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ABSTRACT 
A related fixed point theorem for two pairs of mappings on two semi-metric spaces satisfying integral type inequality 
is obtained. The result extends a result of R.K. Namdeo, N.K. Tiwari, B. Fisher and K. Tas [6]. 
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1. INTRODUCTION 
 
Many mathematicians have studied and developed a number of generalizations of a metric space which play a variety 
of roles in the study of fixed point theories. One of the generalizations is semi-metric space. Reference and background 
are given in [8]. Related fixed point theories are studied in [1- 6] and many others. 
 
2. PRELIMINARIES 
 
We recall some basic concepts.  
 
Definition: 2.1 A symmetric function on a set X is a non-negative real valued function d on X ×  X such that for           
x, y∈X, 
(i)    d(x, y) = 0  if and only if  x = y. 
(ii)   d(x, y) = d(y, x).  
 
Let d be a symmetric on set X. For  r  > 0  and  x ∈  X,  let B(x, r)  =  { y ∈  X : d(x, y) < r)}. A topology )(dτ  on X is 
defined as U ∈ )(dτ  if and only if for each x ∈  U, B(x, r) ⊆U. A subset S of X is a neighbourhood of x∈  X if there 
exists U∈ )(dτ  such that x∈U⊂ S.  
 
Definition:  2.2 A symmetric d is semi-metric if for each x ∈  X and for each r > 0, B(x, r) is a neighbourhood of x in 
the topology ).(dτ  
 
We note that for every {xn}⊆X and x∈  X, ∞→nlim d(xn, x)  = 0 if and only if xn→  x in the topology ).(dτ   
 
Now, some axioms are stated as follows: 
 
Let (X, d) be a semi-metric space. Then,  
 
(W3) Given {xn}, x in X, ∞→nlim d(xn,  x) = 0 and ∞→nlim d(xn, y)  = 0  imply x = y. 

(W4) Given{xn}, {yn} and x in  X, ∞→nlim d(xn, x) = 0 and  ∞→nlim d(xn, yn) = 0  imply ∞→nlim d(yn, x) = 0  

(1C) A symmetric d on a set X is said to be 1–continuous if ∞→nlim d(xn, x) = 0 implies ∞→nlim d(xn, y) = d(x, y) = 0  
for all  y∈  X. 
 
(W3), (W4) and (1C) are respectively found in [8], [8] and [7]. 
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Definition: 2.3 A sequence in X is d-Cauchy if it satisfies the usual metric condition with respect to d. 

∗ (X, d) is (Σ ) d-complete if for every sequence {xn}, ∑
∞+

=
+

1
1 ),(

n
nn xxd , < ∞  implies  that {xn} is  convergent in the 

topology ).(dτ  
∗  (X, d) is d-Cauchy complete if for every d-Cauchy sequence {xn}, there exists x ∈  X with xn→ x in  the topology 

).(dτ  

∗  (X, d) is S-complete if for every d-Cauchy sequence{xn}, there exists  x∈  X  with ∞→nlim d(x n , x)  = 0. 
 
The following was proved by R.K. Namdeo, N.K. Tiwari, B. Fisher and K. Tas in [6]. 
 
Theorem: 2.4 Let (X, d) and (Y, )ρ be complete metric spaces. Let T be a mapping of X into Y  and  S  be a mapping of  
Y  into X  satisfying  the inequalities  

d(Sy, Sy /) d(STx, STx / ) ≤  c max{ ),( /SySyd ),( /TxTxρ , ),( / Syxd ),( / Txyρ  

                                                                          ),( /xxd ),( /SySyd , ),( STxSyd )}( // , STxSyd                
 

),( /TxTxρ ),( /TSyTSyρ ≤  c max{ )/,( SySyd ),( /TxTxρ , ),( / Syxd ),( / Txyρ , 

                                                                           ),( /yyρ ),( /TxTxρ , ),( TSyTxρ )},( // TSyTxρ       
         
for all x, x/  in  X and  y, y/   in Y ,where 0 ≤  c < 1. If  either  S  or  T  is continuous, then  ST  has a unique fixed point  z  
in  X  and  TS  has a unique fixed point w  in Y. Further, Tz = w and Sw = z.   
 
Now, theorem 2.4 is extended to two pairs of mappings on semi-metric spaces in integral setting as follows. 
 
3. MAIN RESULT 
 
Theorem: 3.1 Let (X, d) and (Y, )υ be two 1- continuous semi-metric spaces. Let  A, B  be mappings of  X  into Y  and  
S, T  be mappings of  Y  into X  satisfying  the inequalities 

dt
  SAx, TBxdSy, Ty d

t∫
)( )(

)(
//

0
ϕ ≤ dt

TBxTydSAxSydSy, Tydxxd
AxySyxdAx, BxSy, Tyd c

t
  ∫

}),(),(),(),(
,),(),(),( )(max{

)(
////

////

0

υυ

ϕ                             (1) 

dt
  BSy, ATyAx ,Bx 

t∫
)( )(

)(
//

0

υυ
ϕ ≤ dt

ATyBxBSyAxAx, Bxyy
AxySyxdAx, BxSy, Tyd c

t  ∫
}),(),(),(),(
),,(),(),( )(max{

)(
////

////

0

υυυυ
υυ

ϕ                            (2) 

 
for all x, x/  in  X  and  y, y/   in Y, where 0 ≤  c < 1. If  either X  is (Σ ) d- complete and Y  satisfies  (W4)  or  Y  is 
(Σ )υ - complete and X  satisfies (W4)  and one of the mappings A, B, S and T  is continuous, then  SA and TB  have a 
unique common fixed point  z  in  X  and  BS  and  AT  have a unique common fixed point w  in Y. Further, Az = Bz = w 
and Sw = Tw = z.    
 
Proof:  Let y1 be any arbitrary point in X. We define sequences {xn} and {yn} in X and Y respectively as follows: 
 
S 12 −ny = 12 −nx ,  nn yBx 212 =− ,  nn xTy 22 = , 122 −= nn yAx ,  for  n = 1, 2, 3, … 
 
Applying inequality (1), we get  

( ) ( )2 1 2 2 2 1
0

 
( )n n n n

 d Sy , Ty d SAx , TBx   
t dtφ− −∫ = 

( )2
2 1 2

0

 
( )n n

 d x , x
t dtφ−∫  

                                                 ≤ dt
TBxTydSAxSyd, TySydxxd

AxySyxd, BxAx, TySyd c

t

  

nnnnnnnn

nnnnnnnn

∫ −−−−

−−−−

}),(),(),(),(

),,(),(),( )(max{

)(122212212122

221212122212

0

υυ

ϕ  
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                                                 = 

2 1 2 2 1 2 2 1 2 1 2 2 1

2 2 1 2 2 1 2 1 2 22 1

0

max{ ( ) ( , ), ( , ) ( , ),
( , ) ( ), ( , ) ( , )}

( )

n n n n n n n n

n n n n n n nn
  

c d x , x y y d x x y y
d x x d x , x d x x d x x

t dt

υ υ

φ

− − − − −

− − −−

∫  

 
From which it follows that 

dt
 xx d

tnn∫ −
 ),(

)(212
0

ϕ ≤ dt
xxd, yy c

t  
nnnn

∫
−−

}),(),({max
)(

212212

0

υ
ϕ                                                                  (3) 

 
Applying inequality (2), we get  

dt
  , ATyBSy,BxAx 

tnnnn∫ −−
)( )(

)(212122
0

υυ
ϕ  =  dt

  yy 
tnn∫ −

 ),(
)(212

2

0

υ
ϕ  

 

                   ≤ dt
ATyBxBSyAx, BxAxyy

AxySyxd, BxAx, TySydc

t

  

  
nnnnnnnn

nnnnnnnn

∫ −−−−

−−−−

}),(),(),(),(

),(),(),( )(max{

)(212122122212

221212122212

0
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υυ

ϕ  

                   = dt
yyyy, yyyy

yyxxd, yy, xxdc
 

t

  

  
nnnnnnnn
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∫ −−−−

−−−−−

}),(),(),(),(
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)(122212212212

1221212212212

0
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From which it follows that  

dt
  yy 

tnn∫ −
 ),(

)(212
0

υ
ϕ ≤ dt

xxd, yy c
t  

nnnn

∫
−−

}),(),({max
)(

212212

0

υ
ϕ                                                                (4) 

 
 (3) and (4)  can be written as 

dt
 xx d

tnn∫ −
 ),(

)(1
0

ϕ ≤ dt
xxd, yy c

t  
nnnn

∫
−−

}),(),({max
)(

11

0

υ
ϕ       

      

dt
  yy 

tnn∫ −
 ),(

)(1
0

υ
ϕ ≤ dt

xxd, yy c
t  

nnnn

∫
−−

}),(),({max
)(

11

0

υ
ϕ    

             
which can be again written as  

dt
 xx d

tnn∫ +
 ),(

)(1
0

ϕ ≤ dt
xxd, yy c

t  
nnnn

∫
++

}),(),({max
)(

11

0

υ
ϕ                                                                           (5) 

 

dt
  yy 

tnn∫ +
 ),(

)(1
0

υ
ϕ ≤ dt

xxd, yy c
t  

nnnn

∫
++

}),(),({max
)(

11

0

υ
ϕ                                                                         (6) 

 
From (5) and (6), by induction, we get  

max{ dt
 xx d

tnn∫ +
 ),(

)(1
0

ϕ , dt
  yy 

tnn∫ +
 ),(

)(1
0

υ
ϕ } ≤ dt

xxdy, y c
t  

n

∫
}),(),({max

)(2121

0

υ
ϕ                                                                                         

                                                                                            = ,)(
,

0
dt

M c
t  

d
n

∫
υ
ϕ   

                                                                                                                        where 
υ,d

M = }),(),({max
2121

xxdy, yυ  
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Therefore, ∞→nlim d(x 1+n , x n ) = ∞→nlim ),( 1 nn yy +υ = 0. 

 
Suppose that X  is (Σ ) d- complete. We have,  

∑
=

+

n

k
kk xxd

1
1 ),(  ≤

υ,d
M ,

1
∑
=

n

k

kc   n ≥  1. 

 

which implies that ∑
+∞

=
+

1
1),(

k
kk xxd  < ∞ . Therefore, xn →  z for some  z ∈  X.  Let A be continuous and w  = Az . Then, 

∞→nlim ),( 12 wy n −υ = ∞→nlim ),(
2

AzAx
n

υ  = 0 and therefore, ∞→nlim ),( 2 wy nυ  = 0 since 

∞→nlim ),( 212 nn yy −υ   =  0  and Y  satisfies (W4). Hence, ∞→nlim ),( wynυ  = 0. 

 
Using (3), we have 

∫
)(

)(2

0

nxSw,d
dttϕ  ≤  ∫

)},(),,(max{
)(212

0

zSwdyyc
dttnn-

υ
ϕ  

 
On letting  n→ ∞  and using 1 – continuity of  d, we have 

∫
)(

)(
0

zSw,d
dttϕ   ≤  ∫

),(
)(

0

zSwdc
dttϕ  

 
⇒ d ( Sw, z)  ≤  c ),( zSwd  
                                                     
which implies that   
                       
Sw =  z  =  SAz 
 
Using (4), we have 

∫ −
),(

)(12
0

Bzy
dttn

υ
ϕ  ≤ ∫ −

)},(),,(max{
)(212

0

Bzwxxdc
dttnn

υ
ϕ  

 
On letting n→ ∞  and using 1 – continuity ofυ , we have 

∫
),(

)(
0

Bzw
dtt

υ
ϕ  ≤ ∫

),(
)(

0

Bzwc
dtt

υ
ϕ  

 
⇒ ),( Bzwυ  ≤  c ),( Bzwυ  
 
which implies that                 
          
Bz = w = BSw 
 
Again, using (3), we have 

∫
)(

)(
0

Twz,d
dttϕ   ≤  ∫

)},(),,(max{
)(

0

zTwdwwc
dtt

υ
ϕ  

                                          
⇒    d (z, Tw)  ≤  c ),( zTwd  
 
which implies that   
 
Tw = z = TBz 
 
As, Az = w, we have 
 
ATw = w. 
 
The same results hold if one of the mappings B, S and T is continuous instead of A. 
 
To prove uniqueness, let SA and TB have a second fixed point z /  in  X. 
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On using (3), we have  

∫
)(

)(
/

0
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On using (4), we have 
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From (7) and (8), we have 

∫
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⇒ 0 ≤ ∫
)(
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/

0

zz,d
dttϕ  ≤  ∞→nlim ∫

)(
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/

0

zz,dc
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n

ϕ  

 
⇒  ),( /zzd = 0. 
 
which implies that    
 
z = z/ 

 

This proves the uniqueness of  z. Similarly, the uniqueness of w can be proved. This completes the proof. 
 
Corollary: 3.2 Let (X, d) and (Y, )υ be two 1-complete semi-metric spaces. Let  S  be a mapping of  X  into Y  and  T  
be a mapping of  Y  into X  satisfying  the inequalities      

dt
  TSx, TSxdTy, Ty d

t∫
)( )(

)(
//

0
ϕ ≤ dt

TSxTydTSxTydTy, Tydxxd
SxyTyxdSx, SxTy, Tyd c

t  ∫
}),(),(),(),(
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)(
////
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0
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dt
   STySTySx,Sx 

t∫
),( )(
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0
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ϕ ≤ dt

STySxSTySxSx, Sxyy
SxyTyxdSx, Sx TyTyd c

t  ∫
}),(),(),(),(

),(),(),( ),(max{

)(
////

////

0

υυυυ
υυ

ϕ  

for all x, x/  in  X  and  y, y/   in Y, where 0 ≤  c < 1. If  either X  is )(Σ  d- complete and Y  satisfies  (W4)  or  Y  is 
)(Σ υ - complete and X  satisfies (W4)  and one of the mappings S and T  is continuous, then  TS has a unique fixed 

point  z  in  X  and  ST  has a unique fixed point w  in Y . Further, Sz = w and Tw = z.    
 
Proof:  Putting A = B = S and S = T = T in theorem 3.1, we can obtain the result. 
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