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ABSTRACT

The present paper, is concerned with the existence of solutions of the following multi-point boundary value problem
consisting of the higher-order differential equations.

(—1) "1ixCn) = f(t.X(t),x’(t), .....x(2n—1)(t)) , te(0,1), (1)
and the following multi-point boundary value conditions
x@=D0)=0,i=1234 .,
xFDA) =¥ ay x@V(E k), i =12, .., — 1, @)

x(1) = XL Bix(,),

are sufficient conditions for existence of at least one solution of the BVP(1).

1. INTRODUCTION

In recent years, the solvability of the multi-point boundary value problems for second order differential
equations, arise in many applications, we refer the reader to the monographs [1-3] and the references [4-
14]. In [15], Erbe and Tang studied the existence of positive solutions of the following Sturm-Liouvile
boundary value problem consisting of the second order differential equation
x'(t) + f(t,x(t),x(t)) =0 ,te(0,1)
) = 1) = (3)
ax(0) —Bx(0) =6x(1)+yx (1) =0

where f is continuous and nonnegative, @ = 0,8 = 0,y = 0and§ = 0 withad +y§ + af > 0. He proved that,
under some assumptions, BVP(3) has at least one or two positive solutions.

In [6], Liu and Yu studied the solvability of the following multi-point boundary value problem consisting of the

second-order differential equation

{x ©=ftx®,x®) +e®) ,te(0,1) @
x(0) =0, x(1) = X% aix(&,),

where 0 < < 1,0<{<1l,a=0and f§ = Oand f is continuous and e eLl [0, 1].

However, the Sturm-Liouvile type boundary value conditions, i.e.., x(0) = a x'(&), x' (1) = Bx(7) Wwas not
studied in [6].Furthermore, to the best of our knowledge, there has been no paper concerned with the
existence of solutions of multi-point boundary value problems for higher-order differential equations at
resonance, although there were considerable papers concerned with the existence of positive solutions or
solutions of higher-order differential equations at non-resonance cases [1-3, 19, 20].Motivated and inspired by
papers [15,16,6], we are concerned with the following fourth-order differential equation
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x4(6) = f(t,x(0), —x (1)) , £ (0,1) 5)
Or
x*(®) = f(t,x(®)) ,te(0,1)

7

Subject to the following multi-point boundary value conditions x(1) = x'(0) = x (1) = x ”(0) = 0 as not
been studied.

Chyan and Henderson, in [14], studied the following 2m*"-order differential equation

xCm(t) = f (t,x(t),x”(t), ......... ,x<2m—2>(t)) 0<t<1, (6)
with either the Lindstone boundary condition

x?Y(0) = x®Y1)=0 for i=0,1,2,3,.......,m — 1, or the focal boundary value condition @)
xCHD0) = x@D(1) =0 for i=0,1,2,3,.......,m—1, (8)

For BVP (1) and (2), the corresponding linear differential equation is
(D" 'x@n) =0 ,t e (0,1). 9)

2. MAIN RESULTS

In this section, we establish sufficient conditions for the existence of at least one solution of BVP (1)-(2) and one
positive solution of BVP(1) and (2). respectively. For convenience, we first introduce some notations and an
abstract existence theorem by Gaines and Mawhin[9].

Let X and Y be Banach spaces, L: dom L cX — Y be a Fredholm operator of index zero, P:X —» X,Q: Y - Ybe
projectors such that

ImP = KerlL, KerQ = ImL, X =KerL @KerP, Y = ImL &ImQ. It follows that Lljom 1 xerp :
Ker P—Im L is invertible, we denote the inverse of that map by Kp.

If Q is an open bounded subset of X domL N2 # ¢, the mapN:X - Y will be called L—compact on 2 if
QN () isbounded and K,(I — Q)N:02 - X is compact.

Theorem Gm [9]: Let L be a Fredholm operator of index zero and let N be L—compact on Q. Assume that the
following conditions are satisfied:

(i) Lx # ANx for every (x, A)e[(domL/KerL) n A2]x(0,1);

(if) NxgImL for every xeKerL N A2 ;

(iil)deg(AQN|ker, 2 N KerL,0) # 0,whereA:Y/ImL — KerL is the isomorphism.

Then the equation Lx=Nx has at least one solution in domL N 0.

We use the classical Banach space C*[0,1], let X = C?*~1[0,1] and Y = C°[0,1].Y is endowed with the norm

IVllo = max,cioqly(®], X isendowed with the norm [[x||= max<{||X[eo . [X]loo, - - -, [IXE ™D |15 3.
Define the linear operator L and the nonlinear operator N by

L: X ndomL —Y, Lx(t)= (_1)n—1x(2n) (t) for x eX ~ domL,
N: X —Y, Nx(®) = fF(t x(®).x (0).....xE" "D (1), forx X, respectively,

where
domL = {x € C™[0,1],x%V(0)=0fori=1,....,n
P

x@i-D(1) = Z a; x @i (fik),for i=1,.....n—1,

k=1

x(1) = ) Bix(e))
i=1
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Suppose Zzizl &, =1 fori=1,.....,n—1Let fori =1,....,n—1, G;_,(¢,s) be the Green’s function
of the problem

—u'(®) = a(t), u(0) = u(1) — X', a, u (éi-,k) = 0, for some a .Let

1 1
G(t, S) = f f Gl (t, Tl) . Gn—l(Tn—le)dT:l dTn_z.
0 0

Lemma 2.1: The following resultsholds.

(i)Thereisak;sothata;, =0fork =1,.....,k; and «a;;, <0 for k = k; + 1, ..., p;with Zzizl a <1;
1,1 z n & 1 T

A=f f G(S,T)f u'dudrds — Z,Bif f G(s,‘r)f uldudrds # 0.
o Jo 0 P o Jo 0

Then the following results hold.
(i) KerL={x(t)=c,t€0,1],c € R};

f()l fol G(S, T) f(;[ y(u)dudrds

(i) ImL=y€Y, £ 1 .
= 211'71:1 i fol fo G(S, T) f() y(u)dudeS

(iii) L is Fredholm operator of index zero;

(iv) There are projectors P: X - X and Q:Y — Y such that Ker L = ImP and KerQ = Im L.
Furthermore, let Q=X be an open bounded subset with ©2» dom L= ¢, then N is L-compact on (2.

(v) x(t) is a solution of BVP(1) and BVP(2) if and only if x is a solution of the operator equation Lx =
Nx in domlL.

Proof: (i) The proof is easy and is omitted.
(ii) If yeImlL, then

(=D 1y@n) = y() ,te(0,1)

Pi

x@=D(0) = x@D(1) — Z a; x@D (fi‘k) =0,i=1,.... ,n—1.,
=1

x@=D(0) =0,x(1) = ,Bix(éci)'
2

This implies x@*D(¢) = (—1)! foty(u)du since x@"~1V(0) = 0. we get

1

x(2n—3)(t) — (_1)n—2.f

T
Gn_l(t,r)f y(u)dudr,
0 0

Similarly, we get

1 T
’ = G(t, dudT,
asc(t) fo (tr)f()y(u) udt
0,

x(t)=c+ ftfl G(s, 1) fry(u)dudrds.
0 Jo 0
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It follows from x(1) = X7, B;x(&) that

fol fol G(s, 1) fOTY(u)dudes = iﬁi fji folG(s,T) f(:y(u)dudrds.

On the other hand, assume that ¥2%; 1 r; < % holds. Let

x(t) =c+ fot fol G(s, 1) fory(u)dud‘rds.

Then x(t) satisfies above equation and hence (ii) is complete.

(iii). from (i), dim KerL = 1.0n the other hand, for y € Y, let

Vo =Y —%(fol f01 G(s, 1) fOTy(u)dud‘rds - XM B fo'fi fol G(s, 1) fory(u)dud‘rds). It is easy to check that
yo € ImL. Let R = {ct*:t[0,1], ceR}.

We get Y = R + ImL. It follows from RHImL = {0} that Y = R@ImL.

Hence dimY /ImL = 1. On the other hand, f is continuous and ImlL is closed. So L is a Fredholm operator
of index zero.

(iv). Define the projectors P: X — X and Q:Y — Y by Px(t) = x(0)for x € X,

Qy(t) = %(fol fol G(s, 1) fOTy(u)dudes - X" B fog" fol G(s, 1) fOTy(u)dudes) fory ev.

It is easy to check that KerL = ImP and ImL = KerQ.The generalized inverse K,,: ImL — domL N
KerP of L can be written by

K,y(®) = fot fol G(s,T) fory(u)dudrds.

(V). The proof is easy and can be omitted.

Theorem 2.1: Suppose following conditions hold
(A1). There exists functions a;(i = 0,1, ....,n — 1), b and L'[0,1] and a constant & € [0,1) such that for all
x; eR(i =0,1,2, ....n — 1), the following inequality holds

n—1

[ (60,1, X0 S D @ (O] + BO, 17 +7(0;
i=0

(A2). Thereis M =0 such that for any x € dom L/KerL, if |x(”_1) ®] > M for all
t €[0,1], then

fl (f (s,x(s),x’(s), ...,x("_l)(s)) + e(s)) ds
0 n
-B fo (n—1s) (f (s,x(s),x'(s), ...,x(”_l)(s)> + e(s)) ds=0;
(A3). There is M* > 0 such that, for x(t) = ct™1, either
c Ul(f(s, cs™ 1 e(n—1)s"2, ......(n— 1D!c) + e(s))ds
0

n 1
- Bf (n-— s)f (f(s,cs™ L, c(n—1)s"2,.....(n— 1D!c) + e(s)ds| < 0

0 0

forall |c| > M* or
1
c U (f(s,cs™ L, c(n—1)s" 2, ......(n— D! c) + e(s))ds

0 , )
- Bf (n-— s)f (f(s,cs™ L, c(n—1)s"2,......(n— D! c) + e(s)ds| >0

0 0
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for all |c| = M™;

(A4). Z?z_llllailll <1

Then BVP (5) and (6) has atleast one solution.
Theorem 2.2: Suppose following conditions hold

(A’1). There are continuous functions h(t, xg, X1, ... ...., X2,—1), €(t) and non negative functions g;(t,x)(i =
0,1, .....,2n — 1) and positive numbers g and m such that f satisfies

2n—1
(D" (X0, Xy o X 1) = €(8) + RCE X0, Xy e )+ Y o630,
and also that h satisfies =
Xon—1h(t, X0, X1, s o ey X2 1) S —Bl2xgp 1 ™!
and for all t €[0,1] and (xg, X, ... oo .. X2p—1) €R?™ and
|xi|r—I>loot Es?g,l] % =n,fori=012,.......2n — 1.
Withr; =20 for i =0,1,2,.........2n —1;
(A'2). There exists constants L = 0, a2> (2) and a; = 0(i = 1,2, ....2n — 2) such that
-
|f(t, %0, %1, ceneen e X 1) | = alxg| — Z a; |x;| — L
i=1
Forall ¢ €[0,1] and (xg, X1, ce eevv. Xpp 1) €R?™.

Furthermore (A3), (A4) of Theorem 2.1 hold. Then BVP (1) and (2) has atleast one solution provided

2n—-1

2n=2 . m
i=1 4 E

i=1
REFERENCES

[1] R. P. Agarwal, O’Regan, P. J. Y. Wong, Positive Solutions of Differential, Difference and Integral
Equations, Kluwer Academic, Dordrecht, 1999.

[2] R. P. Agarwal, Boundary Value Problems for Higher Order Differential Equations, World Scientific,
Singapore,1986.

[3] R. P. Agarwal, Focal Boundary Value Problems for Differential and Difference Equations, Kluwer,
Dordrecht, 1998.

[4] C. P. Gupta, Solvability of a three-point nonlinear boundary value problem for a second order ordinary
differential equation, J. Math. Anal. Appl. 168 (1992), 540-551.

[5] V. Iin and E. Moiseev, Non-local boundary value problems of the second kind for a Sturm-Liouville
operator, Differential Eqns. 23(1987), 979-987.

[6] B. Liu and J. Yu, Solvability of multi-point boundary value problems at resonance (1), India J. Pure Appl.
Math. 33(2002), 475-494.

[7] B. Liuand J. Yu, Existence of solutions for m-point boundary value problems of second order differential
equations with impulses, Appl. Math. Comput. 125(2002), 155-175.

[8] V. I’in and E. Moiseev, Non-local boundary value problems of first kind for a Sturm-Liouville operator in
its differential and finite difference aspects, Differential Eqns. 23(1987), 803-810

© 2013, IJMA. All Rights Reserved 274



Farheen Anjuml, P. Venkat Raman® and M. Vijay Kumar3*/ Solutions Of A Multi-Point Boundary Value
Problem For Higher-Order Differential Equations/ IJMA- 4(11), Nov.-2013.

[9] R. Ma, Existence theorems for a second order three point boundary value problem, J. Math. Anal. Appl.
212(1997), 430-442.

[10] R. Ma, Existence theorems for a second order m-point boundary value problem, J. Math. Anal. Appl.
211 (1997), 545-555.

[11] R. Ma, Positive solutions of nonlinear three-point boundary value problems, Elec. J. Differential
Equations 34(1998), 1-8.

[12] W. Feng and J. R. L. Webb, Solvability of three-point boundary value problems at resonance, Nonlinear
Anal. 30(1997), 3227-3238.

[13] W. Feng and J. R. L. Webb, Solvability of m-point boundary value problems with nonlinear growth, J.
Math. Anal. Appl. 212(1997), 467-489.

[14] C. P. Gupta,A sharper conditions for the solvability of three-point second order boundary value problem,
J. Math. Anal. Appl. 205(1997), 579-586.

[15] L. Erbe and M. Tang, Existence and multiplicity of positive solutions to nonlinear boundary value
problems, Diff. Equs. Dynam. Systems 4(1996), 313-320.

[16] S. Qi, Multiple positive solutions to boundary value problems for higher-order nonlinear differential
equations inn Banach spaces, Acta Math. Appl. Sinica 17(2001), 271-278.

[17] J. Mawhin, Topological degree methods in nonlinear boundary value problems, in: NSFCBMS Regional
Conference Series inn Math., American Math. Soc., providence, RI, 1979.

[18] J. Mawhin, Topological degree and boundary value problems for nonlinear differential equations, in: P. M.
Fitzpertrick, M. Martelli, J. Mawhin, R. Nussbaum (Eds.), Topological Methods for Ordinary Differential
Equations,, Lecture Notes in Math. Vol.1537, Springer- Verlag, New York/Berlin, 1991.

[19] P. W. Eloe, J. Henderson, Positive solutions for (n—1, 1) conjugate boundary value problems, Nonlinear
Analysis 28(1997), 1669-1680.

[20] Y. Liu and W. Ge, Positive solutions for (n—1, 1) three-point boundary value problems with coefficient
that changes sign, J. Math. Anal. Appl. 282(2003), 816-825.

[21] Y. Liu and W. Ge, Solutions of a multi-point boundary value problem for higher-order differential equations at
resonance(l), (preprint).

[22] Y. Liu and W. Ge, Solutions of a multi-point boundary value problem for higher-order differential equations at
resonance (1), (preprint).

[23] R. P. Agawarl and F. Wong, Existence of positive solutions for non-positive higher-order BVPs, J. Comput. Appl.
Math. 88(1998), 3-14.

[24] B. Liu, Solvability of multi-point boundary value problems at resonance (l11), Appl. Math. Comput. 129(2002),
119-143.

[25] B. Liu, Solvability of multi-point boundary value problems at resonance (IV), Appl. Math. Comput., 143(2003),
275-299.

Source of support: Nil, Conflict of interest: None Declared

© 2013, IJMA. All Rights Reserved 275



	Corresponding author: M. Vijay Kumar3*

