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ABSTRACT

An edge magic total labeling of a (p, q) graph is a bijection f: V(G) v E(G) — {1, 2, ..., p+q} such that FOR

each edge xy eE(G), the value of f(x)+f(xy)+f(y) is a constant k. If there exists three constants k;, k, and ks such

that f(x)+f(xy)+f(y) is either k;or k; or ks, it is said to be an edge trimagic total labeling. In this paper we prove
n

that the ladder L, (odd n), triangular ladder TL,, generalized Petersen graph P(n, 71 ), the helm graph H, and
the flower graph FI, are edge trimagic total and super edge trimagic total graphs.
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1. INTRODUCTION

We begin with simple, finite and undirected graph G = (V(G), E(G)). A graph labeling is an assignment of integers to
elements of a graph, the vertices or edges, or both subject to certain conditions. The concept of graph labeling was
introduced by Rosa in 1967. In 1970, Kotzig and Rosa[5] defined, a magic labeling of graph G = (V(G), E(G)) is a
bijection f: V U E — {1, 2, ..., p+qg} such that for each edge xy e E(G), f(x)+f(xy)+f(y) is a magic constant. In 1996,
Ringel and Llado called this labeling as edge magic. In 2001, Wallis [6] introduced this as edge magic total labeling.
An edge magic total labeling is called a super edge magic total if the vertices are labeled with smallest positive integers.

In 2004, J.Baskar Babujee[1] introduced the bimagic labeling of graphs. In 2013, C. Jayasekaran, M. Regees and C.
Davidraj[3] introduced the edge trimagic total labeling of graphs. An edge trimagic total labeling of a (p, q) graph G
is a bijection f:V(G) U E(G) — {1, 2, ..., p+q} such that for each edge xyeE(G), the value of f(x)+f(xy)+f(y) is equal
to any of the distinct constants k; or k; or ks. A graph G is said to be an edge trimagic total if it admits an edge trimagic
total labeling. An edge trimagic total labeling is called super edge trimagic total labeling if G has the additional
property that the vertices are labeled with smallest positive integers. A simple graph in which there exists an edge
between every pair of vertices is called a complete graph. The complete graph with n vertices is denoted by K. A walk
of a graph G is an alternating sequence of vertices and edges Vo, X1, Vi, ..., Va1, Xn, Va Deginning and ending with
vertices, in which each edge is incident with the two vertices immediately preceding and following it. It is closed if vy =
Vv, and is open otherwise. An open walk in which no vertex appears more than once is called a path. A path with n
vertices is denoted by P,. A ladder L, is a graph P,xP, with V(L) = {u;, v; / 1<i<n} and E(L,) = {UjUj+1, ViVis1 [ 1<i <
n-1}{ uiv; / 1< i < n}. A triangular ladder TL,, n> 2, is a graph obtained from the ladder L, -~ P,xP, by adding the
edges ujvi., for 1<i<n-1. The generalized Petersen graph P(n, m) is a graph that consists of an outer-cycle yo y1. >, ...
Vn-1 @ Set of n spokes yix; 0 <i<n-1, and n edges XiXi.m, 0 < i < n-1, where all subscripts are taken modulo n. A wheel
W, with n spokes is a graph that has a centre x connected to all the n vertices in cycle C,. A helm H, is constructed
from a wheel W, by adding n vertices of degree one adjacent to each terminal vertex. A flower graph Fl, is constructed
from a helm H, by joining each vertex of degree one to the center.

Corresponding author: C. Jayasekaran?*
2Department of Mathematics, Pioneer Kumaraswamy College,
Nagercoil - 629 003, Tamilnadu, India.

International Journal of Mathematical Archive- 4(11), Nov. — 2013 247


http://www.ijma.info/�

M. Regeesl and C. Jayasekaranz*/ More Results On Edge Trimagic Labeling Of Graphs/ IJMA- 4(11), Nov.-2013.

For further references, we use Dynamic survey of graph labeling by J. A. Galian[5]. We follow the notations and
terminology of [2]. In [4], we introduced the concept edge trimagic and super edge trimagic total labeling and proved,
the pyramid graph Py(n), K, snake graph, wheel snake nW, and a fan graph F, are edge trimagic total and super edge
trimagic total graphs. In this paper, we prove the ladder L, triangular ladder TL,, generalized Petersen graph P(n, ”7_1 ),

the helm graph H, and the flower graph Fl, are edge trimagic total and super edge trimagic total graphs.

2. EDGE TRIMAGIC LABELING FOR SOME FAMILIES OF GRAPHS

In this section, we prove edge trimagic total and super edge trimagic total labeling for the families of graphs like
Ladder, Triangular Ladder, generalized Petersen graph, Helm and Flower graphs and give examples for edge trimagic
labeling for each of the above graphs.

Theorem: 2.1 The Ladder L, - P,xP, admits an edge trimagic total labeling for all n>2.

Proof: Let V = {u;, v;/1<i < n} be the vertex set and E = {ujUj+1, ViVie1 /1< i < n-1}0{u;v; /1< i < n} be the edge set of
the ladder L,,. Then L, has 2n vertices and 3n-2 edges.

Case: 1 nis odd.
Define a bijection f: VUE — {1, 2, ..., 2n, 2n+1, ..., 5n-2} such that

i+l

—,iisodd
f(u) = n+| +1 .
, 1 iseven
”—+' , i is odd
f(v;) = 2n
—,iiseven

f(uilirg) = 3n—1i, 1< i <n-1; f(vjvisg) = 5n—i-1, 1<i<n-1and f(uyv;) =4n-i, 1 <i<n.
Now we prove this labeling is an edge trimagic total labeling.

Consider the edges ujui.g, 1<i < n-1.

n+i+1+1 n+3

For odd i, f(u;)+f(uiUi)+f(Uisy) = % +3n-i+ = A(say).

n+i+1 i+141 _ 73
+ 3n-i+ >

For even i, f(u)+f(uilis1)+f(Uiry) = ==\
Next we consider the edges Vivi., 1<i<n-1.

For odd i, f(vi)+f(vivia)+f(Viss) = 25+ 5n-i- 1+ 22 = 222

= Ao(Say).

For even i, f(v)+f(vv.+1)+f(v.+1)_@+5 n-i- 1+ 22 152 =

=M

Finally we consider the edges ujv;, 1 <i<n.

3n+i _ 11n+1

For odd i, f(u;)+f(ujv;)+f(v;) = — +4n —i+ - =

= s (say).

n+i+l . 2n+1 _ 1ln+1 _

For even i, f(u;)+f(uivy)+f(v;) = +4n-i+ o= s

7n+3 15n-1

Lint1
— ke =

2

Hence for each edge uveE, f(u)+f(uv)+f(v) yields any one of the magic constant A; = and Az =

Hence the Ladder L, is an edge trimagic total when n is odd.

Case: 2 niseven.

Define a bijection f: VUE —{1, 2, ..., 2n, 2n+1, ..., 5n-2} such that
=%, iis odd

f(u) = n+, .
—, iiseven
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3n+i+l ..
n =, ilis odd
f(vi) = an+ o .
T iiseven

f(uili+1) = 3n —i, 1<i<n-1; f(vivis1) = 4n—i-1, 1<i<n-1and f(uyv;) =5n-i-1, 1 <i<n.
Now we prove this labeling is an edge trimagic total.

Consider the edges UjUi.1, 1<1i<n-1.

n+|+1 n+2

For odd i, f(u;)+f(Ujui.) +Hf(Uisy) = +3n —i+t— = My (say).

For even i, f(u)+f(uitis) +f(Uis) =5 +3n—i+ 2= 122
Consider the edges ViVj.1, 1<i<n-1.

For odd i, f(v)+f(Vivis)H(Vie) = 2 140 —j -1 +2”+'+1 20 = dfsay).
For even i, f(v)+f(viviss) (Vi) = 2 +an-i-1+ 22 = By,
Consider the edges u;v;, 1 <i<n.

For odd i, (u)+(uvi)+f(vi) = = +5n — i - 1+ I 80 g,

For even i, f(u;)+f(uivi)+f(vi) = n—+' +5n—i -1+ ﬂ =502 - aq(say).

Hence for each edge uveE, f(u)+f(uv)+f(v) yields any one of the magic constant

7n+2 13n 13n-2

M= > ,x——ad}\.g— >

Hence the Ladder L, is an edge trimagic total when n is even.
Therefore, by casel and case 2 the ladder L, admits an edge trimagic total labeling.
Theorem: 2.2 The Ladder L,= P.xP, is a super edge trimagic total for all n>2.

Proof: We proved that the Ladder L, = P,xP, is an edge trimagic total graph for all n with 2n vertices. The labeling
given in Theorem 2.1 is as follows:

When n is odd,

E , 1isodd
f(ui) = n+|+1 R

——,iiseven

ﬁ , i is odd
f(vi) = 2n i

,iiseven.

When n is even,

E ,iis odd
f(u) = n+, )

—,iiseven

3”;”1, i is odd
f(vi) = oan+H o .

- is even
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Hence the 2n vertices get labels 1, 2, ..., 2n. Therefore, the ladder L, is a super edge trimagic total for all n.

Example: 2.3 An edge trimagic total labeling of the Ladders L;and Lg are given in figure 1 and figure 2, respectively.

1 20 5 g 2 g 6 17 3 15 T 15 4
u un
27 26 25 24 23 22 21
1 Ll
1 13 s 32 12 31 9 30 13 29 10 28 14

Figure 1: L; with A, = 26, A, = 39 and A; = 52.

1l g7 4 18 2 q5 5 14 3 43

10 22 7 21 11 20 & 19 12 18 A
Figure 2: Lg with A; =22, X, =39 and A3 = 38.

Theorem: 2.4 The triangular Ladder TL,, admits an edge trimagic total labeling for all n>2.

Proof: Let V= {v;, U; /1< i < n} be the vertex set and E = {ViVj.1, Uiljsy /1< T < n=130{uv; /1< i < nfo{ Ui /1<i <n—

1} be the edge set of the triangular Ladder TL,. Then TL,, has 2n vertices and 4n-3 edges.

Case: 1 nis odd.

Define a bijection f: VOE—{1, 2, ..., 6n=3} such that f(u;) = 2i, 1<i <n; f(v;) = 2i-1, 1<i<n; f(ujui+1) = 6n-4i, 1<i< n-

1; f(ViVis1) = 6n—4i-2, 1<i< n—1; f(u;v;) = 6n4i+1, 1<i < nand f(uvis1) = 6n—4i-1, 1<i < n-1.
Now, we prove this labeling is an edge trimagic total.

For the edge UjUi+1, 1<1<n-1,

f(ui)+ f(Ujlie1)+f(Uiry) = 2i+6n— 4i +2(i+1) = 6n+2 = A4 (say).

For the edges ViVi.1, 1<i<n-1,

F(vi)H(ViVieg) Hf(Vis1) = 2i-1+6n — 4i-2+2(i+1) -1 = 6n-2 = A, (say).

For the edges uyv;, 1<i<n,

f(up)+f(uivy)+f(vi) = 2i+6n-4i+1+2i-1 = 6n = A3 (say).

Also, for the edges, Ui+, 1<i<n-1,

f(ui)+F(UiVie) H(Vie1) = 2i+6n—4i-1+2(i+1) -1 = 6n = A3.

Hence for each edge uveE, f(u)+f(uv)+f(v) yields any one of the magic constant A, = 6n+2, A, = 6n-2 and X3 = 6n.

Therefore, the triangular Ladder TL, admits an edge trimagic total labeling when n is odd.
Case: 2 niseven.

Define a bijection f: VUE — {1, 2, ..., 6n—-3}such that

f(u) = 2i-1, 1<i <n; f(vi) = 2i, 1<i < n; f(Uilisg) = 60— 4i-1, 1< i < n-1; f(ViVig) = 6n-4i, 1< 1 < n-1; f(uv;) = 6n-4i+1,

1<i<nand f(ujvis1) = 6n—4i-2, 1<i <n-1.
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Now we prove this labeling is an edge trimagic total.
For the edges ujuj+1, 1<i<n-1,
f(u)+F(Uili) +f(Uisg) = 2i-1+6n-4i-1+2(i+1) -1 = 6n-1= A4 (say).
For the edges vivi.1, 1<i<n-1,
(V) H(ViViey) H(Visg) = 2i+6n— 4i— 2(i+1) = 6n +2 = ) (say).
For the edges uv;, 1<i<n,
fup)+Hf(uiv)) +(v;) = 2i-1+6n— 4i+1+2i = 6n = A3 (say).
Also, for the edges ujvi., 1<i<n-1,
f(U)+H(U Vi) H(Visr) = 2i=1+6n— 4i-2+2(i+1) = 6n-1 = A,.
Hence for each edge uveE, f(u)+f(uv)+f(v) yields any one of the magic constant A, = 6n-1, X, = 6n+2, and A3 = 6n.
Therefore, the triangular Ladder TL, admits an edge trimagic total labeling for even n.
Hence by case 1 and case 2, the triangular Ladder TL,, admits an edge trimagic total labeling.
Theorem: 2.5 The triangular ladder TL, admits a super edge trimagic total labeling.

Proof: We have proved that the triangular ladder TL, has an edge trimagic total labeling with 2n vertices. The labeling
given in the proof of Theorem 2.4, is as follows:

For odd n, f(u;) = 2i, 1<i<nand f(v;) = 2i-1, 1<i<n.
For even n, f(u;) = 2i-1, 1<i<nand f(v;) = 2i, 1<i<n.

Hence the 2n vertices get labels 1, 2, ..., 2n. Therefore, the triangular ladder TL, admits a super edge trimagic total
labeling for all n > 2.

Example: 2.6 An super edge trimagic total labeling of the triangular ladders TL; and TLg are given in figure 3 and
figure 4, respectively.

2 Kt 4 34 b i 8 26 10 2z 12 13 14

Figure 3: TL; with magic constants A, = 40, A, =42 and i3 = 44.

| 31 i 27 5 33 7 {9 @ 15 11
1y L5
30 26 2 18 4
33 29 55 71 17 13
n Vi
2 3z 4 286 4 3 20 16 12

Figure 4: TLg with magic constants A, = 35, A, =36 and A3 = 38.
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Theorem: 2.7 The generalized Petersen graph P(n, n%l) admits an edge trimagic total labeling (n is odd).

Proof: Consider a generalized Petersen graph P(n, ”7_1) with the vertex set

V = {X; ¥i/ 0 < i <n-1} and the edge set

E={xyi/0<i<n-1}u{yyi/0<i< n—2}u{xixi+n_1 /0 <i < n-1}u{yoyn1}, Where the subscripts taken modulo n.
7

Then P(n, %) has 2n vertices and 3n edges.

Define a bijection f: VUE —{1, 2, ..., 5n}such that f(x;) = 2n—i, 0 <i <n-1;
f(yi) = n—i, 0 <i<n-1; f(yiyis) = 3n+2i+2, 0 < i < n-2; f(YoYn1) = 5n; f(Xiy;) = 3n+2i+1,
0<i<n-land f(XiXanl) =2n+2i+1,0<i<n-1.

7z

Now we have to prove that the generalized Petersen graph P(n, n—_l) admits an edge trimagic total labeling.
2

For the edges Vyiyi+1, 0< i< n-2;

T(y)H(YiYis) H (Vi) = N=i+3n+2i+2+n—(i+1) = 5n+1 = A4(say).
For the edge yoYn1;

f(yo)+f(YoYn-1)+f(Yn1) = n=0+5n+n— (n-1) = 6n+1 = A (say).
For the edges X;y;, 0 <i<n-1;

fO)H () +H(yi) = 2n— i+3n+2i+1+n—-i = 6n+1 = A,.

For the edges x; Xi+”_‘l ,0<1i < n-1 with i taken modulo n.

2

T+ Xy 1) #(Xo.0) = 20 2042041420 - (i+757) =
= T

11n+3
2

= hs(say).

Hence for each edge uveE, f(u)+f(uv)+f(u) yields any one of the magic constants A; = 5n+1, A, =6n+1 and A3= s

Therefore, the generalized Petersen graph P(n, "T_l) admits an edge trimagic total labeling.
Theorem: 2.8 The generalized Petersen graph P(n, %) admits a super edge trimagic total labeling.

Proof: We have proved that the generalized Petersen graph P(n, ”—2_1) admits edge trimagic total labeling. The labeling
given in the Theorem 2.7 for the vertices is, f(x;) = 2n—i, 0 <i < n-1 and f(y;) = n—i, 0 <i <n-1. Since the vertices get
labels 1, 2, ..., 2n the generalized Petersen graph P(n, nT_l) is a super edge trimagic total.

Example: 2.9 Generalized Petersen graph P(9, 4) is super edge trimagic total.

Figure 5: Petersen graph P(9, 4) with A; = 46, A, =55 and A;=51.
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Theorem: 2.10 The Helm graph H, has an edge trimagic total labeling for every positive even integer n.

Proof: Let V = {u}u{vi/1 < i<n}u{w; /1 <i<n} bethe vertex set and E = {uv;, viw; /1< i<n}u {vivin /1<i <
n-1}u{v,v,} be the edge set of the helm graph H,. Then H,, has 2n+1 vertices and 3n edges.

Define a bijection f: VUE — {1, 2, ..., 5n+1} such that f(u) = 1,

) - i+—1+1, i is odd
V.
' I+—n+1 i iseven
n+i+—l+1, i is odd
fwi) = i+n
n+—+1 iiseven
5n—i+71+2, i is odd
f(uvy) =

n+i ..
5n—7'+2, i is even

f(vevy) = 4n+1, f(vivis) =4n—i +1, 1 < i<n-land f(viw;)) = 3n—i+2,1 < i<n.
Now we prove this labeling is an edge trimagic total.

Consider the edges uv;, 1 <i<n.

i+1

For odd i, f(u)+f(uv;)+f(v;) = 1+ —+1+5n——+2 5n+4 =), (say).

n+i i+n

For even i, f(u)+f(uv;)+f(v;) = 1+5n——+2+—+1 5n+4 =)y,

Consider the edges ViVj.1, 1 <i<n-1.

i+1+n

For odd i, f(v;)+f(ViVis1)+f(Vis1) ——+1+4n i+1+——+1 = 4n+ +4 =), (say).

i+1+1

For even i, f(v)+f(vv.+1)+f(v.+1)——+1+4n —i+1+——+1 = 4n+ T+a =2,

Consider the edges viw;, 1 <i<n.
For odd i, f(vi)+f(v; wi)+f(w)) = = +1+3n-i+2+n+ - +1 = dn+5 = 1 (say).

For even i, f(v;)+f(viw;)+f(w;) = '+—”+1+3n—|+2+n+—+1- Snt+4 =2y

For the edge vyvy, f(vy)+f(vivy)+H(v,) = 1—;1 +1+4n+1+"7+n +1=5n+4=7;
Hence for each edge uveE, f(u)+f(uv)+f(v) yields any one of the constants A,= 5n+4, A, = 4n+g+4 and A3 =4n + 5.

Therefore, the helm graph H, admits an edge trimagic total labeling for every positive even integer n.
Theorem: 2.11 The helm graph H,, is a super edge trimagic total for even n.

Proof: We have proved that the helm graph H, is an edge trimagic total for even n. The labeling given in the proof of
Theorem 2.10, the labeling for the vertices are f(u) = 1,

i+1

—+1 iisodd

f(v;
) = I+—”+1 iiseven

n+i+71+1, i is odd
and f(w;) = .
n+ 7+1, 11S even.
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Since the helm graph H, has 2n+1 vertices and get labels 1, 2, ..., 2n+1, the helm graph H, is a super edge trimagic
total labeling.

Example: 2.12 The helm graph Hg given in figure 6 admits a super edge trimagic total labeling with magic constants
29, 3land 34.

Figure 6: Helm graph Hg with A; =29, A, =31 and A3 = 34.
Theorem: 2.13 The flower graph Fl, has an edge trimagic total labeling for all n.

Proof: Let V = {v; w;/1 <i<n}u{u} be the vertex set and E = {uv; viw;, uw; / 1 <i <n}p{ViVia /1 <1 <n=-130{vyv}
be the edge set of the flower graph Fl,.. Then the flower graph Fl, has 2n+1 vertices and 4n edges.

Define a bijection f: VUE —{1, 2, ..., 6n+1} such that f(u) = 1, f(vj) = i+1, I<i < n; f(w ;) = n+i+l, I<i < n;
f(uv)) =5n—i +2, 1 <i<n; f(viVis) =4n-2i+1, 1 <i<n-1; f(viw;)) =4n-2i+2, 1 <i<n; fluw)=6n-i+2,1<i<n
and f(vyv,) = 4n+1.

Now, we prove the above labeling is an edge trimagic total.

For the edges uv;, 1 < i<n,

f(u)+f(uv;)+f(v;) = 1+5n — i+2+i+1 = 5n+4 = &, (say).

For all the edges VviVi+1, 1 <i<n-1,

f(V)+H(ViViz ) +f(Vis) = i+1+4n=2i+1+i+1+1 = 4n+4 = ), (say).

For the edges v;w;, 1 <i<n,

f(vi)+H(viw)+f(w;) = i+1+4n-2i+2+n+i+1 = 5n+4 = ).

i:or the edge uw;, 1 <i<n,

f(u)+f(uw;)+f(w;) = 1+6n — i+2+n+i+1 = 7n+4 = X, (say).

And for the edge vV, f(vy)+f(vivy)+(v,) = 1+1+4n+1+n+1 = 5n+4 = ).

Hence for each edge uv, f(u)+f(uv)+f(v) yields any one of the magic constant A; = 5n +4, %, = 4n+4 and A3 = 7n + 4.
Therefore, the flower graph Fl, admits an edge trimagic total labeling for all n.

Theorem: 2.14 The flower graph Fl, is a super edge trimagic total for all n>3.

Proof: We have proved that the flower graph Fl, admits an edge trimagic total labeling for n>3. The labeling given in
the proof of the Theorem 2.13, the labeling for the vertices are, f(u) = 1, f(v;) = i+1, 1 <i<n; f(w;) = n+i+l, 1<i<n.

Since the flower graph FIl,, has 2n+1 vertices and get labels 1, 2, ..., 2n+1, the flower graph Fl, is a super edge trimagic
total labeling.
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Example: 2.15 The flower graph Flg given in figure 7 is a super edge trimagic total graph with magic constants 34, 28
and 46.

Figure 7: Flower graph Flg with A; = 34, X, = 28 and A3 = 46.

CONCLUSION

In this paper, we have proved some classes of graphs namely, the ladder L, triangular ladder TL,, generalized Petersen

n-1

graph P(n, - ), the helm graph H, and the flower graph Fl, are edge trimagic total and super edge trimagic total
graphs. There will be many trimagic graphs can be constructed in future.
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