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ABSTRACT

A single valued function of one complex variable which is analytic in the finite complex plane is called an entire
function. In this paper we would like to establish the bounds for the moduli of zeros of entire functions of order zero.
Some examples are provided to clear the notions.
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1. INTRODUCTION, DEFINITIONS AND NOTATIONS

Let P(z) = ay + a1z + ayz® + azz® +...... + a,_1z" ! + a,z"; |a,| # 0 be a polynomial of degree n. Datt and Govil
[2]; Govil and Rahaman [5]; Marden [9]; Mohammad [10]; Chattopadhyay, Das, Jain and Konwar [1]; Joyal, Labelle
and Rahaman [6]; Jain {[7], [8]}; Sun and Hsieh [11]; Zilovic, Roytman, Combettes and Swamy [13]; Das and Datta
[4] etc. worked in the theory of the distribution of the zeros of polynomials and obtained some newly developed
results.

In this paper we intend to establish some sharper results concerning the theory of distribution of zeros of entire
functions of order zero.

The following definitions are well known:

Definition: 1 The order p and lower order A of a meromorphic function f are defined as

p= limsupM and 1 = liminf 260
r > o log r r— oo log r

If f is entire, one can easily verify that

. log [2Im(r, . clogBlm(r,
p= llmsupog—(rf) and A= liminf 220
r— o og r r— oo log r

where logl x = log(log*"x) fork =1,2,3, ..... and logl® x = x.

If p < oo then f is of finite order. Also p = 0 means that f is of order zero. In this connection Datta and Biswas [3]
gave the following definition:

Definition: 2 Let f be a meromorphic function of order zero. Then the quantities p* and A* of f are defined by:

pr= limsupM and 1* = liminf 22
r_)oologr r—)ool‘)gr
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If f isan entire function then clearly

.. plog M(r,
and 2* = liminf 8 4C0) .
r = o0 og r - o log r

2. LEMMAS
In this section we present a lemma which will be needed in the sequel.

Lemma: 1 If f(z) is an entire function of order p = 0, then for every £ > 0 the inequality N(r) < (logr)” *¢ holds
for all sufficiently large r where N (r) is the number of zeros of f(z) in|z| < logr.

Proof: Let us suppose that f(z) = 1. This supposition can be made without loss of generality because if f(z) has a
zero of order 'm' at the origin then we may consider g(z) = c.% where ¢ is so chosen that g(0) = 1. Since the
function g(z) and f(z) have the same order therefore it will be unimportant for our investigations that the number of
zeros of g(z) and f(z) differ by m.

We further assume that f(z) has no zeros on |z| =log2r and the zeros z;’s of f(z) in |z| <logr are in non
decreasing order of their moduli so that |z;| < |z;,1]. Also let p* suppose to be finite where p = 0 is the zero of order

of f(2).

Now we shall make use of Jenson’s formula as state below
n R L 2 4
loglf(0)| = — X 1logm+;f log|f (R )| d¢b . 1)
i= ' 0

Let us replace R by 2r and n by N(2r) in (1).

' N@r) 2w ‘

- loglf ()l =— 3 logo= +5- [ logl|f(2re®)|do.
. 13 O

i=1

Since f(0) =1, ~ log|f(0)] =log1 =0.

N(2r) o1 27 ‘
Y log—=- [ log|f(2re®)|d¢ (2
i=1 ‘ 0
N(2r) 5 N(r) 5
LHS.= ¥ 1oglz—r_|z 3 logﬁZN(r) log 2 (3)
i = i =1 i

because for large values of r,

2
log—r >log2.
|z

2m
RHS.= — [ log|f(2re®)| do
0

21

< — [ logM(2r) dg = logM(2r). @)
0

Again by definition of order p* of f(z) we have for every € > 0,
log M(2r) < {log(2r)}r" *¢/2 . (5)
Hence from (2) by the help of (3), (4) and (5) we have

N(r)log2 < (log 2r)r +e/2
© 2013, IJMA. All Rights Reserved 121



Sanjib Kumar Datta"” & Manab Biswas’/ Some Results Related To Cauchy’s Proper Bound For The Zeros Of Entire Functions Of
Order Zero / IIMA- 4(11), Nov.-2013.

(log 2)P"*¢/2 (log r)P "+
log 2 (log r)€/2

ie, N(r) < < (logr)"*¢,

This proves the lemma.

3. THEOREMS

In this section we present the main results of the paper.
Theorem: 1 Let P(z) be an entire function defined by
P(z) =ag+a;z+ ayz> +...... +a,z" +.......

whose order p = 0 . Also for all sufficiently large 7 in the disc |z| < logr, |ay¢y| # 0, lael # 0 and also a,, — 0 as
n > N(r). Then all the zeros of P(z) lie in the ring shaped region

1
- < |Z| Sto
to

where t, is the greatest positive root of

g(@®) = |aye |tV = (|ayey| + M)V + M =0

and t, is the greatest positive root of

f(©) = laglt" @ — (lagl + MOEVP + M =0

where M = maxfi|agl , |aq], cooeee. : |aN(r)_1| Yand M = maxfi|a|, |az], oo , |f11v(r)| 1.

Proof: Now, P(2) = ag + a1z + ayz% +.....+ ayyz" ") because N(r) exists for |z| < logr; r is sufficiently large

and a, —» 0asn > N(r). Then all the zeros of P(z) lie in the ring shaped region given in Theorem 1 which we are to
prove.

Now
IP(2)| ~ |ag + a1z + ayz? +-+---- + ay 2"
> |an|1zINT — |ag + ayz + +ayz% 4o + a1 2V O
Also
|a0 +az+ +a222 groveeees + aN(r)_lzN(r)—1| < lag| +.n. +|aN(T)_1||Z|N(r)_1
< M(1+ |z] +- +]2zNOT)
— Mlle(r>_1 it 2] %1 ©
|z]-1 :
Therefore using (6) we obtain that
IP(2)| = |ane| 121N = |ag + a1z + +ayz% 4+ + ayy—g 2V 071
N |z|V ) —1
= |ayg[l2l"® = ME2—=-
Hence
|z|N()—1

|P(Z)| >0 if |aN(r)||Z|N(r) - M >0

|z]-1

e N 211

Le if Jay 121" > M ==

i.e., if [ay (| 121N O — ay e |11 > M(12)V - 1)
e, if [ay o121V = faye|l2IVC = M2V + M > 0

i.e., if laye 121V = (Jayey| + M)1zIV™ + M > 0.
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Therefore on |z| # 1,

IP(2)| = 0 if |ayey|lzINOF = (layey| + M)1zIV + M > 0.

Now let us consider

9(®) = |ayey |tV = (|lany| + M)V + M = 0. (7
Clearly the maximum number of changes in sign in (7) is two. So the maximum number of positive roots of g(t) = 0 is
two and by Descartes’ rule of sign if it is less, less by two. Clearly t = 1 is one positive root of (7). So g(t) = 0 must
have another positive root t;(say). Let us take t, = max {1,t;}. Clearly for t > ¢t,, g(t) > 0. If not, for some
t=1t, >ty g(ty) <O0.

Now g(t;) < 0and g(e0) > 0 imply that g(t) = 0 has another positive root in (t,, ) which gives a contradiction.
Therefore for t > t,, g(t) > 0 and so t, > 1.

Hence |P(z)| = 0 for |z| > t,.

Therefore all the zeros of P(z) lie in the disc |z| < t,. (8)

Again let us consider
1
Q(z) = z"™p (;)
~ N ai an()
~ zN@) {ao + — groeene + ZN(r)}
= a0ZN(r) + alzN(r)_l + s + aN(r)

|a1ZN(r)_1 +eennn + aN(r)| < |a1||Z|N(r)—1 e +|aN(T)|
< M’(lle(T)—l I +1)

s 12 INGI—
=m (" 7 1) for |z| # 1. )

lz]-1

Using (9) we get that

Q@) = lagllz|"®) = |a;z"O7 +ovee + ay]

B!

= el (<12

) for |z| # 1.

Therefore for |z| # 1,
4 N()_
Q@) 2 0 if faollz"® — M (X222) > 0

|1z|—-1

21N -1
|z]-1 )

e if lagllzlV® > M’ (
e, if laollzIV®+ — |ag|z]V® — M' |2V + M > 0
e, if |agllzNO* = (lag] + M)|zIV® + M > 0.

So for |z| # 1,

1Q(2)| = 0 if |agllz[N™* — (lag] + M) |2z[N® + M > 0.

Let us consider

(@) = agltN O — (Jag| + MV + M = 0.
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Since the maximum number of changes in sign in f(t) is two, the maximum number of positive roots of f(t) = 0 is
two and by Descartes’ rule of sign if it is less, less by two. Clearly ¢ = 1 is one positive root of f(t) =0.So f(t) =0
must have another positive root t, (say). Let us take t, = max {1,t,}. Clearly for t > t,, f(t) > 0. If not, for some
t3 > ty, f(t3) <O0.

Now f(t3) < 0and f(c) > 0 implies that f(t) = 0 has another positive root in (t;, o) which is a contradiction.
Therefore for t > t,, f(t) > 0.

Also ty = 1. S0 |Q(z)| = 0 for |z| > t,.

Therefore Q(z) does not vanish in |z| > t,.

Hence all the zeros of Q(2) liein |z| < t,.
Let z = z, be a zero of P(z). Therefore P(z, ) = 0. Clearly z, # 0 as a, # 0. Putting z = % in Q(z) we get that

0(2)= () 0 =(5) 0=0

Therefore Q (io) =0.50z= io is aroot of Q(z) = 0. Hence |10| < t, implies that |z,| > ti
VA VA 1 0

As z, is an arbitrary root of P(z) = 0.

Therefore all the zeros of P(z) liein |z| = - - (10)
0

From (8) and (10) we get that all the zeros of P(z) lie in the proper ring shaped region

1
- < |Z| <t
to

where t, and t, are the greatest positive roots of the equations
g(@®) = |laye |tV = (|layey| + M)V + M =0

and

F@) = |ap|tNO* — (lag| + MO + M =0

where M and M’ are given in the statement of Theorem 1.

This proves the theorem.

Remark: 1 The limit in Theorem 1 is attained by P(z) = z2 —z—1.Here p =0,p* = 2and N(r) = 2 < (logr)?*e.

For ¢ > 0 and sufficiently large r,alla, =0,n>2.Alsoay = -1, a; = -1, a, = 1.
Therefore

M =max{lagl,la;1} =1 and M = max {la;],|a[} =1

and

g(t) = lay|t® — (lag| + M)t> + M =0
ie,g®)=t3-A+Dt>?+1=0
ie,gt)=t3-2t>+1=0.

Again
£(t) = laglt® — (lagl + MHt2+ M =0

e, fO=13-A+Dt?+1=0

e, fH)=t>-2t>2+1=0.
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Sof(t) =0 and g(t) = 0 represent the same equation. Maximum number of positive roots of f(t) = 0and g(t) =0
are same. Now

g)=0
implies that t3 —2t2 +1=0.

ie, t—1) (t?-t—-1)=0.

Therefore
L JCDTAIC) | 1t
t=1land t = E/CD4LED _ 1475
2.1 2
Hence the positive roots of g(t) = 0 are 1 and 1+2V5 . S0
t() = max{l,HT\/S} = 1+2i.

Also the maximum positive root of f(t) =0 is

o 11+\/5 1445
0 = max ) > = 2
So in view of Theorem 1 all the zeros of P(z) lie in
<zl <t
to
. 1 1+V5
e, %S |z| < -
2
e, V1< <105,
2 2
Now the zeros of P(z) are given by solving z2 — z — 1 = 0. Therefore z = tj Let us denote the zeros of P(z) by
7y = ! +2‘/§ and z, = L=V —%- Clearly z; lies on the upper boundary and z, lies on the lower boundary. So the

best result is given by P(z) = z? — z — 1.

Theorem: 2 Let P(z) be an entire function defined by P(z) = ay + a;z + a,z% +......... +a,z" +........ with order
p=0,ay, #0,a,# 0andalso a, - 0 for n > N(r) for the disc |z| < logr, when 7 is sufficiently large. Further

for some p* >0, |a0|(p*)N(r) = |a1|(p*)N(T)_1 = = |aN(r)—1|p* = |aN(r)|.

Then all the zeros of P(z) lie in the ring shaped region

1 1 lag| *\N(r
<l < (14 el o),
O o\ T Tanol

Proof: For the given entire function P(z) = ay + a;z + ayz?% +......... +a,z" +........ with a, - 0asn > N(r), where
r is sufficiently large, N (r) exists and N(r) < (logr)? *¢ -

Therefore
P(2) ~ ag+ a1z + apz* +....+ ayyz
asag # 0,ayiy # 0and a, » 0forn > N(r).

N(r)

Let us consider
Z
RG) = (0P (=)
P 22 ZN@)

~ (p*)N™ z 2 4. Z
~ (p ) 4 (aO + a; p* + a (p*)? + + aN(r) (p*)N(r))

=Qay (p*)N(r) +aq (p*)N(T)_lz L TN + an@yZ
Therefore

IR(2)| = |ane| 121V = ag(e )V + a (p )1z + ... +ayey-1p"zV O (11)
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Now by the given condition |ag|(p* )N > |a |(p)V™~1 > ... > |aygy-1|p” = |aney| provided |z| # 0, we
obtain that

lag(p IV + a (p IOz 4+ + ayey-1p 2V O < ag (eI .t |angy—i | p7 12IVOT
. 1
< Jagl(p)N® |2|V@ (E-l_ ..... + =)
Therefore on |z| # 0,

* * — * — * 1 1
~[ag (PN + a (PIOz 4  agyap 2 O 2 =gl (0 OV (e 4 ) (12)

Therefore using (12) we get from (11) that

1 1
N *\N N _—
|R(Z)| > |aN(r)||Z| ) _ |a0|(p ) (r)|Z| (@] <E—I— ..... + |Z|N(r)>

* 1 1
= |aN(r)||Z|N(r) - |ao|(,0 )N(r)lle(r) (_ Feeeee +m Feeeee )

|z]

= 121" [lay s | = laol (0@ T, =

o0
Clearly X L isa geometric series which is convergent for ﬁ < 1i.e,for|z| > 1 and converges to
k= ?

|z|k

1 1 1

21y 1 "zl -1
||
Therefore

o 1 1
ZW=|Z|——1 if |z| > 1.
k=1

Hence we get from above that for |z| > 1
1
IR@| > 121" (Jawes| = (07 Vlag =)

Now for |z| > 1,

IR@)| > 0if 1z1"® (Jayg| — (0)"Plagl =) = 0

lz|-1

- - * 1_
e, if [aygy| = (0" Plagl == 2 0

H H $\N lagl
i.e., if layey| = (07 (T)Izl_—l

e, ifz] — 1> (prVe) 1ol
|aN(r)|

ie.,iflz| =1+ (p)V® laol S 1
lan

Therefore

|R(Z)| >0 if |Z| >1+ (p*)N(r) lag] .

|aN(r)|

So all the zeros of R(z) lie in

ol ey,
|lane|

lz| <1+

Let z, be an arbitrary zero of P(z). Therefore P(z,) = 0. Clearly z, # 0 as ay # 0. Putting z = p*z; in R(z) we have

R(p*z9) = (p )" - P(zo) = (pH"™.0=0.
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Hence z = p*z, is a zero of R(z). Therefore

lao| N
(pNO
|aN(r)

lp*zol <1+

ie. |zl < pi(1 4 ool (p*)N@) :

lan ol
Since z, is any zero of P(z) therefore all the zeros of P(2) lie in
1 laol X
|lz| < F(l + % (o )N(r))-

aN(r)|

Again let us consider
1
F(2) = (p" )N N p <_)
(2) = (p)""z oz

Now
1
F(z) = (p" )N LN p <_>
@ = () e
~ (p*)NT) ,N@) a ... AN ()
(p )Nz {ao +o +(p*z)N(T)}

= ao(p*)N(r)ZN(T) + a1 (p*)N(T)_lzN(T)_]- + ..... + aN(T)'

Therefore

IF(@)| 2 1agl(p)"P1z|") — |ay (p )V P12V oo + |,
Again
|a1 (p*)N(r)_lzN(r)_l + ..... + aN(T‘)l S |a1|(p*)N(r)_1lle(r)_1 + ..... +|aN(T)|
< a7 (|z[NO7 4o +z] + 1)

provided |z| # 0. So

1 1
*\N(r)-1,N@)-1 4 ..... N()—1|,|N T — ).
|as (p )TN s ay o] < lag | (IVO 2] (”(|Z|+ +|Z|N<r>)
So for |z]| # 0,
1 1
#\N N(r) _ #\N(r)-1|,|N e eeees -
IF@)] 2 aal (") O1zl*®) = lay| (o) (e + i)

— (p*)N@)-1],|N(T) + _ T _1
(PO 2N [Jaglp* — lal (5 4+ + i )|
Therefore for |z| # 0,

0
|F(2)| > (p)VNO=1 2|V [Iaolp* — lay| kZ ﬁ] :
1

o
The geometric series X ﬁ is convergent for
k=1"
1
—<1
|z
ie, for|z| >1
and converges to
1 1 _ 1
Izl 1 " lzl-1
|z

Therefore

g 1 1
k=1w =|Z|—_1 if |z| > 1.
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Using (14) and (15) we have for |z| > 1,

a
IF(2)| > (p )V 712N [Iaolp* - |z|| il 1].

Hence for |z| > 1,

F@) >0 if ()OO [laglp* — 121 2 0

lz|-1

e, if laglp® — l'l—i'l >0

lail

i.e.,if |aglp* =

= 21
ie,if |21 > 1+-4L > 1,
laglp*
Therefore
|F(2)| >0 for|z| > 1 +-4L.
laglp

So F(z) does not vanish in
la |

lz| = 1+ -
laglp

Equivalently all the zeros of F(z) lie in
las |

lz| < 1+ -
laglp

Let z = z, be any zero of P(z). Therefore P(z,) = 0. Clearly a, # 0 and z, # 0.
Now let us put z = ;% in F(z). So we have
0

N()

For) =000 (=) pe)
- (i)N(T) 0=0

Z0

Therefore z =

is a root of F(z2).

*z

Hence

| la;]
laglp*

[

e 2 < pr (14 452L),

laplp*

. 1
e, |zl > —— =,
P (1+Iaollp*)

As z; is an arbitrary zero of P(z), all the zeros of P(z) lie on

2] > —— - (16)

o (Laghe)
From (13) and (16) we get that all the zeros of P(z) lie in the proper ring shaped region

1 a
—_——<|z| < —*<1 + || (p*)N(T))
p* (1 +ﬂ) p |aN(r)|

laglp*
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where

lagl ()N = |ay |(p IV = ... > |aye|

for some p* > 0.

This proves the theorem.

Corollary: 1 From Theorem 2 we can easily conclude that all the zeros of P(z) = ay + a;z +...... + a,z" of degree n,

la, | # 0 with the property |ay| = la;| = ....... > |a,| lie in the proper ring shaped region
1 lao

—Ia | < |Z| <[1+ m

o
laol

just on putting p* = 1.

Theorem: 3 Let P(z) be an entire function with order p = 0. For sufficiently large values of r in the disc |z| < logT,
the Taylor’s series expansion of P(z)

P(2) = ag + a,, 2Pt + a,,zP? +.....+ a, zPm +ayyz", ap#0be such that 1<p; <p; <...<py <
N(r) — 1, p;’s are integers and for some p* > 0,

lagl(pHN® > |a,, |(p NP1 > ... > |a,, |(p VO Pm > |aye] .

Then all the zeros of P(z) lie in the proper ring shaped region

oy <|Z|<_*t0
Pty p

where t, and t, are the unique positive roots of the equations

9(O) = |ane |t O = Jaye | VO~ Jagl ()N = 0
and

f(@®) = lagl(p7)P1ePr — |ag|(p)P1t717 — |a,, | = 0
respectively.

Proof: Let
P(2) = ag + a,, 2P + a,,2P% +......+a, zP" + ayeyzV 7, laygs| # 0. a7

Also for some p* > 0,
lagl(pHN® = |a,, |(p )V P1 > ... > |ay,, [(pIVOPm > ay | .

Let us consider
R = ()" P ()

— (p)N® 2 _zm_ &}
=) {ao Ty Grypr F T G G ¥ AN G

= ao(p*)N(T) + a,, (p*)N(T)_Plzpl + . + a, (p*)N(T)_mepm + aN(r)ZN(T)'

Therefore
|R(D| = |ayeyz" D] = |ag(pIV® + a, (p VO PizPi+ .+ a, (p)VO7PmzPm|. (18)

Now for |z| # 0,

|a0 (p*)N(r) + apl (p*)N(r)_pIZpl_i_ ..... + apm (p*)N(r)_pm me |
< lagl(pHN® + |ap1|(p*)N(r)—p1|Z|p1 Foeee | a,,, |(p*)N(r)—pm |z|Pm

< lagl (P IV (L +|2lPs v+ |2]Pm)

=|a0|(p*)N(r)|Z|pm+1(i+ ..... 2 4t L1 ) (19)

|z |z|pm+1-p2 |z[pm+1-P1 |z[pm+1
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Using (18) and (19), we have for |z]| #= 0
1
| REI = [ay 121" = lagl ()Y lzlPn (-

1 1 1
|z|pm +1-P2 + |z|pm +1-P1 + |Z|pm+1>

% 1 1 1
> Jae 121V = lag|(p )Y@ zfpn+ (= +- + e )

|z| |z|pmt1l=P2 © |z|pm+1-P1  |z|pm+1

(0e)
= |aye 121" = lagl ()N z[Pm+1 X

Feeee 4+
oo

1
|z|k

(20)

(0]

The geometric series 2.
k=1

1

o is convergent for

—<1
|z]

i.e., for|z| > 1
and converges to
1 1 1

lz2lp_ 1 " lz-1
[2]

Therefore

|Z|k_|Z|—1 or |z .
k=1

Soon|z| > 1,

lagl(p*)N @) |z[Pm+1

i N(@) —
|R@)| >0 if [ayg]lz] |

lagl(p*)N @ |z|pm +1
|z|-1

ie,if |aN(T)||Z|N(T) =
i.e, if [aye |12V — ayem |121® = |agl(p )N |z[Pm*1

e, if |zPm ¥ (Jay |21V 7Pm — Jay |12V O7Pmt —ag|(p7)VP) = 0.

Let us consider

g(&) = |aye [t — |ay |tV —ag|(p)VE = 0.

Clearly, g(t) =0 has one positive root because the maximum number of changes in sign in g(t) is one and
g(0) = —laolpV™ is —ve, g() is +ve. Let t, be the positive root of g(t) = 0 and t, > 1. Clearly for t > t,,
g() = 0. If not, for some t; > t,, g(t;) < 0. Then g(t;) < 0 and g(c0) > 0. Therefore g(t) = 0 must have another
positive root in (t;, «) which gives a contradiction.

Hence for t > t,, g(t) = 0and t, > 1.So | R(z)| > 0 for |z| = t,.

Thus R(z) does not vanish in |z| > t,.

Hence all the zeros of R(z) lie in |z| < t,.

Let z = z, be any zero of P(z). So P(z,) = 0. Clearly z, # 0 as a, # 0. Putting z = p*z; in R(z) we have
R(p*zg) = (pIV - P(z9) = (p)"™ .0 =0.

Therefore R(p*z,) = 0 and so z = p*z, is a zero of R(z) and consequently |p*z,| < t, which implies |z,| < %-
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As z, is an arbitrary zero of P(z), all the zeros of P(z) lie in |z| < I% .

Again let us consider

1
— (p*\N(@),N(@T) .
F(z) = (p")" "z P(p*z>

Now
F(z) = (p)"®z" gy + a 1 4o ta 1 +a ___1
0 P1 (p*)plZpl Pm (p*)pmzpm N(r) (,D*)N(r)ZN(T)
= ao(p*)N(r)ZN(r) 4 apl(p*)N(r)—plzN(r)—pl e +apm (p*)N(r)_pm AN —Pm 4 e,
Also

|ap1(p*)N(r)_plzN(r)_p1 Foeeee 4+ ap (p*)N(r)_pm ZN(r)_pm + aN(T)l
< |ap1|(p*)N(r)—p1|Z|N(r)—p1 oo |apm |(p*)N(r)—pm |z|N@)=Pm 4 |aN(r)|
< |ap1|(p*)N(T)—p1(|Z|N(T)—p1 + |Z|N(T)—P2 Foeee +|Z|N(T)—pm + 1)_

So for |z| # 0,

IF(2)| = lagl(p)V 2|V
_|ap1(p*)N(r)_p1ZN(r)_p1 +eeee +apm (p*)N(r)_pm ZN(r)_pm + aN(T')'

> |a,|(p )N 2|V
_|ap1|(p*)N(r)_p1(|Z|N(r)_p1 + |z|NO P2 s 4 | Z|NO)Pm 4 1)

= lagl(p )" |2|N
*\N(r)— N@r)-pr+1 (1L 1 1
_|ap1|(p YNEI=P1|£|N =1 (m + PTFETES 4o 4 |Z|N(r)_p1+1)

i.e,onl|z| #0,

-1
IF(2)] > lagl(p)V 2|V — |ap1|(p*)N(r)—p1|Z|N(r)—p1+1 (Z )

k
VA
|z
(00]
The geometric series X # is convergent for
k=1
— <1
|z
i.e., for|z| >1

and converges to

Therefore

°°§ t__1 for |z| > 1
|Z|k_|Z|—1 or |z .
k=1

Therefore for |z| > 1

* * - - 1
IF(2)| > lag (0 121V — |ay, [ ()N I P12 VI p141 ()

N . |z|N P14t
= (VO (") lao 121V ~ |ay, | B 5 —)

— (p*N(@)—p N(r)—-p1+1 *\p p1—1 _ lap, | .
e e e (P L ey
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For |z]| > 1,

|F(2)| > 0if |ap|(p*)P1|z[P171 — ||:|p_11| >0

i.e., if lagl(p*)P1|zP17! = —l'jf’jl'

e, if laol(p")P11z[P1 — |agl(p*)P1]z[P17t — |a,, | = 0. (22)
Therefore on |z| > 1, |F(z)| > 0if (22) holds.

Let us consider
F(&) = lagl(p)Prert — lag|(p)Pre71~t — |a,, | = 0.

Clearly f(t) = 0 has exactly one positive root and is greater than one. Let t, be the positive root of f(t) = 0.
Therefore t, > 1. Obiviously if t > t, then £(t) = 0. So for |[F(z)| > 0, |z| = t,.

Therefore F(z) does not vanish in |z| > t,.

Hence all the zeros of F(z) liein |z| < t,.

Let z = z, be any zero of P(z). Therefore P(z,) = 0. Clearly z, # 0 as a, # 0.

*1 in F(z) we obtain that
p*zo

1 N
F) =000 (=) - P
Pz P Zo

(" P

Z0

N(r)
(lo) 0

0.

Now putting z =

1

*z

Therefore z =
1
p*zo

is a zero of F(z). Now
0

<t

. 1 ’
|.e., |_| < p*to
Z0

1
p*to

ie., |z >
As z, is an arbitrary zero of P(z) therefore we obtain that all the zeros of P(z2) lie in |z| > p%, . (23)
0

Using (21) and (23) we get that all the zeros of P(z) lie in the ring shaped region

to
- <|Z|<—*
Pty p

where t,, t, are the unique positive roots of the equations g(t) = 0 and f(t) = 0 respectively whose form is given in
the statement of Theorem 3.

This proves the theorem.
Corollary: 2 In view of Theorem 3 we may state that all the zeros of the polynomial

P(z) = ay+a, zP' +...... +a, zPm +a,z" of degree n with 1 <p; <p;,...... <pn, <n—1, p;’s are integers
such that |agl > |a,, | > ....... > |a,| lie in the ring shaped region%< lz] < t,
where t, , t, are the unique positive roots of the equations
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g(@®) = lay |t Pm — |a, [t"Pm~t —|a,| =0

and

f(£) = laglt?r —|ao|tP™t — |a,,| = 0

respectively just substituting p* = 1.
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