
International Journal of Mathematical Archive-2(4), Apr. - 2011, Page: 503-511 

Available online through www.ijma.info  �������������	
� 

International Journal of Mathematical Archive- 2 (4), Apr. – 2011                                                                                                503 

 

COMMON FIXED POINT THEOREMS IN FUZZY METRIC SPACE   

FOR SINGLE AND SET-VALUED M-MAPS 
 

*K. P. R. Rao
1
, K. R. K. Rao 

2
 and V. C. C. Raju

3 

 

1,2
 Department of Applied Mathematics Acharya Nagarjuna University – Dr .M. R. Appa Row Campus, 

Nuzvid -521 201, Krishna Dt., A. P., INDIA 

 
3
Department of Mathematics, University of Botswana, Private Bag UB 00704, Gaborone,Botswana 

 

E-mail: varanasi@mopipi.ub.bw, kprrao2004@yahoo.com 

 
(Received on: 22-03-11; Accepted on: 06-04-11) 

------------------------------------------------------------------------------------------------------------------------------------------------ 

ABSTRACT 

In this paper, we introduce the notion of M-maps w.r.to a single map and a pair of maps in fuzzy metric spaces and 

obtain common fixed point theorems for two pairs of sub compatible maps satisfying implicit relations. Our results 

generalize and extend several comparable results in existing literature like Abbas.et.al [2], Kumar et.al. [9] to the 

setting of single and set-valued maps and also by relaxing some  more conditions.  
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1. INTRODUCTION AND PRELIMINARIES: 

 

Zadeh [17] introduced the concept of fuzzy sets in 1965 and Kramosil and Michalek [8]  introduced the concept of 

fuzzy metric space in 1975. George and Veeramani [5] modified the concept of fuzzy metric space introduced by 

Kramosil and Michalek [8]. Later several authors Grabiec[6], Mishra, Sharma and Singh[10], Singh and Jain[15], 

Subrahmanyam[16], Altun and Turkoglu[3], Sedghi, K.P.R.Rao and shobe[14], Y.J.Cho, Sedghi and Shobe[4], 

Pant[11], Abbas, Altun and Gopal[2], Kumar and Fisher[9] etc. obtained fixed and common fixed point theorems 

satisfying various contractive conditions in fuzzy metric spaces. Aamri and Moutawakil [1] introduced the concept of 

property (E.A) for a pair of maps and studied fixed and comon fixed point theorems. 

 

In this paper we obtain two common fixed point theorems for two pairs of single and multi valued  mappings by using 

property (E.A) type definition. 

 

First, we give some known preliminaries. 

 

Definition 1.1 ([17]): Let  X  be any set. A fuzzy set A in X  is a function with domain X  and values in [0,1]. 

 

Definition 1.2 ([13]): A binary operation  [0,1]  [0,1]   [0,1] : →×∗  is called a continuous t-norm if ([0,1], ∗ ) is an 

abelian topological monoid with the unit 1 such that  a ∗  b ≤  c ∗  d  , whenever  

a ≤  c and b ≤  d  for all  a,b,c,d  ∈  [0,1] . 

 

Note that among a number of possible choices for∗ , ‘∗  =   min ' is the strongest possible universal t-norm (see [13]). 

 

Definition 1.3 ([8]) : The triplet  (X,M, ∗ ) is called a fuzzy metric space if  X  is an arbitrary set, ∗   is a continuous t-

norm and M  is a fuzzy set in  X2  ×  [0, ∞ ) satisfying the following conditions for all x,y,z ∈  X and  t, s, > 0, 

 

 (i)   ;) = y,, ,     M(x > x,y,tM 00  0)(
 

 

 (ii)  x = y ;  t >    = x,y,tM ifonly  and if0forall1)(
 

 

 (iii)  ;y,x,t = Mx,y,tM )()(
 

------------------------------------------------------------------------------------------------------------------------------------------------ 
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(iv)  ;x,z,t+s  M y,z,s  M  x,y,tM )()()( ≤∗
 

 

(v) . .x,y,M function  continuous a is  [0,1]   )[0,  :)  ( →∞  

 

Lemma 1.4 ([6]): Let (X,M, ∗ ) be a fuzzy metric space. Then M(x,y,t) is non-decreasing with respect to t  for all  x, y 

∈  X.  

 

Lemma 1.5 ([12]): Let (X ,M, ∗ ) be a fuzzy metric space. Then M is a continuous function on ).(0,X 2 ∞× 
 

Let (X, M,∗ ) be a fuzzy metric space. For t > 0, the open ball B(x,r,t) with center  Xx ∈  and radius  0 < r < 1 is 

defined by { }.-r  > x,y,t X / M y  = x,r,tB 1)()( ∈   

The collection of  { }010:)( ,  t >  < r <  X,    x  x,r,tB ∈   is a neighborhood system for a topology  τ  on X 

induced by the fuzzy metric. This topology is Hausdorff. 

 

A sequence { }nx  in X converges to x if and only if for each 0each       and  0 t > � >  there exists  N n ∈0  such 

that  1)( -� > ,y, txM n  for all .  0 nn ≥  

 

Lemma 1.6 ([10]) : Let (X,M, ∗ ) be a fuzzy metric space and 1)(   x,y,tM →   as ∞→    t   for all  . Xx,y ∈   If  

 )()(  x,y,tM x,y,ktM ≥ for all  0 X,  t > x,y ∈ and for a number  (0,1) k ∈
 
then . x = y   

 

Here afterwards, we assume that B(X) is the set of nonempty bounded subsets of fuzzy metric space (X,M, ∗ ) . 

 

For  A,B ∈  B(X) and for every t > 0 , define 

 

{ }.     )(inf)(  Bb A,a :a,b,tM = A,B,tM ∈∈
  

If { }a  A  = ,   )  ()  ( tB,a,  M   tB,A,�M =  .  

 

If { }a  A  =  , { }b  B  =  then ).()( a,b,t   �   A,B,t� MM =  

 

From the definition it follows that  

 

0)()(     B,A,t  �   A,B,t� MM ≥= , 

 

{ }gleton     B   A      A,B,t�M sin1)( ==⇔= , 

 

)()()( C,B,s  �  A,C,t  �  sA,B,t� MMM ∗≥+  for all )(X  BA,B,C  ∈  and for all    t  s, 0  > . 

 

Definition 1.7:  A sequence { }nA  in B(X )  is said to be convergent to a set )(X  BA  ∈   if 1   )( →, A, tA� nM  as 

0   allfor     t    n  >∞→ . 

 

Immediately one can prove the following 

 

Lemma 1.8:  Let { }nA  and { }nB are sequences in B(X ) converging to A  and B in B(X),  respectively. Then 

)()( A,B,t  �  ,t, BA� MnnM →   as 0   allfor     t    n  >∞→ . 

 

Lemma 1.9:  If )()( A,B,t  �  A,B,kt� MM ≥   for all )(, X  BB A ∈  and for all 100   k    ,    t  <<>  then 

{ }gleton       B  A  sin==  provided 1    t)  y,M(x, →   Xy x, ∈∀∞→           t  as  . 

 

Definition 1.10 ([7]):  The maps )(X  BF :  X  →   and   Xf :  X  → are said to be weakly compatible or sub 

compatible if they commute at coincidence points, i.e., for each point   Xu  ∈  such that { }fu  Fu  = , we have  

 

  fFuFfu  = . 
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Generally to prove common fixed point theorems for two pairs of maps or Gungck type maps using property (E.A), 

introduced in [1] one can tempt to assume that the range set of one mapping is closed or one of the mappings is 

surjective. In this paper, we relax some conditions by introducing the following two definitions.  

 

Definition 1.11:  Let  )( ∗X,M, be a fuzzy metric space and   Xf :  X  → and  )(X  BF :  X  → . Then  (f , F)  

is said to be a pair of  M-maps with respect to  f  if there exists a sequence  { }nx   in  X such that for every 0  t  > , 

1)(   , z,  tfxM n →  and { } 1)(   , tz,Fx� nM →  as ∞→   n   for some )(X  fz  ∈ . 

 

Definition 1.12:  Let  )( ∗X,M, be a fuzzy metric space and   X :  X  f → g , and  )(X  BF :  X  → . Then (f, 

F) is said to be a pair of M-maps with respect to  (f, g)  if there exists a sequence  { }nx   in  X such that for every 

0  t  > , 1)(   , z,  tfxM n →  and { } 1)(   , tz,Fx� nM →  as ∞→   n   for some )(    )( XgX  fz  ∩∈ . 

 

2. IMPLICIT RELATION: 

           

Let Φ   denote the class of all continuous functions  +→   R   :  
6[0,1]ϕ   satisfying 

 

 0    )111( ≥, v, v, , u, ϕ or 0    )111( ≥, v, , v, u, ϕ  or  0    )11( ≥, v, v, u, v, ϕ   Implies   vu  ≥ . 

 

These are the some examples of implicit relations. 

 

Example 2.1: { }654321654321 min-   )( , t, t, t, ttt, t, t, t, t, tt =ϕ . 

Example 2.2:  =   )( 654321 , t, t, t, t, ttϕ  { }6453321 t t,t t, t,tmin  - t . 

Example 2.3: =   )( 654321 , t, t, t, t, ttϕ
2

6543
1

t1

tttt
 - t

+

+
. 

Example 2.4:  =   )( 654321 , t, t, t, t, ttϕ  ) t,t, t, t,(t- t 654321 ψ   where ψ   is increasing in each coordinate and 

[0,1)            )( ∈∀> ttt,t,t,t,tψ . 

 

3. MAIN RESULTS: 

 

Theorem 3.1:  Let  )( ∗X,M,  be a fuzzy metric space and    X :  X  f → g , and    )(G  ,  X B :  X  F →   be  

maps satisfying  

 

0    
)(   ),(    ),( 

 ),(   ),(  ),(
  ≥��

�

�
��
�

�

gy,Fx,tfx,Gy,tgy,Gy,t

fx,Fx,tfx,gy,tMFx, Gy, kt

MMM

MM

δδδ

δδ
ϕ                                                                               (3.1.1) 

 

 for all 0   X , t  x, y >∈  and  (0,1)  k  ∈   where Φ∈    ϕ , 

 

the pairs (f, F)  and (g, G) are sub compatible ,                                                                                                           (3.1.2) 

 

(a) (f, F)   is a pair of M-maps with respect to f  and .   forall  )(  Xx X gFx ∈⊆                                           (3.1.3) 

or 

(b) (g, G) is a pair of M-maps with respect to  g  and  .   forall  )(  Xx X fGx ∈⊆                                         (3.1.3) 

 

Then  f, g, F  and G   have a unique common fixed point   Xz  ∈  such that  

 

{ } { } { }.gz  fz    z   Gz  Fz  ====  

 

 Proof: Suppose (3.1.3)(a) is holds. 

Since   (f, F ) is a pair of M-maps with respect to f   there exists a sequence { }nx  in  X such that for every  t  >  0 , 

 

1  )(lim =
∞→

, z , tfxM n
n

 and { } )( somefor  1  )(lim X fz  , tz, FxnM
n

∈=
∞→

δ . 
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Hence there exists  Xu ∈  such that   z = fu. 

 

Since    allfor     Xx  g(X)Fx ∈⊆  there exist   X y Fx � nnn ∈∈   and   such that nn  gy � =  for all   n. 

 

Also { } .  as  1   ) (   )(    )( ∞→→≥=  n  ,tz,Fx , z, t�M, z, tgyM nMnn δ  

 

Hence   1    t)z, ,(gylim n =
∞→

M
n

. 

 

Now,  

 

0    
)(   ),(    ),( 

 ),(   ),(  ),(
  ≥��

�

�
��
�

�

,t,Fxgy,t,Gyfx,t,Gygy

,t,Fxfx,t,gyfxM, kt, GyFx

nnMnnMnnM

nnMnnnnM

δδδ

δδ
ϕ . 

 

Letting ∞→  n  we have,  

 

{ } { } { }( ) 0         1    ),lim  (   ),lim( 1, 1, ),lim( ≥
∞→∞→∞→

, t Gy,z, t Gy, z, kt Gy, z n
n

Mn
n

Mn
n

M δδδϕ . 

 

Hence  

 

{ } { } )lim(  )lim( , t Gy, z, kt Gy, z n
n

Mn
n

M
∞→∞→

≥ δδ    from   property of   ϕ  . 

 

From Lemma 1.9, we have  { }z Gyn
n

    lim =
∞→

. 

 

Thus { } { }.      lim    lim    lim     lim fuz gy fx Gy Fx n
n

n
n

n
n

n
n

=====
∞→∞→∞→∞→

 

 

Now, 

 

0    
 )( ),(),(

),(),( ),(
 ≥��

�

�
��
�

�

, Fu, tgy, tfu, Gy, t, Gygy

fu, Fu, t, tfu, gyM, ktFu, Gy

nMnMnnM

MnnM

δδδ

δδ
ϕ . 

 

Letting ∞→  n   we have, 

 

{ } { } { }( ) 0      ) ( 1,1, ), ( 1, ),( ≥, Fu, tz, Fu, tz, ktzFu,  MMM δδδϕ . 

 

{ } { }   t)Fu, ,z (    kt) ,z  (Fu, MM δδ ≥ . 

 

Hence { } .z   Fu =   { } { }.fu    z   Fu ==  Thus  

 

Since { } .  such that      exists    there,   gvz  Xv   g(X) Fu   z =∈⊆=  

 

Now,  

 

0    
 )(   ),(  ),(  

 ),(   ),(   ),(
   ≥��

�

�
��
�

�

, tgv, Fx, Gv, tfxgv, Gv, t

, t, Fxfx, gv, tfxM, Gv, ktFx

nMnMM

nnMnnM

δδδ

δδ
ϕ . 

 

Letting ∞→  n  we have,  

 

{ } { } { }( ) 0      1  ),(    t),Gv, ,(  1,  1,  ),(  ≥, Gv, tzz, Gv, ktz MMM δδδϕ . 

{ } { } )(     )( , Gv, tz, Gv, ktz MM δδ ≥  . 
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Hence  { }z  Gv  =  .  Thus  { } { }gvz          Gv ==  . 

 

Since the pairs   ( f, F )  and   ( g, G )  are sub compatible, we have 

 

{ } { }.   and  gz  Gz  fz Fz ==  

0      
   )(   ),(  ),( 

 ),(  ),(   ),(
  ≥��

�

�
��
�

�

gv, Fz, tfz, Gv, tgv, Gv, t

fz, Fz, tfz, gv, tMFz, Gv, kt

MMM

MM

δδδ

δδ
ϕ . 

 

( ) 0       )(   ),(f  1,   1,   ),(  ),(   ≥z, fz, tMz, z, tMfz, z, tMfz, z, ktMϕ . 

 

 . )(    )( fz, z, tMfz, z, ktM ≥  

 

 Hence   fz  =  z . Thus  { } { }.z  fz Fz ==  

 

 Also, 

 

0      
 )(   ),(  ),( 

 ),(  ),(  ),( 
  ≥��

�

�
��
�

�

gz, Fu, tfu, Gz, tgz, Gz, t

fu, Fu, tfu, gz, tMFu, Gz, kt

MMM

MM

δδδ

δδ
ϕ  . 

 

( ) 0        )( ),( 1,   1,   ),(  ),(   ≥gz, z, tMz, gz, tMz, gz, tMz, gz, ktMϕ  . 

 

)(    )( z, gz, tMz, gz, ktM ≥ . 

 

 Hence   gz = z . Thus  { } { }z    gz  Gz  == . 

 

Thus z is a common fixed point of  f,  g,  F   and  G  such  that { } { } { }gz    fz    z    Gz  Fz  ====  . 

Uniqueness of common fixed point follows easily from (3.1.1). The following example illustrates Theorem 3.1. 

 

Example 3.2: Let X  =  [0,1]  and  { } min        and  y-x   )( a, b ba x, yd =∗=  [0,1]    ∈∀  a,b  . Define 

0     
)(

   )( >∀
+

= t
x,ydt

t
x,y,tM  and     X  x, y  ∈∀ . 

 

Then )( ∗X,M,   is a fuzzy metric space. 

 

Define )(    : , XBXGF →  and  Xf,g  :  X →  as follows, 

 

�
�
	

∈

∈
=

+  ] 1 ,(  if    

 , ] [0,  if        
    

2

1

4

1x

2

1

2

1

x

x
fx    ,            

{ }�
�
	

∪∈

∈
=

 0  ] 1 ,(  if   0

 , ]  0, (  if      -1  
    

2

1

2

1

x

xx
gx  

 



�
�

�
�
	

=
2

1
   Fx      ,  

{ }
[ ]�

�
	

∈

∈
=

 ] 1 ,(  if       , 

 , ] [0,  if             
    

2

1

2

1

8

3

2

1

2

1

x

x
Gx    

  

Then  { }   X x  XgFx ∈∀∪=⊆


�
�

�
�
	

=    0,1)[  )(   
2

1
 

2

1
 , [ ] ],(  )(    ,  

2
1

8
3

2
1

8
3 =⊄= XfGx    for all ,1] ( 

2
1∈x  . 

 Case (i):  if  Xx ∈ , ] , 0 [  
2

1∈y   then,    1  )( =Fx,Gy, ktMδ  

 

Case (ii): if  Xx ∈ , 1] , (  
2

1 ∈y   then,  

{ } Gyb  Fxa a, b, ktMFx,Gy, ktM ∈∈=   , : )(inf      )(δ  
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              { }{ }  . ] , [      ,    :  inf                
2

1

8

3

2

1

b)d(a,kt

kt ∈∈=
+

ba  

                                
kt

kt
 

8
1+

=  

       .   
)0(

   
)(

  )(
2
1+

>
+

=
+

=
t

t

fx,dt

t

fx,gydt

t
fx, gy, tM  

 

Thus  .    where0       ,      )(   )(
2

1 k t Xx,y fx,gy, t MFx,Gy, ktM =>∀∈∀≥δ   

 

(3.1.1) is satisfied with 
2
1 k =  and  { }  min  -     )( 654321654321 , t, t, t, ttt, t, t, t, t, tt =ϕ . 

 

Clearly ( f , F )  and  ( g , G )  are sub compatible. 

 

For { }


�
�

�
�
	

=
n

xn
2

1
- 

2

1
    we have { }

2

1
  →nfx   ,    

2

1
  =nFx ,   f(X) ∈

2

1
 ,  Xx XgFx ∈∀⊆     )(     So (3.1.1)(a)  

is satisfied.  But (3.1.1) (b) is not satisfied since  ∀⊄    )(    XfGx 1]. , (    
2

1∈ x  

 

Thus all the conditions of Theorem 3.1 are satisfied and  
2
1  is the unique common fixed point of   f , g , F   and  G . 

 

In this example note that the maps  f  and  g   are not surjective and the sets f(X) and  g(X)  are not closed. 

 

Theorem 3.3: Let  )( ∗X,M,  be a fuzzy metric space and    X :  X  f → g , and )(G  ,  X B :  X  F →  be  

maps satisfying (3.1.1), (3.1.2) and (3.3.1)  ( f , F ) or ( g , G )  is a pair of M-maps with respect to ( f , g ). 

Then f , g , F  and G  have a unique common fixed point  Xz ∈  such  that { } { } { }.gz  fz    z   Gz    Fz ====  

 

Proof:  Suppose ( f , F ) is a pair of  M-maps with respect to ( f , g ). Then there exists a sequence { }
nx  in X such that 

for every  t > 0 , 

 

1    )( →, z , tfxM n and  { } )( )( somefor     1    )( XgX fz  , tz, FxnM ∩∈→δ  . 

 

Hence there exist  Xu, v ∈  such that   gv fu z ==  . 

 

Now 

 

.  0    
)  (  ),(    ),  ( 

), ( ),(),( 
 ≥��

�

�
��
�

�

t ,Fxgv,, Gv, tfxtGv,gv,

, tFx,fx ,gv,tfxM,Gv,ktFx

nMnMM

nnMnnM

δδδ

δδ
ϕ  

 

Letting ∞→  n  , we have 

 

{ } { } { }( )   0     1  ),(  ),(1,  1,  ),(   ≥,Gv,tz,Gv,tz, Gv,ktz MMM δδδϕ . 

 

{ } { } . )(   )( ,Gv,tz,Gv,ktz MM δδ ≥  

 

Hence { }z Gv = .  Thus { } { }.gv  z Gv ==  

 

.  0    
  . )}(  ),(   ),(   

 ),(    ),(  ),(    
 ≥��

�

�
��
�

�

gv,Fu,tfu,Gv,tgv,Gv,t

fu,Fu,tfu,gv,tMFu,Gv,kt

MMM

MM

δδδ

δδ
ϕ  

 

{ } { } { }( ) .  0     )     (   1,   1,   ),(   1,  ),    (    ≥tFu,,z , Fu, tzkt,zFu, MMM δδδϕ  

 

{ } { } . )(   )( , Fu, tz, ktzFu, MM δδ ≥  
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Hence { }z Fu = .  Thus { } { }.fu     z  Fu ==  

 

From (3.1.2), we have { } fz Fz =  and { }.gz  Gz  =  

 

The rest of the proof follows as in Theorem 3.1. The following example illustrates Theorem 3.3. 

 

Example 3.4:  Let X  =  [0,1]  and  { } min        and  y-x   )( a, b ba x, yd =∗=  [0,1]    ∈∀  a,b   Define 

0     
)(

   )( >∀
+

= t
x,ydt

t
x,y,tM  and   X  y     x, ∈∀  

 

Then )( ∗X,M,   is a fuzzy metric space. 

 

Define )(    : , XBXGF →  and X  X  :  , →gf  as follows  

 

�
�
	

∈

∈
=

+  ] 1 ,(  if    

 , ] [0,  if        
    

2

1

4

1x

2

1

2

1

x

x
fx    ,            

{ }�
�
	

∪∈

∈
=

 0  ] 1 ,(  if   0

 , ]  0, (  if      -1  
    

2

1

2

1

x

xx
gx  

 

 

{ }
[ ]�

�
	

∈

∈
=

 ] 1 ,(  if       , 

 , ] [0,  if             
    

2

1

2

1

16

7

2

1

2

1

x

x
Fx      ,  

{ }
[ ]�

�
	

∈

∈
=

 ] 1 ,(  if       , 

 , ] [0,  if             
    

2

1

2

1

8

3

2

1

2

1

x

x
Gx  

 

{ }  min  -     )( 654321654321 , t, t, t, ttt, t, t, t, t, tt =ϕ  

 

Case (i): if  ][0,   ,
2

1∈yx   then,  1  )( =Fx,Gy, ktMδ  

 

Case (ii): if ]  [0,  
2
1∈x  , ] 1 , ( 

2
1∈y  then,  

 

{ } Gyb  Fxa a, b, ktMFx,Gy, ktM ∈∈=   , : )(inf      )(δ  

              { }{ }  . ],[     ,   : inf                
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Case (iii): if ] 1 , ( 
2

1∈x ,  ]  [0,  
2

1∈y then,  
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Case (iv): if   ] 1 , (    
2
1∈yx, then,  
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In all cases 

0    
)(  ),(   

 ),( ),( ),( 
min      )( 

2

1    t    X ,  x , y 
gy,Fx,tfx,Gy,t

gy,Gy,tfx,Fx,tfx,gy,tM
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MM
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�
�

�
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≥
δδ

δδ
δ  . 

 

Clearly ( f , F )  and  ( g , G )  are sub compatible. 

 

For { }


�
�

�
�
	

=
n

xn
2

1
- 

2

1
    we have { }

2

1
  →ngx  , )( )(  

2

1
    , 

2

1
   XgXfGxn ∩∈
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�
	



�
�

�
�
	

=  

 

Hence ( g , G )  is a pair of M-maps with respect to ( f ,  g ). 

 

Thus all the conditions of Theorem 3.3 are satisfied and  
2
1  is the unique common fixed point of  f , g , F   and  G .  

In this example note that  

 

(i) the maps  f  and   g are not surjective. 

 

(ii) f(X)  and  g(X)  are not closed. 

 

(iii) 1] ,(       )(    
2

1∈∀⊄ xXgFx  and  1] ,(       )(  
2
1∈∀⊄ xXfGx  . 

 

Recently Abbas et.al. [2] used the following implicit relation. Let Ψ  be a class of all continuous functions 

[0,1]   [0,1]  :  5 →ϕ      which are increasing in each coordinate and t, tt, t, t, t   )( >ϕ   for all [0,1)  t  ∈ . Using 

this implicit relation   Abbas et.al. [2] proved the following:  

 

Theorem: 3.5 (Theorem 2.1, [2]): Let )( ∗X,M,  be a fuzzy metric space. Let f, g, F and G be self maps on X  

satisfying  

 

(i)  )(    )(  and  )(   )( XfXGXgXF ⊆⊆   and there exists a constant )(0,    
2

1∈k  such that 

 

(ii) 



�
�

�
�
	

≥
 . )  �)-(2   (    t),  (   

 ),(  ),(  ),(
    )(

tfx,Gy,M,Fx,gyM

gy,Gy,tMfx,Fx,tMfx,gy,tM
Fx,Gy,ktM

α
ϕ  

 

for all  0  X , t x, y >∈  and (0,2)    ∈α   where Ψ∈ ϕ  

 

Then   F, G, f   and  g  have a unique common fixed point in  X  provided 

 

 (iii) the pair  ( F,  f ) or  (G, g ) satisfies (E.A) property, 

 

 (iv) one of  F(X),  G(X),   f (X),   g(X)  is a closed subset of  X  and  

 

 (v) the pairs ( F,  f ) and  ( G, g ) are weakly compatible. 

 

Theorem: 3.6 (Theorem 2.3, [2]): Let )( ∗X,M,  be a fuzzy metric space. Let f, g ,  F and  G  be self maps on X  

satisfying   (ii), (v) , 

 

(vi)  The pairs ( F, f )  and  ( G, g ) satisfy common (E.A) property and, 

 

(vii) f(X)  and  g(X) are closed subsets of  X . 

 

Then  F,  G,  f  and  g   have a unique common fixed point in  X. 
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These two theorems can be extended to two pairs of multi valued and single valued maps and improved respectively as 

follows. 

 

Theorem: 3.7 Let )( ∗X,M,   be a fuzzy metric space and    X :  X  f → g ,   and )(G  ,  X B :  X  F →  be 

maps satisfying   

 

(3.7.1)  
. )} ( ),(   

 ),( ),( ),(   
    )(



�
�

�
�
	

≥
gy,Fx, tfx,Gy, t

gy,Gy,tfx,Fx,tfx,gy,tM
Fx,Gy,t

MM

MM

M
δδ

δδ
ϕδ  

 

for all  0  X , t x, y >∈   where Ψ∈ ϕ , 

 

(3.7.2) the pairs  ( f, F )  and   ( g, G ) are sub compatible (3.7.3)(a) ( f, F )  is a pair of M-maps with respect to  f  and  

XxXgFx       )(    ∈∀⊆ . 

or 

 (3.7.3)(b) (g, G )  is a pair of  M-maps with respect to  g  and  x \in XXfGx     )(    ∀⊆  . 

 

Then  F,  G,  f  and  g   have a unique common fixed point  Xz ∈  such that { } { } { }.gz  fz    z   Gz    Fz ====  

 

Theorem: 3.8 Let )( ∗X,M,   be a fuzzy metric space and    X :  X  f → g ,  and  )(G  ,  X B :  X  F →  be  

maps satisfying (3.7.1), (3.7.2) and (3.8.1) ( f, F )  or   ( g, G )   is a pair of   M-maps with respect to ( f,  g ). 

Then  F,  G,  f  and  g   have a unique common fixed point  Xz ∈  such that { } { } { }.gz  fz    z   Gz    Fz ====  
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