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1. INTRODUCTION  
 
Using the automatic Taylor expansion, we give some new numerical methods to partial fractions decomposition of 
rational functions. Firstly, we consider the Taylor differential transform that associates to a function the sequence of 
coefficients of its Taylor series or only a finite number of them. The Taylor transform of a product, respective quotient 
of functions is computed by discrete convolution, respective deconvolution, of the corresponding sequences of 
coefficients. This eliminates the algebraic calculation and the Taylor development becomes automatic.  
 
As is well known, partial fractions decomposition of rational functions applied to the integration of these functions. 
Also it is used to determine the inverse Laplace transforms of such functions and thus to physical system theory. So far, 
there are numerous attempts to find a simple numerical method for this decomposition. In the paper [7] are presented 
nine such different methods. Using the automatic Taylor expansion, we give a new method for partial fractions 
decomposition of rational functions. It extend so called “particular values method”. These particular values, used to 
obtain the numerators of the decomposition, are even the poles of the rational function. When the poles are complex 
numbers, must work in complex, but there are cases in which it is possible to work only with real numbers. See 
Example 8.3 below. Our method of partial fractions decomposition is simpler than the already known methods, covers 
all cases and can be applied even to difficult examples. We give two theorems, one for a single pole of arbitrary 
multiplicity and the second, for a pair of poles of the same multiplicity. The second theorem can be used in the case of 
two complex or irrational conjugate poles of the same multiplicity. In the latest example 8.6, we do the partial fractions 
decomposition by both theorems. Based on the convenient decomposition, we compute the indefinite integral and the 
inverse Laplace transform of the considered function in that example.         
 
Other applications of the discrete convolution and deconvolution were given by the Author in the works [1]-[5].    
  
2. TAYLOR DIFFERENTIAL TRANSFORM 
 
We call Taylor differential transform of an indefinite differentiable function ( )xf ,  the sequence of functions 
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, the Taylor polynomial of degree m.  
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If we denote ( )nnbaab =  the usual product of two sequences ( )naa =  and ( )nbb = ,  the derivatives of the 

function ( )xf  are given by the formula ( ) ( ) ( ) ( )( )xfTnxf n !=  and there values in the point 0xx =  by the 

formula ( ) ( ) ( ) ( )( )xfTnxf x
n

0
!0 = . 

 
3. EXAMPLES OF TAYLOR TRANSFORMS 
Some examples of Taylor transforms in an arbitrary point and in origin, are: ( ) ( ),0,0,aaT = , where a  is a 
constant function. 
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Particularly, ( ) ( ),0,0,1,xxT = , and ( ) ( ),0,0,1,2,22 xxxT = . 

( )







 −
−−=








+  ,1,,1,1,1,11
1432 n

n

xxxxxx
T , for 0≠x ,  

( ) 







=  ,

!
1,,

!3
1,

2
1,1,1

n
eeT xx  

( ) ( )







 −
−−=

−

 ,1,,
4

1,
3
1,

2
1,1,lnln

1

432 n

n

nxxxxx
xxT , for 0>x . 

( ) 







−−= ,sin

!4
1,cos

!3
1,sin

2
1,cos,sinsin xxxxxxT , 

( ) 







−−= ,cos

!4
1,sin

!3
1,cos

2
1,sin,coscos xxxxxxT . 

Particularly, ( ) ( ),0,0,0 aaT = , ( ) ( ),0,0,1,00 =xT , ( ) ( ),0,0,1,0,02
0 =xT ,    
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Remark: These formulas was given in the author book [1], pg. 84. However, unfortunately, in [1] the two formulas for 
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 and ( )xT ln  contain mistakes. 

 
4. OPERATIONS WITH SEQUENCES 
 
We consider (see [1] and [6]) the Cauchy product or (truncated or short,  linear discrete) convolution 

( ) ( )∑ = −=∗==
n

k knkn babacc
0

 of the sequences  ( )naa =  and  ( )nbb = .  

The convolution can be computed by the multiplication algorithm               
                          210 aaa    

                          210 bbb   
                     ------------------------------------------------------------------------------ 
                         020100 bababa  

                                                           1110 baba             

                                                                                                           20ba  
                    ------------------------------------------------------------------------------- 
                    201102210011000 bababacbabacbac ++=+==  
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For m  natural numbers one denotes 





m

m aaaa ∗∗∗=∗ .   

If the sequences ( )naa =  with 00 ≠a  and  ( )ncc =  are given, then the sequence ( )nbb =  such that bac ∗=  
can be determined by the deconvolution formula (see [1] and [6]) 
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The deconvolution can be computed by the division algorithm    
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On the base of the usual (long) convolution and deconvolution,  which are used to compute the product and the quotient 
(with rest) of two polynomials, introduced in MATLAB by the instructions conv  and deconv , it is possible also to 
consider the truncated convolution and deconvolution by the instructions tconv  and tdeconv , in  
the following manner: 
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In the examples of partial fractions decomposition given below, we present several algorithms of convolution and 
deconvolution, the others being omitted. 
 
5. TAYLOR TRANSFORMS OF PRODUCTS AND QUOTIENS OF FUNCTIONS  
 
If a function ( )xf  contains products and quotients of other functions, then to determine its Taylor transform we can 
use the discrete convolution and deconvolution, as can see from the following theorem and its consequence.  
 
Theorem 1: If ( )xf  and ( )xg  are indefinite differentiable functions, then   

( ) ( )( ) ( )( ) ( )( )xgTxfTxgxfT ∗= .                                                                                                                            (1) 
 
Proof: Using Leibniz formula for derivatives of a product of functions, 
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Corollary: If ( )xf  and ( ) 0≠xg  are indefinite differentiable functions, then  
 

( ) ( )( ) ( )( ) ( )( )xgTxfTxgxfT /= .                                                                                                                          (2) 
 
Proof: From theorem, ( )( ) ( ) ( )( ) ( )( ) ( ) ( )( ) ( )( )xgTxgxfTxgxgxfTxfT ∗== , and therefore it results the 
above formula. 
 
Remarks: 1) Obviously, the formulas from above Theorem and its Corollary, are also true for Taylor transformation  
 

0xT  Concentrated in a point 0xx = . 

2) If we want to calculate only derivatives up to order m , then are used the Taylor transforms ( )( )xfT m  and 

( )( )xgT m , sequences of the same finite length 1+m . 
 
6. PARTIAL FRACTIONS DEVELOPMENT 
 
We will use the automatic Taylor development, based on discrete convolution and deconvolution, to get a numerical 
automatic method for partial fractions development of the rational functions. It is based on the following two theorems. 
 
Theorem: 2 If ( )xf  is a function of the form 
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where 0≠m  is a natural number, a  and kA , for 1,,1,0 −= mk  , are complex numbers and ( )xg  is a function 

with derivative of 1−m  order in a , then the coefficients kA  can be computed by the relation 
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Remark: As is well known, if ( )xf  is a rational function, its nominator has degree less than the denominator and a  

is a pole of multiplicity m  of ( )xf , then the function has the form (3), therefore the Theorem 2 work. 
 
Corollary: If ( )xf  is a rational function with degree of the numerator smaller than the denominator, having the 

distinct poles pxx ,,1   of  multiplicities pmm ,,1  , then ( )xf  has the partial fractions development 
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where ( ) ( )[ ]xfxxP j
m

x
j

j
−−1  denotes, for pj ,,1= , the Taylor polynomial of degree 1−jm  in the point jxx =

. 
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Theorem: 3 If ( )xf  is a function of the form 
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where 0≠m  is a natural number, a , b , kA  and kB , for 1,,1,0 −= mk  , are complex numbers and ( )xg  is a 

function with derivative of 1−m  order in a , then the coefficients kA  and kB  can be computed recursively by the 
relations 
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where ( ) =−= 1,,1,0: mkck  ( ) ( ) ( )( )xfbxaxT mmm
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from which results the formulas (8)-(11). 
 
Particular cases: From (11), if 5≥m , it results the formulas 
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Remark: As is well known, if ( )xf  is a rational function, its nominator has degree less than the denominator, the last 

being a polynomial with real coefficients and a  is a complex pole of  multiplicity m of ( ) ,f x  then the function has 

the form (6) with ab =  the complex conjugate of a , therefore the Theorem 3 work. See Example 8.5. Same situation 
when the denominator has rational numbers as coefficients and a  is an irrational pole of the function of multiplicity 
m . Then b  is the irrational conjugate of a  and the Theorem 3 also work. See Example 8.6.  
 
8. EXAMPLES OF PARTIAL FRACTIONS DEVELOPMENT  
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For the Taylor polynomial of four degree in 2=x  have been performed the convolutions 
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From which it results  
                      ( ) ( )0,1,3,3,10,0,0,1,1 3 =∗ , ( ) ( )0,0,1,6,90,0,0,1,3 2 =∗   
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27
19

9
22

3
20

9
92

3
222

9304633900012

−−

−−

−−−−

−−−−

−−

 

Hence 
 

( )
( ) ( ) 






 −−=

∗ ∗∗ 729
2689,

243
593,

9
13,

27
19,

9
2

0,0,0,1,10,0,0,1,3
0,0,0,1,2

32 . 

 

8.2. ( )
( ) ( ) ( ) ( )∑ ∑

= =
−−

+

+
+

−
=

+−
=

2

0

5

0
622623 12

~

12
15625

j k
k

kk
j

j

x

BxA
x

c

xx
xf . We have 

 

( )
( )

( )
( )

( )
( ) ===











+
= ∗ 168750,75000,15625

0,0,15625
1,4,5

0,0,115625
1

15625~,~,~
662

2
2210

x
Tccc ( )24.12,8.4,1 − , 

 

( )
( )

( )
( )

( )
( )

5
0 5 3 3

156251,0,0,0,0,0 15625,0,0,0,0,015625, ,
2 11 ,9 12 , 6 3 ,1,0,02 2 ,1,0,0,0,0ic c T

i i ix i ∗

 
= = = 

  − + − − +− − + 
  

  
                     ( )iiiiii 24.28268.442,87834,4401170,12301140,1800525,1375250 ++−−−−−= . 
 
Hence iBiAc 1375250000 −−=+= , 13750 −−A , 2500 −=B , 
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( ) iBiAic 180052513752 111 −=−+= , 9501 −=A , 9001 −=B , 

 
( ) iiiBiAc 1230114090095019004 222 −=−−−+−= , 4052 −=A , 5102 −=B , 

 
( ) ( ) iiiBiAic 4401170950510405416208 333 −=−−−+++−= , 1403 −=A , 

 

3 200,B = − ( ) ( ) =−−−++++= iiiiBiAc 162051040520014012113216 444  i87834 += ,  
 

434 −=A ,  
 

664 −=B , ( ) ( )5 5 532 688 32 43 66c i A i B i i= + − − − − 2112 840 1200 1680 405i i+ + − + −  
 
       442.68 282,24i= + ,  
 

24.125 −=A , 68.195 −=B .  
 

Therefore, ( )
( ) ( ) ( ) ( )3 2 6 52 2

1 4.8 12.24 1375 250 950 900
22 2 1 1

x xf x
xx x x x

+ +
= − + − −

−− − + +
                     

                                      
( ) ( ) ( ) 1

68.1924.12
1
6643

1
200140

1
510405

2223242 +
+

−
+

+
−

+

+
−

+

+
−

x
x

x
x

x
x

x
x

. 

 

8.3. ( )
( ) ( )2252

2356

31
43

++

+++++
=

xx
xxxxxxf . 

 

Solution: 1 (complex) We will obtain ( )
( ) ( )∑ ∑

= =
−−

+

+
+

+

+
=

1

0

4

0
4212 13

~~

j k
k

kk
j

jj

x

BxA

x

BxA
xf . We have 

( )
( )

( )
( )

6 5 3 2
1

0 1 5 53 2

32 7 3,37 60 33 4,
1 2,2 3

i

i ix x x x xc c T
x i

∗

  − + ++ + + + + = =
 + − 

 

 
 

              
( )

( ) ( )310068,3732
32
1

35,132
36037,3732 ii

i
ii

−−+−−=
−−

++−
= ,  

 
Hence   

3
32
71~3~~

000 iBiAc −=+= , 
32
7~

0 −=A , 1~
0 =B ,  

 

( ) 3
32

100
32
68

32
7~3~32~

111 iBiAic +=−+= , 
64
25

1 −=A , 
16
25

1 =B . 

 

( )
( )

=










+

+++++
= 22

2356
4

40
3

43,,
x

xxxxxTcc i

( )
( ) 2

,3 12 ,18 7 , 9 20 , 15 5

2,2 ,1,0,0

i i i i i

i ∗

+ − − − − +
             

 

                     
( )

( ) =
+−−−−+

=
1,4,0,8,4

515,209,718,123,
ii

iiiii






 +−−−−+ iiiii

16
335

4
211,26

2
21,

4
17

2
21,3

4
5,

4
, 
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4000
iBiAc =+= , 

4
1

0 =A , 00 =B ; ( ) iBiAic 3
4
5

4
12 111 +=++= , 

2
1

1 −=A , 
2
3

1 =B ; 

( ) iiiBiAc
4

17
2
21

2
3

2
4 222 −=+−−+−= , 

16
11

2 =A , 
4
9

2 −=B ; 

( ) iiiBiAic 26
2
21

2
1

4
11

4
9

16
1148 333 −=−−






 −++−= , 

16
9

3 −=A , 
8

17
3 =B ; 

( )
16

335
4

211
4

11
4
9

16
11

2
9

8
17

16
91216 444

iiiiiBiAc +−=+−++





 +−−+= ,

64
25

4 =A ,. 
16
25

4 −=B .  

 
Therefore 

( )
( ) ( ) ( )

+
+

−
+

+

−
+

+
= 324252 116

3611
12

3
14 x

x
x

x
x

xxf
( )

( )
( ) ++

−
+

+

−
164
425

116
934

222 x
x

x
x

( )
( )
( )364

425
332

732
222 +
−

+
+

−
+

x
x

x
x

. 

 
Solution: 2 (real) ( ) ( ) ( )txftfxf 21 += , where 2xt =  and 

( )
( ) ( )

3

1 5 2
3 4

1 3
t tf t

t t
+ +

=
+ +

 

           
( ) ( ) ( ) ( )

3 3
4 1
1 32 5 5 2

3 4 1 3 4 1
3 1 1 3

t t t tP P
t t t t

− −

   + + + +   = +
   + + + +   

 

           
( )
( ) ( )

( )
( ) ( )25

1
352

4
1 3

1
1,2
30,32

1
1

0,0,0,1,2
0,1,3,6,0

+








−
−

+
+







 −
= ∗−∗− t

P
t

P  

           
( )
( ) ( )

( )
( ) ( )

4 1
1 35 2

0,6, 3,1,0 32,301 1
4, 4,1,0,0 32,801 3

P P
t t

− −

   − −
= +      −+ +   

 

           
( ) ( )

4 1
1 35 2

3 9 17 25 1 25 10, , , , 1,
2 4 8 16 161 3

P P
t t

− −

    = − − + −    
   + + 

 

           ( ) ( ) ( ) ( )
( )

( )
( )

2 3 4
5 2

3 9 17 25 1 25 11 1 1 1 1 3
2 4 8 16 161 3

t t t t t
t t

   = + − + + + − + + − +      + +
 

           
( ) ( ) ( ) ( ) ( ) ( )316

25
3

1
116

25
18

17
14

9
12

3
2234 +
−

+
+

+
−

+
+

+
−

+
=

tttttt
, 

 

( )
( ) ( ) ( ) ( ) ( ) ( )

2 2 2
4 1

2 1 35 2 2 5 2
1 1 1 1 1

1 3 3 1 1 3
t t t t t tf t P P

t t t t t t
− −

   + + + + + +   = = +
   + + + + + +   

 

            
( )
( ) ( )

( )
( ) ( )

4 1
1 32 5 2

1, 1,1,0,0 7, 51 1
12,1,0,0,0 2,1 3

P P
t t

− −∗ ∗

   − −
   = +
   + − +   

 

            
( )
( ) ( )

( )
( ) ( )

4 1
1 3 2

1, 1,1,0,0 7, 51 1
4,4,1,0,0 1 32,80 3

P P
t t

− −

   − −
= +      + − +   

 

            
( ) ( )

4 1
1 3 2

1 1 11 9 25 1 7 25 1, , , , ,
4 2 16 16 64 32 641 3

P P
t t

− −
   = − − −   
   + +

 

            ( ) ( ) ( ) ( )
( )

2 3 4
5

1 1 11 9 25 11 1 1 1
4 2 16 16 64 1

t t t t
t

 = − + + + − + + +   +
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                  ( )
( ) ( ) ( ) ( ) ( )2 5 4 3 2

7 25 1 1 1 11 93
32 64 3 4 1 2 1 1 61 1 61

t
t t t t t

 − + + = − + −   + + + + +
 

                   ( ) ( ) ( )364
25

332
7

164
25

2 +
−

+
−

+
+

ttt
. 

 
It results that ( )xf  has the same form as that obtained in the previous solution. 
 

8.4. ( )
( ) ( )2252

23456

4222
2359105

+−+−

+−+−+−
=

xxxx
xxxxxxxf .  

Performing the change of variables 1+= yx  we obtain the function ( )
( ) ( )2252

2356

31
43

++

+++++
=

yy
yyyyyyf , hence 

the example 8.4 is reduced to example 8.3. 
 
Remark: All the rational functions whose denominator is a product of trinomials whose canonical forms have the same 
binomial, can be developed in partial fractions by the real method presented in the second solution of the Example 8.3, 
after a convenient change of variable. 
 

8.5 ( )
( ) ( ) ( ) ( )∑ ∑

= =
−−

++

+
+

+

+
=

+++
=

1

0

2

0
32223222 221

~~

221
1

j k
k

kk
j

jj

xx

BxA

x

BxA

xxx
xf ,  

 

( )
( )

( )
( )

( )
( ) =+−−−

=
++

=










++
= ∗ iiiixx

Tcc i 642,211
0,1

22,21
0,1

22
1~,~

332

1
10  

              ( )ii 1632.02974.0,016.0088.0 −+−= , hence  
 

iBiAc 016.0088.0~~~
000 +−=+= , 016.0~

0 =A , 0 0.088,B = −  
 

( ) iBiAic 1632.02974.0016.0~~2~
111 −=++= , 1408.0~

1 −=A , 1 0.0816;B = −  
 

( )
( )

( )
( )

( )
( )

2
0 1 2 1 2 22

1,0,0 1,0,01, ,
3 4 ,4 12 ,2 121 2 , 2 2 ,11

ic c c T
i i ii ix

− + ∗

 
 = = =
  − − + −− − ++ 

 

                   ( )iii 3008.07456.0,288.0416.0,16.012.0 +−+−+−= , hence 
 

( ) iBiAc 16.012.01 000 +−=++−= , 16.00 =A , 04.00 =B ; 
 

( )[ ] iBiAic 288.0416.016.012 111 +−=+++−= , 1 0.288,A =  1 0.432;B =  
 

( ) ( )2 2 24 1 0.288 1 0.432 0.576 0.7456 0.3005 ,c A i B i i i = − − + + + − + + + = − +   

 
1408.02 =A , 3632.01 =B . Therefore 

 

( )
( ) ( )2 322 2

0.016 0.088 0.1408 0.0816 0.16 0.04
11 2 2

x x xf x
xx x x

− + +
= − +

++ + + ( ) 22
3632.01408.0

22
432.0288.0

222 ++
+

+
++

+
+

xx
x

xx
x

. 
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8.6. ( )
( ) ( )223 121

4
−−+

=
xxx

xf . 

 
Solution: 1 (Based on Theorem 3)  
 

( )
( ) ( )∑ ∑

= =
−−

−−

+
+

+
=

2

0

1

0
122 121

~

k n
n

nn
k

k

xx

BxA
x

c
xf . We have 

( )
( )

( )
( )

( )
( ) ( )11,4,1

5,4,1
0,0,1

1,4,2
0,0,4

12
4~,~,~

222

2
1210 =

−
=

−
=











−−
= ∗−

xx
Tccc  and 

( )
( )

( )
( )

( )
( ) =++

=
+

=








+
= ∗+ 21218,21420

0,4

1,22

0,4
1

4, 33
1

2110 x
Tcc ( )10 7 2, 51 36 2 ,= − − + in 

conformity with the algorithms 
 

2121821420

________________
246

281221420

________________
122

/224246

___________________________
261222

2612/22246

_____________________________

23651271026124122

212182142004122

++

+

++

+

++

+−+

+−++

+−−−+

+++

 

So, ( ) 271021 000 −=++= BAc , 70 −=A , 170 =B  and 

( )[ ] 2365172122 111 +−=−++= BAc , 111 −=A , 291 =B . 
 
Therefore the decomposition in partial fractions is 

( )
( ) ( ) ( ) 12

1129
12

717
1

11
1

4
1

1
22223 −−
−

+
−−

−
+

+
+

+
+

+
=

xx
x

xx
x

xxx
xf .                                                                 (14) 

 
Solution: 2 (Based on Theorem 2) 
 

( )
( ) ( ) ( )2 23

4

1 1 2 1 2
f x

x x x
=

+ − − − +
 

           
( ) ( )

2
1 2 32

4 1
12 1

P
xx x

−

 
 =
  +− −  ( ) ( ) ( )223

1
21

21

1

211

4

−−













+−+
+

+
xxx

P                      
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( ) ( ) ( )

1
2 21 2 3

4 1

1 1 2 1 2
P

x x x
−

 
 +   + − − − +   

 

          
( )
( ) ( )

( )
( ) ( ) ( )

2 1
1 2 3 3 2 21 2

4,0,0 4 1,01 1
2, 4,1 1 2 2,1 2 2,1 1 2

P P
x x

− ∗ ∗ ∗+

     = +   − +  + ∗ − −   

 

                    
( )

( ) ( ) ( )
( )
( ) ( )

1 2
13 2 2 31 2

4 1,0,0 1,0,01 1
1, 4,5 12 2,1 2 2,1 1 2

P P
xx

−∗ ∗−

    + =     − +   − ∗ − − + 

                       

                   
( )

( ) ( )
1

21 2

1,0,0 1
40 28 2,64 44 2 1 2

P
x

+

 
 +
 + + − − 

                   

                   
( )

( ) ( )
( )

( )
1 2

12 31 2

1,0,0 1 11,4,11
140 28 2,64 44 2 1 2

P P
xx

−−

 
 + =
  +− − − + 

 

                   ( )
( )

1
21 2

1 110 7 2, 44 37 2
8 1 2

P
x

+
+ − − +

− −
                    

                   ( )
( ) ( ) ( )

1
2 3 21 2

1 1 1 4 1110 7 2, 44 37 2
8 11 11 2

P
xx xx

−
+ + − − = + +

++ +− +
 

                   ( ) ( ) ( ) ( )218
2744

218

2710
218
23144

218

2710
22 +−

−−
+

+−

+
+

−−
+−

+
−−

−
+

xxxx
.                                            (15) 

 
Remark: A little algebraic calculus shows that the two developments of ( )xf  in partial fractions given by the 
formulas (14) and (15) are equal. However, for integration and for calculus of the inverse Laplace transform, more 
convenient is the development (15). Indeed, it gives 

( )
( ) ( )2

1 4 10 7 2 44 31 211ln 1 ln 1 2
1 82 1 8 1 2

f x dx x x
xx x

− −
= − − + + − − − −

++ − −∫   

                                               ( ) Cx
x

++−
+

−
+−

+
− 21ln

8
23144

218
2710

, 

where C  is an arbitrary constant. If x  is a complex variable with ( ) 21Re +>x , from formula (15) it results the 
inverse Laplace transform 

( )( ) ( ) ( )1 2 1 21 21 10 7 2 44 31 24 11
2 8 8

t tt t tL f x t e te e te e+ +− − − − − −
= + + + −  

                                             ( ) ( )tt ete 2121

8
23144

8
2710 −− +

−
+

+ , 0≥t . 

 
9. CONCLUSIONS 
 
Besides the well known applications of the Taylor series development – the approximation of the functions by 
polynomials and power series method for solving different types of equations, the last being now named Taylor 
differential transformation method, we added other two, the automatic high order differentiation in [1] and the partial 
fractions decomposition in this paper. As can see by the above examples, the new methods given in the present article 
can be applied to cases that are difficult to solve by the methods known so far.  
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