 1 and d(TSX,TSy) < ad(TX,TSX)+ bd(Ty, TSy)+ cd(Tx, Ty) for all

X,y € X .Then S has a unique point and if T is sequentially convergent then for every X € X' the sequence iterates

(s" X} converges to the fixed point of S.

Remark: 3.1. If we put a=b and ¢ = 0 in Theorem 3.1, then we get Theorem 3.1 of Morales and Rojas [10].

Remark: 3.2. Again if we take a = b and ¢ = 0 in Corollary 3.1 and Corollary 3.2, then we get the Corollary 3.2 and Corollary
3.3 of [10].

Theorem: 3.2. Let (X, d) be a complete cone metric space, P be a normal cone with normal constant K, let in addition

T: X — X be a one to one continuous function and S: X — X a TR, Contraction then (1) , (2) , (3) , (4) and (5) of
Theorem 3.1 hold.

Proof: Let X () be an arbitrary point in X. we define the iterative sequence {X, } by X1 =Sx,, = st X (- Since

S is a TR,-Contraction, we have

d(TSx,, TSx,41) <ad(Tx,,TSx 1) +bd(Tx 41, TSx ) +cd(Tx,Txp41)
<ad(TSx,_1,TSx,41)+bd(TSx,,TSx ) +cd(TSx,,_1,TSx,,) or

<a{d(TSx,_;, TSx ) +d(TSx,,, TSX y41)} +cd(TSx,, 1, TSx )

d(TSx . TSX 1 41) < (i‘j:j d(TSx,,_;.TSx,) =hd(TSx,_{,TSx,)
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a+c

where h :(
l1-a

J .Recursively, we obtain

d(TSx . TSx 41) <h"™ d(TSx(, TSx). (3.8)
Therefore
|d(TSx ;. TSx 4 ) S h"K [|d(TSx, TSx1)|

where K is the normal constant of X. Hence

lim |d(TSx,,TSx,41)|=0.
n—oo

this implies that

lim Hd(Ts“xo,Tsn“xo)H ~ 0.
n—oo

By (3.8), for every m,n € N with n > m we have

d(TSX . TSX ) SA(TSX ,, TSX ;1) +...+ d(TSX 1,1, TSX 1))
<™ +h"2 4 +h™]d(TSx(, TSx{)

m

h
<——d(TSx(,TSx1).
[ (X0 TSxD)

Taking norm we get

|d(TSx , , TSx | < %K"d(TSxO,Tle )|

nl

Consequently, we have

lim  d(TSx,,TSx ;) =0.

n,m-—>oo
Hence {TSn X0 } is a Cauchy sequence in X and since X is a complete cone metric space, there is V€ X such that
lim TS"xg=v.
n—oo
The rest of the proof is similar to the proof of Theorem 3.1.
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