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ABSTRACT

In this paper, we consider the fuzzification of bi-/=ideals in 7-semi near-field spaces, and investigate some of their
related properties. Maximal fuzzy bi-/=ideals of 7-semi near-field spaces are introduced and their properties
discussed. Finally, chain conditions relating to fuzzy bi-I=ideals of 7-semi near-field spaces are investigated
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SECTION 1: INTRODUCTION

Fuzzy bi-I'-ideals in I'-semi near-field spaces were first introduced in the literature by N V Nagendram in depth study
of existing literature of Zadeh [25], the fuzzy set theories developed by zadeh and others found many applications in
the domain of mathematics and elsewhere.

I'-semi near-field spaces defined by N V Nagendram and the ideal theory in I'-semi near-field spaces studied by N V
Nagendram, Dr. T V Pradeep Kumar and Dr. Y Venkateswara Reddy. Fuzzy ideals of rings were introduced by Liu and
have been studied by several authors. The notion of fuzzy ideals and its properties were applied to various areas: semi-
groups and BCK algebras and semi-rings. The classification of left(resp. right) ideals of I'-near-rings, and investigated
the related properties by Y B Jun. Also he introduced the notion of fuzzy characteristic left (resp. right) ideals and
normal fuzzy left (resp. right) ideals of I'-near-rings, and studied some of their related properties.

In continuation, | state fuzzy bi-I'-ideals in T"-semi near-field spaces, and investigate its properties. As we know, I'-semi
groups are generalization of semi-groups, Chinram [4] studied some properties of bi-ideals in semi-groups and it has
motivated us to study and to introduce the notion fuzzification of a bi-I'-ideals in a T'-semi near-field space as a
generalization of a I'-semi near-field.

In this paper, we consider a fuzzification of the concept of a bi-I'-ideal in a T'-semi near-field space and some
properties of such bi-I'-ideals are investigated. The homeomorphic property of fuzzy bi-T'-ideal is established. The
concept of a fuzzy interior I'-bi-ideal and a fuzzy -I'-ideal are also introduced and some properties are discussed. Now
the notion of maximal fuzzy bi-I"-ideals of I"-semi near-field spaces discussed. Finally chain conditions relating to
fuzzy bi-I'-ideals of I"-semi near-field spaces are discussed.
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SECTION 2: PRELIMINARIES

We first recall some basic concepts for the sake of completeness.

Definition 2.1: A near-ring space N is a system with two binary operations “+* and “-*” such that:
(1) (N, +) is a near- ring,( not necessarily abelian) (2) (N, -) is a semi-near- ring and

(3) x +y)z =xz +yz, forall x,y,zeN.

We will use the word ”near-ring” to mean “right distributive near-ring” and write xy instead of x.y.
Note that 0.x =0 and (—x)y = —xy but in general x.0 =0 for some x € N.

Definition 2.2: Let (N, +, -) be a near-ring. A subset I of N is said to be an ideal of N if:

(1) (1,+ ) is a normal subgroup of (N, +), (2) IN €1,

@ n (n, +i)y—nn, I, foralielandn, , n,¢N.

If | satisfies (1) and (2), then it is called a right ideal of N. If I satisfies (1) and (3), then it is called a left ideal
of N.

Definition 2.3: A T'-near-ring is a triple (N, +, I') where

() (N, +)is agroup,

(i) T is a non-empty set of binary operators on N such that vV B € T, (N, +, B) is a near-ring and
(iti) xB(yaz) = (xBy)az for all X, y,z € Nand B,a € T.

Definition 2.4: A subset A of a I'-near-ring N is called a left ideal (or right ideal) of N if (i) (A, +) is a
normal divisor of (N, +), (ii) up(x + v) - upv € Ali.e.,upx € Aforallx e A, e I"'and u, v eN.

Definition 2.5.: A near-field space N is a system with two binary operations “+" and “-** such that:
(1) (N, +) is a near-field (N not necessarily abelian) (2) (N, -) is a semi-near-field and

(3) (x +y)z =xz +yz, forall X, y, ZEN.

We will use the word "near-field” to mean “right distributive near-field” and write xy instead of X.y.

Note that 0.x =0 and (—x)y = —xy but in general x.0 =0 for some x € N.

Definition 2.5: Let S be s semi near-field. By a sub semi near-field of S we mean a non-empty sub near-
field space A of S such that A> — A.

For the sake of completeness, we now recall some concepts of fuzzy theory.

Definition 2.6: A mapping A: N — [0, 1] is called fuzzy near-field space of N and complement of a near-
field space A, denoted by A is the fuzzy near-field space in N given by X(x) = 1 - A(x) for all x € N. the
level near-field space of a fuzzy near-field space A of N is defined as U(A; t) = {x € N/ A(x) > t}.

Definition 2.7: A fuzzy near-field space A in N is called a fuzzy sub semi near-field space of N if
Axy) = min{A(x), AM(Y)} V X, ¥ € N.

Definition 2.8: A sub semi near-field space A of a semi near-field space N is called a bi-ideal of N if
ANA c A.

Definition 2.9: A fuzzy sub semi near-field space A of a semi near-field space N is called a fuzzy bi-ideal of
N if A(xyz) > min {A(X), A(2)} V X,y and z € N.

Definition 2.10: Let N = {X,y, z, .. .} and I" = {a,B,y,. . .} be two non-empty semi near-field spaces. Then
N is called a I"-semi near-field space if it satisfies the axioms

(i) xyy € N,

(i) (Xay)yz = xo(yyz), VX, y,ze Nand a,y € T.

Definition 2.11: Let N be a I'-semi near-field space. A non-empty I'-semi near-field sub space A of a I'-
semi near-field space N is said to be a I"-sub semi near-field space if ATAcC A.
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T- semi near-field sub space A of T-semi near-field space N

semi near-field spaces
A

Fig.01

Definition 2.12: A left (right) ideal of a I'-semi near-field space N is a non-empty I'-semi near-field sub
space A of a I'-semi near-field space N such that NTTA < A(AT'M c A).

T-zeminear-field space N T-zami nf sub space

Fig.02

Leftideal of
T-zeminear-field space W

Eight ideal of
C-zemi near-field space N

Definition 2.13: If A is both a left and right ideal of a I"-semi near-field space N, then we say that A isa I'-
ideal of (I"-semi near-field space) N.

Definition 2.14: A I'-semi near-field space N is called left-zero (or right-zero) if xyy = x (or xyy =y) for all
X,y e Nandy e T.

Definition 2.15: An element e in a I'-semi near-field space N is called an idempotent if eye = e for some y e
T.

Definition 2.16: A I'-sub semi near-field space A of I"-semi near-field space N is called an interior I"-ideal
of N if MTATMc A.

Definition 2.17: Let N be a I"-semi near-field space. A sub I'-semi near-field space A of N is called a bi-I'"-
ideal of N if ATMI'Ac A.

Definition 2.18: Let N be a I"-semi near-field space and N; a I';-semi near-field space. A pair of mappings
f,:N—>N, and f,:I'>I, is said to be a homomorphism from (N, I) to (Ny Ty) if
f,(axb)= f,(a)f,(x)f,(b) foralla,b e Nand x e T.
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(f,.f.] pair is a Homomorphism from { N, T") to { N1, T"1)

Definition 2.19: A fuzzy set A of a I'-semi near-field space is called a fuzzy I"-semi near-field space of N if
and only if A(X yy)=min{A(x),A(y)} Vx,yeNandyeT.

Definition 2.20: A I'-semi near-field space N is said to satisfy the left (or right) ascending chain condition

a.c.c. of left (or right) ideals if every strictly increasing sequence U; = U, < Uz < ---of left (right) ideals of N
is of finite length.

Definition 2.21: A I'-semi near-field space N is said to satisfy the left (or right) Notherian if N satisfies the
left (or right) ascending chain condition a.c.c. of left (or right) ideals.

Note 2.22: Let Ey denote the set of all idempotent elements in a I'-semi near-field space N and xa the
characteristic function of a sub I'-semi near-field space A of N. And Let N denote I'-semi near-field space
otherwise specified and A of a near-field space N is a notion of fuzzy bi-I'"-ideal of N.

Definition 2.23: A fuzzy set A of N is called a fuzzy bi-T"-ideal of N if satisfies following axioms:
M) Axyy)zmin {A(X), AMY)}VX,ye Nandy e T,
(i) A(xByaz) = min {A(X), M(2)} VX, ¥, ze NandB,a eT.

Example 2.24: Let N = {0, p, q, r} and T" = {y, B, a} be the non-empty near-field space of binary operations
defined and shown in composition tables as below:

Al0 p q r a|0 p q r y|0 p qr

0|0 0O O O 0|0 0 0 O 0|0 0 0 O

P{P P P P pl0 p 0 O p|0 p 0O p

g0 0 0 ¢ g|0 0 q O g0 g 0 r

r{o 0 O r rio 0 0 r r{o 0 0 g
Fig.04

Clearly N is a I'-semi near-field space. Moreover the fuzzy near-field space map defined A: N — [0,1] such
as A(0) = 0.6, A(p) = 0.7, A(q) = 0.8, A(r) = 0.9 is a fuzzy bi-I'"-ideal of a I"-semi near-field space N.

SECTION: 3 some results on fuzzy bi-I'-ideals in a I"-semi near-field space
In this section we obtain some results on fuzzy bi-I'-ideals in a I"-semi near-field space N.
Lemma 3.1: If W is a bi-I"-ideal of N then ¥V 0 < q < 1, 3 a fuzzy bi-I'-ideal A of I'-semi near-field space

N> kg =W.

© 2013, IJMA. All Rights Reserved 223



NV Nagendraml*, TV Pradeep Kumar® and Y Venkateswara Reddys/ Fuzzy Bi-I-ideals in I-semi near-field spaces..../
IJMA- 4(11), Nov.-2013.

JifxeW,
Proof: Let A : N — [0, 1] defined by A(X) = zg it W where g is a fixed number in (0, 1). Then, clearly A,
X VW,

=W.

w r
};\ Q D{q{l

Fig.05

Now suppose that W is a bi-T'-ideal of N. V X,y e Wandy € I' 5 xyy € W, we have A(X yy) = d = min
{AX), \¥)} VX, ye Nandy e I'. Also for all X, y,z € W and 3, a € I" such that xByaz € W, we have
AXByaz) = g = min {A(X), A(2)}. Thus A is a fuzzy bi--T"-ideal of I"-semi near-field space N. This completes
the proof of Lemma.

Lemma 3.2: Let W be a non-empty near-field subspace of I"-semi near-field space N. Then W is a bi-I'"-
ideal A of I"'-semi near-field space N if and only if y is a fuzzy bi-I"-ideal A of N.

Proof: (=if) Let X,y € W and y € I". From hypothesis, xyyeW.
(@) If X,y e Wandy e T, then yw(x) =1 and yw(y) = 1.
In this case yw(xyy) =1 > min {yw (X), xw (¥)}-
(b)Ifx e W,y ¢ Wandy e I, then yw(x) = 1 and yw(y) = 0.
So, xw(xyy) =0 = min {3w (X), xw (¥)}.
() Ifx g W,y e Wand y € T, then yw(x) = 0 and yw(y) = 1.
So, xw(xyy) =0 = min {3w (X), xw (¥)}.
d)Ifx e W,y g Wandy e T, then yw(x) = 0 and yw(y) = 0.
So, xw(xyy) 0= min {xw (X), xw (¥)}.
Thus by (i) of definition 2.23 holds good.
LetX,y,z € Wand B,a € I". From hypothesis, xByaz € W.
(a) If x, z € W, then yw(X) =1 and yw(z) = 1.
In this case yw(Xpyaz) =1 = min {yw (X), xw (2)}.
(b) If x € W, z ¢ W, then yw(X) =1 and yw(z) = 0.
So, xw(xByaz) =0 = min {xw (X), xw (2)}.
() Ifx ¢ W, z € W, then xw(X) = 0 and yw(z) = 1.
So, xw(xByaz) =0 = min {yw (x), xw (2)}.
(d) If x ¢ W,y ¢ W, then yw(X) =0 and yw(z) = 0.

So, xw(XByaz) = 0 = min {xw (X), xw (¥)}-
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Thus (ii) of definition 2.23 holds good.

(«=iff) Suppose, that y is a fuzzy bi-T"-ideal of N. Then by Lemma 3.1, yw is two valued, hence W is a bi-
I'-ideal of N. this completes the proof of Lemma.

The following theorem proves that an intersection of a family of fuzzy bi--T"-ideals of I'-semi near-field
space N also a fuzzy bi--TI"-idea.

Theorem 3.3: If {W,}ic, is a family of fuzzy bi-I'-ideals of I"-semi near-field space N. Then ﬂWi is a fuzzy
bi-T-ideals of N, where (YW, ={AA.}and AL (x) =inf . {4 (X)/ie A,x eW}.

Proof: Let x, y € N, where N is a I'-semi near-field space.

T-zemi near-field space N

Fig.06

Let X,y € N. Then we have,

inf{min{ 4, (x),4 (y)}2ieA,x,yeW}

min.{inf.{( A (xX)),inf(4 (y))}2ie A, x,y eW}

min.{inf.( 4 (X)3ie A, xeW)},inf(4,(y))}>ie A, yeW)}
= min.{ A4 (X), A4 (Y)}.

@ A4 (xyy)

Letx,y,z € Nand B,a € I'. Then we have,

(b) A4 (xByaz) = inf{min{ 4, (X), 4,(2)}>1€ A, x,zeW}
= min{inf.{( 4, (x)),Inf(4,(2))}>1€ A, x,zeW}
=min.{inf.( A4, (x)3ie A, xeW)},inf(4,(2))}>1€A,zeW)}
= min.{ A4, (X),A4,(2)}.

Therefore, ﬂWi is a fuzzy bi-I'-ideals of I'-semi near-field space N. This completes the proof of theorem.

Theorem 3.4: A fuzzy near-field sub space W in a bi-I'-ideals of I"-semi near-field space N is a fuzzy bi-I"-ideal
of N if and only if the level fuzzy near-field space U(4;q) ={X € N/A(X) > q}is a bi-T-ideal of N when it

is non-empty.

Proof: (IF Part) Let ) be a fuzzy bi-T"-ideal of N. Then A( Xy y) > min{/i(x), /I(y)}.
x,yeU(4a),7el = A(x) 20,4(y) 2 ¢

= A(xy y) 2 min{2(x), A(y)} 2 g

= Axyy)=q

= XyyeU(4;0).
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Also, A ( xByaz) > min{/l(x),/l(z)}

x,yeU(4;0q), ,ael’ = A(x) 2q,4(y) 29,4(z) 2 q
= A (xByoz) = min{A(x), A(2)} > q
= A(xPyaz) >q
= xByoz € U(4;0Q)

Thus U( A4; Q) is a bi-T'-ideal of N.
(«<IFF part) If U(4; q) is a bi-T-ideal of N.

let g = min{A(x),A(y)}. Then x,ye U(1;0),y el = xyyeU(1;q)
=A(xyy)=q
= A(xy y) 2 min{2(x), 2(y)}

Let us define, q =min {1(x),A(z)}. Then X,y,ze U(4;q), B,a el = xpyaz € U(1;q)
= A(Xpyaz) > q
= A( xpyaz) > min{i(x), A(z)}.

Consequently, A is a fuzzy bi-I'-ideal of N. This completes the proof of theorem.

Note 3.5: Let A be a fuzzy bi-I'-ideal of N. If N is completely regular, then A(a) = A(aPa) for all acN and BeT.

Theorem 3.6: Let the pair of mappings f : N — N,, h:I' > I'; be a homomorphism of I'-semi near-field
spaces. If & is a fuzzy bi-T'-ideal of My, then the pre image f (1) of A under f is a fuzzy bi-I'-ideal of N.

Proof: (i) Letx, y € N and y  T". Then we have, f *(2)(xy y) = A(f (xy ¥))
= A(f()() f(2))
= min{A(f( x), A(f(y))}
= min{f *(A(x)), f*(A(y))}

(ii) Letx,y,ze Nandp,a eT.Then,
f Y(A)(xByaz) = A(f (xByaz))
= A(f(x)h(B) f (y)h(a) f (2))
> min{A(f( x), A(f(2))}

= min{f *(A(x)), f (2(y))}
Therefore is a fuzzy bi-I'"-ideal of N. This completes the proof of the theorem.
heref f (1) isaf bi-T"-ideal of hi | h f of the th

Proposition 3.7: If W is a left-zero fuzzy I'- sub semi near-field space in a bi-I'-ideals of I"-semi near-field
space N and A a fuzzy I'-left ideal of N, then A(x) = A(2) for all X, y, z € N.

Proof: Let x, y, z € W. Since W is left-zero fuzzy I'- sub semi near-field space of N and A a fuzzy I'-left ideal of
N, XfYyaz = Xand zaypX = zforallB, o eT.

In this case, by hypothesis, we have that A(X) = A(XfByaz) > A(z2),A(2) = A(zaypX) > A(X).

Thus we obtain A(x) = A(z) V X, Y, Z € N. This completes the proof of theorem.
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Lemma 3.8: If W is a left-zero fuzzy T'- sub semi near-field space in a bi-I'-ideals of T"-semi near-field space N,
then y is a fuzzy I'-left ideal of N.

Proof: Let X, y,z € W and B, a € I. Since W is left-zero fuzzy I'- sub semi near-field space of N, Xfyaz < N.
(i) If z e N, then yw (2) = 1 = yw (XBYyaz ) = 1= yw(2)
(ii) If z ¢ N, then xw(z) = 0, hence yw (XByaz ) >0 = yw(2).

Consequently, x is a fuzzy T'-left ideal of I'-semi near-field space N. This completes the proof of lemma.

Theorem 3.9: Let A be a fuzzy T'-left ideal of I"-semi near-field space N. If Eyy is a left — zero fuzzy T'- sub semi
near-field space in a bi-TI"-ideals of I"-semi near-field space N, then A(e) = A(e,) for all e, e, € Ew.

Proof: Let e, e, € Ey. From the hypothesis, epe;ae, = e and e,oe e = e, for all e;€Ey and B, aeI". Thus,
since A be a fuzzy T'-left ideal of I"-semi near-field space N, we get that
A () = A(eperser) = A(er), A (e2) = A(exae1fe) > A(e).

Hence we have A (e) = A(ey) for all e, e, € E\. This completes the proof of theorem.

Theorem 3.10: If W is an interior I'-left ideal of I"-semi near-field space N, Then y is a fuzzy interior I'-left
ideal of I"-semi near-field space N.

Proof: Since W is a none-empty fuzzy I'- sub semi near-field space in a bi-I"-ideals of I"-semi near-field space
N. Let X, y, z € W andp, a €I". From the hypothesis, xByoaz € W

(i) Ify e W, then yw(y) = 1thus, yw (XByaz ) = 1= yw(y)
(ii) If y ¢ W, then yw (XBYQZ ) >0 = yw(y).

Hence yw is a fuzzy interior I'-left ideal of I'-semi near-field space N. This completes the proof of the
theorem.

Note 3.11: Every fuzzy I'-left ideal of I"-semi near-field space N is a fuzzy interior I'"-left ideal of T"-semi
near-field space N.

Note 3.12: If N is regular, then every fuzzy interior T'-left ideal of I"-semi near-field space N is a fuzzy I'-left
ideal of I"-semi near-field space N.

SECTION 4: MAIN RESULTS ON CHAIN CONDITIONS OF AT-SEMI NEAR-FIELD SPACE N

In this section | derived main results on chain conditions of a I"-semi near-field space N. we know that the
intersection of all bi-I'-ideals of T"-semi near-field space N. Let A be a totally ordered set of a I'-semi near-
field space N and let {A; / je A} be a collection of all bi-I'-ideals of I'-semi near-field space N such that for
all j<lifandonly if Aic Aj. Then n A, j <lis abi-I'-ideal of I"-semi near-field space N.

Theorem 4.1: Let {A;/ je A < [0, 1]} be a collection of bi-I'"-ideals of I"-semi near-field space N such that
@ N = UjEA A; (b) j <1ifandonly if Ai c Aj V i, jea. Then the fuzzy set A € M defined by

A(X) =sup{je Al x e Aj} V x € Mis afuzzy bi-I"-ideal of I"-semi near-field space N.

Proof: For any i € [0, 1], we consider the following two cases:

i=sup{jeAlj<i}, izsup{jeAl]j<i}.

Case (i): = we know that for all x, ye Ajandy e I', xyy € U(A ; i)
() xyy e Ajforall j<i,

() xyye ﬂAj .Also, VX, y,ze Ajand B, a € T, xByaz € U(L ; i)
j<i

(=) xByaz € A forall j <i
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(<) xByoaz e ﬂAj :
j<i
Hence, U\ ;i) = ﬂ Aj , Which is a bi-I"-ideal of I"-semi near-field space N.
j<i

Case (ii): =>3Je>0suchthat (i—e, i) N A =¢.

We claim that U( ; i) = ﬂAj AfxXyy e ﬂAJ— , for some, j<i.y eT.
j<i j<i
=S AMXyY)=j2i.
Hence x yy € U(A ; i), showing thatif xyy € A;forj<i—eandsoxyy ¢ U(A;i).

Also, if xByaz e ﬂAj then xByoz € A;forsomej< i, B, o eI
j<i
= M XByaz) > j = i. Hence, xByaz € U(A ; i), and
s XByaz & U(h; ).

UGGy c (A andso U i). = (A
j<i j<i
Hence A is a fuzzy bi-I'-ideal of I"-semi near-field space N.
This completes the proof of theorem.

Note 4.2: Let {A./ n € A} be a family of bi-I"-ideals of I'-semi near-field space N which is nested, that is N

= AL oD A oD A;3 o. .. Al o Ay D . . . . Let A be the fuzzy in N defined by
n .
—if xeA \A,, Vn=123,...
A(X) = N+ _ for all x e N.
1 ifxe)A,
n=1to

Then A is a fuzzy bi-I'-ideal of I"-semi near-field space N.

Note 4.3: A fuzzy bi-I"-ideal A of I"-semi near-field space N is finite — valued if and only if it is generated by
a finite — values fuzzy bi-I"-ideal A in N.

Theorem 4.4: If N is a I'-Notherian, then every fuzzy bi-I"-ideal A T"-semi near-field space N is finite -
valued.

Proof: Let, A: N — [0, 1] be a fuzzy bi-I'"-ideal of I"-semi near-field space N which is not finite — valued.

Then, 3 an infinite sequence of distinct numbers A(0) =t;>t, t3>t4>....>t,>.... wheret;=A(Xx;) for
some X; € N. This sequence induces an infinite sequence of distinct bi--T"-ideal of I'-semi near-field space N.

so that we have the following conclusion U(4; 1) cU(4;t,) c....cU(4;t,)c ... which is a
contradiction. This completes the proof of the theorem.

Note 4.5: By combining note 4.2 and Note 4.3 we have the following corollary.

Corollary 4.6: If N is a I'-Notherian, then every fuzzy bi-I"-ideal of I"-semi near-field space Nis generated
by a fuzzy set in N.
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