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ABSTRACT

In this work, we shall study characterize of one-sided approximation of unbounded functions in weighted space and we
shall compare between different norms such as|| f|l,, o ,Ilf |l 5 pe andllfllg’m wheref'is any unbounded function by using
the function®, =@, (x) such that:

@, (X)=sin* (&) {(sin*m(x — x,,))/(sin* (x — x,,))/2) + (sin*m(x + x,,))/(sin* (x + x,,,/2))}

where m be natural number, v={0,1,2, ... ... ,m—1}x € X =[0,1] or x € X = [-1,1]¢ (x is mult-variable) and
x,=m — (2v + 1)mr/2m.Alsowe shall deduce degree of best one sided approximation in weighted by using some result
of degree of best approximation in L,-space, also we discuss the relation between degree of best one-sided
approximation of unbounded function and degree of best one sided approximation of it's derivative.

1. INTRODUCTION

Throughout this paper, we use the weight function w(x) = e~ which is non-negative measurable function on
(0,0). For 1 < p < o the weighted space:

Ly o=tf1f: X — R,such that |f(x)w,(x)| < M,a =1 } such that for tflle function f,

P
< ®©

b
Wfllp,e = U If ()P e % dx

Also, Ifllewe = {sup{l f()e ™™ :x € X]| }} < o0, The local norm of the function f is define by:

1flspa = [Fx[sup{lf GIe:x e NB,v) }] dx]

1
P

where 3 > 0and N(§,t) = {y € X : |t — y| < &}. By using the function:

. PY(u,8) = §(w) + 62
where @ (u) = (1-u )71 if X=[-11]
u(1-uz if X=1[0,1]

1
We can define another local norm as: [IfI15,, = [/x[sup{lf(x)e™|:x € N((,38),x)}]Pdx]" also we mention
wf (f,%,8)pa = sup ||A;¢,f(x)||p'a (the ordinary Ditzian-Totik modulus of smoothness for f)

0<h<s
where: A, f (x) = Xi_o(=1)"*"C] f(x + iph),x + iph € [0,1]
And we shall define the algebraic polynomial E,, such that:

F,(x) = &, (x) = ®,(arccosx) onx € [0,1] and & ,,(x) = e, E_m (x5)

where x € [—1,1]¢ . Suppose P, is the polynomial of best approximation of the function f in the weighted space which
is a Banach Space. And suppose that:
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Qrt(fﬂx) = Pn(f'x) + ZjEZ q)j,m (x)”f - Pn(f'x)”oc,a(Xj)

where j = (ji, jz, s ja)s j € Z such that Z = {0,1,2, ... ... ;m— LA X = [2,,2,41] X [2,41, 7, 42] ¥

e X [Zjd’zjd+1]'

Also we define Z ={0,1,2,...m}* and X; = [2,-1,%,41] X [2,+1,Z,+2] X e e X 2,21, 7 ;41| Clear (as we
shall prove in theorem (3.4)) that:

0, (f,x) < f(x) < QF(f,x). We define the degree of best one-sided approximation of function f as:
E; = inf||P} + P|| where PJ € P,(where P, is the space of all polynomials of degree n).

2. AUXILIARY RESULTS

Here we brief some results which we needed in our work:

Lemmas 2.1: [1] Let j € Z then:

(i) D (x) € P, _,.

()P n(x) =21 Vx€X;

Lemma2.2: Letq; = 0,j € Z then:

||Z & &) (0)
jez

Proof: By using lemma 2.1(ii) we get:

Y @By g,
jEZ jez

AISO’ ||Zj€Zaj (Dj.m (x)”p‘a(x)x = ||Z]'€Zaj (Dj,m(x)e_apx ||

1
P p
= CZ. 4 (= 2-1)

p.a(X) €z

p(X)

S ”ZjEZaj (pfrm(x)”p(x)

<c[Sezd (5 - Zj—l)]% :
Lemma 2.3: [1] Suppose that u, ve [-1,1] and 0 <t <1 then:
lu —v| < Y(t,u) where P(t,u) < 6y(t,u) and P(t,v) < 4 (t, u).
Lemma2.4: Letf €L, (X); (1<p<w) and 0<t<; then:

e Y PU lpaosan]| = elflpaco

Proof: ) )
v heen], = [w@y] el .0

< ”l/)(tt-)p"p,a(X)”f”p,a(X) < Cp”f”p,a(X)'

Lemma2.5: [2] If f is bounded measurable function on[a, b], a, b € R, then:

b n
J- f(x)dx =~ (b —a)n™? Z f(x;) wherex; = a+ %(b—a)(Zi—l).
a i=1

Lemma2.6: [3] Let m and 6 be any number such that mé§ < %then for f € L, , we get:.

2d
1l pe < omP IS0
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Lemma 2.7: [1] Suppose that x € X = [-1,1]¢,0 <t < % and N = [2m/t] then:
)?j C N(t,x),x €EX;

We can write the local norm ||f||§’,p_a of the unbounded functions f with form globally norm  [Ifsl,«(x) as the
following:

@ @
W llspe = 1 ll5pac) = ||||f||w,zv(s,.)||p‘a(x) = fsllp.aco

where f5(X) = sup{|f(t)|:t € N(5, x}.

Also, we can define N(8,x)? as the following:

NG =N@E0,0° = | | V@2
= N@(6,x1),%1) 5051\721/)(5 X4),Xgq)

Also, (8,2)” = T1, 98, %) = [Ty (6, %),

3. MAIN RESULTS

Now, we prove the following theorem where x is a single variable that is x € [0,1]

Theorem 3.1: Suppose that B, € P,, then:
1
||Pn||§’,p,a < ¢,[1 + maxi{ns, n?62)||B, |l , Where 1 <p < oo

Proof: We shall the use the following equality:

B,(t)— P, (x) = fxt P,(wdu, xteX
N 1
SO,|I1B 15 e = NPullpe| < [fx(fN(x,g,)(Pn (W)du)? wy (x)dx]?

1 N 1
< (e x iz d sy OO +67) (B (W du)? wf (x)dx]p

< 12N [ [P, P wh ()]

< ¢, ||(6D + SZ)Pn(x)”p’a
< lolloR]|  +e?A ] ]

< [max(né, n?8)]IP, |l «

= [1 + max(n8,n*6H]IIP, |,

1
Then: ||Pn||§)‘p,a < ¢,[1 + maxi{nd, n262)5||Pn||pya where 1 <p < w.
Now, we shall prove same theorem where x is multivariable that is x € [—1,1]¢

Theorem 3.2: Suppose that P, € Pthen:
1
||Pn||§”‘p,a < ¢4[1 + maxitns, n?6%)?||B, ||, , Where 1 <p <o
Proof: We shall us the following equality:
t (@)
P(t) —P(x) = Z f DR, (x=®) + u(@)du@

a,|al=l ()
as=0,1
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By using lemmas (2.3) and (2.4) we get:
1
PNIS 0 = NPl | < Ul Pu(E) = P ()P w0l (x)dx]p

p 1
S [fX [Zlalzl fN(x,s)aDaPn (07 + u(a))du(a)] wg (x)dx P

1
1 a a - a a P
< [C1 Dlal>t IXWIN(M)“ ([6D)* + 821 [D*P, (x0=9 + u@)du@]’ w? (x)dx]p

5Du) (@) 452

1 1
W[ [ (DR (7 + u)du @) wf (x)dx]P

< cP[(

< 6 Sierstlf DR, COP [50Gx) + 6210 (x)dx]?
< ¢, Zpaal[6D) + 521D p, Il

< ¢, Tjapsa [0 D, Il o + 67 IDAP, I, ]

< ¢, Tjopsa[maxitnd, n?62)]1 P, I,

< ¢, [(1 + max(nd,n?62))* — 1]IIP, I, o

S0, IR 12, < c,[1 + maxi@ns, n262)7 1B, ., where 1< p <.
By using theorem 3.2 we get the following corollary:

Corollary 3.3: Suppose that P, € PZ then:

1P paco < IPllpacx) < CallPallyaco

Theorem 3.4: For any function f on X = [—1,1]¢

Qn(f,x) < f(x) < Q7 (f, %)

Proof: Let x € X = [—1,1]% and by using lemma (2.1) we get:
QH( ) = B + ) 0 NI = Bl

JjEZ
= P, () + If () = Byl

= P () + If () — B, (x)| = f(0).

(i) = B(0) = ) 0 @IFC) = Bl

jez
<P = IIf = P ()l
SR —1f () = B = f(x)
S0, Qn (f,x) < f(x) < Q7 (f,x) .
Theorem 3.5: Suppose that f € L., 4(x) then:
E; (Npa < caEn(Nmap < CaBr (Fpa
Proof: Suppose that P;", P, € P¢ suchthat p; < f(x) <pf,x€X

And Eg(f)p,a = "Pn+ - Pn_”p,a
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So by using corollary (3.3)
E(Nmap < E (D map SIB =Bl /mpa < B = P llpa
=By (pa
Then: E, ()Y /map < Cabn (Fyp.a
Also by using lemmas (2.2), (2.6), (2.7) and theorem (3.5), we get:

Ert(f)p,a < ”QTT - Q;llp,a =2 Z (Dj,m (X)”f - Pn”oo(Xj)

jEZ
/ p.a
1

<c[Serg —Z-)If ~ R |

1
¢ [ZjEZ ij “f - Pn ”ZJ(X]) dx]p

<
1
p P
<c [Z} €Z ij “f — Pn llm,(N(Zn/m—l,x) dx]
1
p P
<c [ZjEZ fxllf - pn”oo,(N(Zn/m—l,x) dx]

<ollf - pn“clp/n,p,a

=k, (f)clb/n,p,a
80, Ex Ny < oEn (A < B (Fpa -
Theorem 3.6: Suppose that f € Ly, ,(xy such that 1 < p < ccand let
Yo V2/PVE (), <o, and let f = F almost
everywhere then:E; (f), o < ¢,n 24P X5 V2P L E (), 4.
Proof: Since E,(f)pe = If — Qully ey, v =012 ... ...

Sinceforn € N, X7 1(Qn2 — Qpov-1) = Q8 — Qp

And since F = falmost everywhere

So, ”F - Qn.Z”_lllw,oc(X)—>0(as N—0)

And, F— Qn (X) = :7O=1(Qn.2 - Qn.val)

Then by using theorems (3.2) and (3.5) we get:
EVN(f)p,a < CpEn (f)(ip/n,a,p = CpEn (F - Qn c11)/n,ot,p
< Cp“F - Qn”clp/n,p,a

< Cp Z?;C=1”Qn.2" - Qn.Z”_l Hclp/n,p,a

2d
< Cp Z?;O=1 Cp (21;) P ”Qn.Z“ - Qn.z”_l ”p,a

= Cp Z?:l 2%vd/p [En.2” (f)p,a + En.Z"’_1 (f)p,a]
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< Cpn_Zd/p Z?:l(zv'n)Zd/p [En.Z"(f)p,a + En.Z“’l (f)p,a]
< o 2P T v (),

Before we prove direct theorem of best one-sided approximation in weight space we shall refer to same theorem of best
approximation in weight space by using B, (f, x)-operator, where x is single variable.

Theorem 3.7: [4] Let f € L, , (X)(single case)then ||f (x) — B, (f, ¥)ll, o« < cwy (f,%,8)p0 + 75 (f, 8)pa
where B, (f, x)is Bernstein Polynomial of .

Theorem 3.8: (Direct Theorem of onesided approximation in single case) Let f be any function on [0, 1] and let:
Qx (f,x) = B, + @, (0)If — P, lle(x) be an operator (where p,, is a best approximation of f) then

Ey(Fpa < €] (f,2%,8)p0 + 75 (f,6)pa-
Proof: By using lemma (2.5) and (3.5) and (3.7) we get:
E‘r:(f)p,a < CpEn (f)ib/n,p,a < CpEr:(f)p,a

Then : Er:(f)p,a < CpEn (f)clb/n,p,a

Since fab f(x)dx = (bn;a)f,?:l f(x;) wherex; = a + %(b—a)(Zi—l).
b—a 2 b 1
So, we have (— XiL; (f? (x)w,” ()" = (f, (fP (1), (x)dx)?

1 1
Thatis (2251, (7 G G < ¢ (127 Gwe? @l Then, I1flljmpe < €1l
Thus, Er:(f)p,a = CpEn (f)il)/n,p,u = CpEn (f)l/n,p,a = Cp CpEn (f)p,a

S0, Ex (Fpa < ¢p6p€@] (1 %,8)pa + 75 (f,8)pa = €y (f,%,8)p 0 + 15 (f,8)pa-

Before, we prove inverse theorem of best one-sided approximation in weight space we shall refer to same theorem of
best approximation in weight space by using B, (f, x)-operator, where x is single variable.

Theorem 3.9: [4] Letf € L, ,(x)(single case) such that (1< p < ) then:

— 1
T (f, A0 )0 < - Bkoollf = Be(Pllpa-

Theorem 3.10: (Inverse Theorem of one-sided approximation in single case) Let f be any function on [0,1] and let:
Qn (f,x) = By + @, (0)If — P, llx) be an operator where P, is a best approximation of f

then: 7(f, 1), , < S¥n If = Lollpa + 1f~ = Lllpg if p = 1,0
WP Ea SO — Lallpe i 1<p<oo

Proof: By using theorems (3.5) and (3.9) we get:

E; (Fpa < BT map < GEx (Fpa

Thatis Ey (f)pa < ¢pEn(F)T/nap

Butwe have E,(f)pa < En(f)Tnpa < B (Fpa
Then: £, (f)pe < GEZ (fpa

S0, XiL1 En(Fpa < € Tttt Ex (pa

_ 1
Thus: T;p (f' A,Tl 1)p,a < ;Zﬁ:o“f - Bk (f)”p,a'
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Now we discuss the relation between degree of best one-sided approximation of unbounded functionf anddegree of
best one-sidedapproximation of its derivative, where x is single variable.

Theorem 3.12: Letf € LM, , be any function on [0, 1] (i.e. f and f inL,,) and let:

QF(f,x) =P, + @, (OIf — P, ||.ocx) be an operator where p,, is a best approximation of f then
Ex (Ppa < 6, (4m = 2)1(f.7) -

Proof: Since Q, (f,x) < f(x) < Q;f(f,x),x € [0,1] Then one of the cases is true:

Q(f,0) < f() < QI %), Q@ (f, ) < f(0) < 0 (f,2), @ (f,0) < Q7 (.20 < f() . f () < Qi (%)
< Q.00 (f,0) < @y (f,x) < f(x) orf (x) < @ (f, %) < @y (f, %).

Where Qrf(ft X) = pn i (bm (x)llf(x) - Pn”oc(X)

If Qr (f,) < f(0) < Qi (f,),QF (f, %) < f () < Qi (f, %)

Then, by similar way of proof of theorem 3.5 and using lemma 2.1(i) and Bernstein inequality we get:
Er (Fpa < Q520 = (£ 0,
= ”pn - pn + Z(d)m(x)”f(x) - P"”“’(X))”p,a
= 2||d)m @If ) — Pn”oo(X)”pﬂ
< 2(4m = 2)[| @, (OIIf () — Pnllw(X)Ilpya
1
< c,(4m =2 [DIF @) = B@IP
1
< c;(4m = D[, (If @) = B@IP yyd2) TP

1

6 (4m = 2) [ UFC) = PO, o s3]

IA

IA

c1(4m = DIIf = B,/ p e

C1 (4m - Z)En (f)l/n,p,oc

IA

€16y (4m — 2)E, (f)p,a
< ccyc,(4m — 2)1(f, %)p'a = c,(4m — Z)T(f'%)p‘a-

If Qr (f,2) < QF (f,2) < f () f () < Q7 (f, %) < QF (f, %) .QF (f, ) < Q7 (f,) < f(x)

or

) < Qi (f, %) < 07 (f ).

Then:
Ex Do = BDy < IIf = 0FC 0, < 617 = 0G0, < Gpeo(f, 8, 00).

where A, (x) = max( 1:2,7%) n=12,..and Ay(x) = 1.
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