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ABSTRACT

The notion of fuzzy sets was introduced by Zadeh. Many authors have studied fixed point theory in
Juzzy metric spaces. In the sequel, we shall adopt the usual terminology, notation and conventions
of L-fuzzy metric spaces introduced by Saadati [13]. Which are a generalization of fuzzy metric
spaces and intuitionistic fuzzy metric spaces. In this paper we prove a common fixed point theorem
in L Fuzzy Metric Space which is generalization of result in Adibi et al. [1]
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Definition: 1 Let L = (L, _ <1) be a complete lattice, and U a non-empty set called a universe. An
L-fuzzy set A on U is defined as a mapping A: U—L. For each u in U, A (u) represents the degree
(in L) to which u satisfies A.

Definition: 2 A triangular norm (t-norm) on L is a mapping T: L? —L satisfying the following
conditions:

(1) (vx e (T (x, 1) = %), (boundary condition)

(2) (Vv (x,y) € LT (x,y) =T (y, x)), (commutativity)

B)(Vix,y,2e LT T(y,2)=TI(T % y), 2), (associativity)

(4) (V (%, X0, y,y0) € LY (x <L xoand y <o yo) T (X, y) <L T (Xo, Yo)). (monotonicity)

Definition: 3 A t-norm T on L is said to be continuous if for any x, y € L and any sequences{xy}
and {ya} which converge to x and y we have

hmn %mT (Xn, Yn) =T (X’ Y)

Definition: 4. The 3-tuple (X,M,T) is said to be an L-fuzzy metric space if X is an arbitrary (non-
empty) set, T is a continuous t-norm on L and M is an L-fuzzy set on X2x ]0,+eo| satisfying the
following conditions for every x, y, zin X and t, s in JO,+ o [

(@ Mkx y.t)> O,

(b) M(x,y,t)=1.forallt >0 ifand only ifx =y,

(c) M(x, y, t) =M(y, x, 1),

(d) T M(x, y, t), M(y, z, s)) <L M(x, z, t +s),

(e) M(x, y, -): [0, «]>L is continuous and lim t —e M(x, y, t) = 1.

Definition: 5 A sequence {x,} ne N in an L-fuzzy metric space (X,M, T ) is called a Cauchy
sequence, if for each eeL \ {0} and t > O, there exists no € N such that forallm >n > no (n >2m >
nO]; M(Xm, Xn, t] > LN(€).
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Definition: 6 The sequence {x,} ne N is said to be convergent to x € X in the L-fuzzy metric space
X, M, T) M (Xn, X, t) =M(X, Xn, t) > 1L whenever n —+for every t > O.

Definition: 7 A L-fuzzy metric space is said to be complete if and only if every Cauchy sequence
is convergent.

Definition: 8 Let A and S be mappings from an L-fuzzy metric space (X,M, T )into itself. Then the
mappings are said to be compatible if lim n —e (ASxn, SAxn, t) = 1., Vt > O whenever {X,} is a
sequence in X such that lim , .. AXyp =1lim 4 .. SxXn =x € X.

Lemma: 1 [13,14] Consider the set L* and the operation <1 defined by: L* = { (x1, X2) : (X1, Xo) €
[0, 1]2 and x; + X2 £ 1}, (X1, X2) <1+ (Y1, Y2) X1< y1 and x2< yo, for every (xi, Xo), (y1, y2) € L* Then

(L*,<1+) is a complete lattice .

Lemma; 2 [15] Let (X, M, T) be an L-fuzzy metric space. Then, M(x, y, t) is Non decreasing with
respect to t, for all x, y in X.

Lemma: 3 [7] Let (X, M, T) be an L-fuzzy metric space. Then M is a continuous function on X X
XX [0,09].

Lemma: 4 [13] Let (X, M, T) be an L-fuzzy metric space. Define E 3 » : X2 > R* U {O} by E ) m (X, ¥)
= inf{t > 0 :M(x, y, t) >L N( J)}for each A € L \ {0, 11} and x, y € X. Then we have

(i) For any 1 € L \ {0y, 1} there exists A € L \ {01, 11} such that E, m(x1, Xn) <E ) m (X1, X2) + E
M (X2, X3) + -+ + +E ) M (Xn-1, Xn) for any xy, ..., xe X,

(ii) The sequence {x,} neN is convergent to x w.r.t. L-fuzzy metric M if and only if E ym : (Xn, X) —>
0.Also the sequence {x,} neN is Cauchy w.r.t. L-fuzzy metric M if and only if it is Cauchy with
E \m.

Lemma: 5 [13] Let (X,M, T ) be an L-fuzzy metric space. If M(Xq, Xn+1, t) 2 L M(Xo, X1, k"t)for some
k > 1 and n € N. Then {x,} is a Cauchy sequence.

MAIN RESULT:

Theorem .Let A, B, S and T be self-mappings of a complete L-fuzzy metric space (X, M, T), which
has property (C), satisfying:

(i) AX) c T(X), B(X) cS(X) and T(X), S(X) are two closed subsets of X, the pairs (A, S) and (B, T) are
weak compatible,

M(Ax, By, t) 2 1 [[M(Sx, Ty, kt), M(Ax, Sx, kt) , M(Ay, Tx, kt), M(Ax, Ty, kt) }]
for every x, y in X and some k > 1.Then A,B, S and T have a unique common fixed point in X.
Proof: Let xo € X be an arbitrary point in X. By (i), there exists xi1, X2 € X such that yo = Axo = Tx1,
y1 = Bx; = Sxo. Inductively, we can construct sequences {y,} and {x»} in X such that yon = Axo, =

TXon+1, Yon+1 = BXon+1 = SX onso,forn =0, 1, 2, - - - . Now, we prove that {y,} is a Cauchy sequence.

Let
dm (t) =M(yrn» Ym+1, t), t> O

Then, we have
dan = M(Y2n, Yon+1, t)
=M (AXZn,BXZxﬁl, t)ZL

{M (Sx2n, Txon+1, kt), M (AXon, Sxon, kt), M (AXon+1, TXon+1, kt), M (Axon, T Xon+1, kt)}
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=M(Y 2n0-1, Y20, Kt) = dan-1(K1).
Thus dan(t) 2 1 dan-1(kt) for every m = 2n € N and Vt > 0. Similarly for an odd integer m = 2n + 1,
we have d 2n+1(t) 2 1 dan(kt). Hence, for every n € N,
we have du(t) > L d n-1(kt).
That is,M(yn, Yn+1, t) 2 L M(Y n-1, ¥n, kt) 2 ...
21 M (yo, y1, knt).

So, by Lemma 5, {yn} is Cauchy and the completeness of X implies {yn} converges to y in X. That is,
limn sy, =y

lim n —eo yo, = lim n —eeAXo, = lim n —eeTXon+1
=lim n —o0 yop+1 = lim n —o0 BX op+1 = lim n —00SX op+2 = y.
As B(X) =S(X), there exists u € X such that Su =y. By (iii), we have
M(Au,Bx on+1, t) 2 L [M(Su, Txan+1, kt) ), M(Ax, Sx, kt) , M(Ay, Tx, kt), M(Ax, Ty, kt) }JvM(Au,Su, kt)
Since M is continuous, we get (Whenever n — in the above inequality),
M(Au, y, t) 2L M(y, y, kt) = 1.
Thus M (Au, y, t) = 1., i.e. Au =y. Therefore, Au = Su =y.
Since A(X) c T(X), there exists v € X, such that Tv =y. Thus,

M(y,Bv, t) =M(Au,Bv,t) > 1 [M(Su, Tv, kt) ), M(Ax, Sx, kt),M(Ay, Tx, kt), M(Ax, Ty, kt) }]vM(Au,Su,kt)]
=1L

Hence Tv = Bv = Au = Su =y. Since (A, S) is weak compatible, we conclude that ASu = SAu, that
is Ay = Sy. Also, since (B, T) is weak compatible then, TBv = BTv, that is Ty = By.

We now prove that Ay =y. By (iii), we have

M(Ay, y, t) =M(Ay,Bv,t) > . [M(Sy, Tv, kt) ), M(Ax, Sx, kt) , M(Ay, Tx, kt), M(Ax, Ty, kt) }Iv M(Ay,Bv, t)
=M(Ay, y, kt)... 2L M(Ay, y, kot).

On the other hand, from Lemma 2, we have that

M (Ay, y, t) 2 . M (Ay, y, kat).Hence, M(Ay, y, t) = C for all t > 0. Since (X, M, T) has property (C), it
follows that C = 1y, i.e., Ay =y,

therefore Ay = Sy =y. Similarly we prove that By =y. By (iii), we have
Ml(y,By, t) =M(Ay,By, t) 2L [M(Sy, Ty, kt)v M(Ay,Sy, kt) =M(y,By, kt).. > . M(y,By, kat).
On the other hand, from Lemma 2, we have that
M(y,By, t) 2 L M(y,By, knt).Hence, M(y,By, t) = C
for all t > 0. Since (X, M, T) has property (C), it follows that C = 1., i.e., By =y. Therefore, Ay = By

= Sy = Ty =y, that is, y is a common fixed of A,B, S and T.For uniqueness, let x be another
common fixed point of A,B, S and T i.e., x = Ax = Bx = Sx = Tx. Hence
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M(y, x, t) =M(Ay,Bx, t) > 1 [M(Sy, Tx, kt) ), M(Ax, Sx, kt) , M(Ay, Tx, kt), M(Ax, Ty, kt) }]v M(Ay,Sy,kt)
=My, x, kt).. > L M(y, x, knt)
On the other hand, from Lemma 2 ,we have that
M(y, x, t) 2L M(y, x, kot).

Hence, M(y, x, t) = C for all t > 0. Since (X,M, T ) has property (C), it follows that C = 1., i.e., y = x.
Therefore, y is the unique common fixed point of self-maps A, B, S and T.
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