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ABSTRACT

In this paper we discuss some comparative growth estimates of composite entire and meromorphic functions and a
special type of differential polynomial as considered by Bhooshnurmath and Prasad [4] and generated by one of the
factors of the composition.
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1. INTRODUCTION, DEFINITIONS AND NOTATIONS

For any two transcendental entire functions f and g defined in the open complex plane C, Clunie [5] proved that
i 1009 T f9)
r—0 T(T‘,f) r—0 T(T‘,g)

Singh [10] studied some comparative growth properties of log T (, f,g) and T (r, f). He [10] also raised the question of
investigating the comparative growth of logT(r,f,g) and T(r,g) which he was unable to solve. Lahiri [8] proved
some results on the comparative growth of log T(r, f,g) and T(r, g).

Some mathematicians like H. X. Yi [12] and many more studied the comparative growth of a meromorphic function
and its derivatives.

Since the natural extension of a derivative is a differential polynomial, in this paper we extend some earlier results for a
special type of linear differential polynomial of the form F = f"Q[f] where Q[f] is a differential polynomial in f and n
=0, 1, 2,.... as considered by Bhooshnurmath and Prasad [4]. We do not explain the standard notations and definitions
in the theory of entire and meromorphic functions because those are available in [11] and [7].

In the sequel we use the following two notations:

(i) log*lx = log(log*~1x) fork =1,2,3,...; loglllx = x

and

(it) exp®lx = exp(exp®Ux) fork =1,2,3,...; explx = x.
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The following definitions are well known:

Definition: 1 The order ps and lower order A, of a meromorphic function f are defined as

f r—o

" logr
and
1, = timginr 08T ()
f r—>00 o g
gr

If f is entire, one can easily verify that

= row ogr
and
2, = limfinf log!? M(r, )
= e o
ogr

Definition: 2 The hyper order /_)fand hyper lower order If of a meromorphic function f are defined as

f r—00 lOg r
and
2
7, = tmans 1087 ()
y .

7 logr

If fisentire, then

f - ro® lOg‘r‘
and
3
7 iman 108 M. )
4 e lo )
gr

Definition: 3 [9] Let f be a meromorphic function of order zero. Then the quantities p;, A7 and ﬁ;, ﬁ; are defined in
the following way

pf = r—00 IOgT]T"
22 = it 1087 /)
f T—00 log[z]r
and
f - r-oow log[z]r
2 _ iy 10827 1)
f T —00 log[Z]r

If f is entire then clearly
__ limisup lOg[Z]M(T, f)

pf_ r—00 log[zlr
2
2 — timiany 1087IM ()
f Tr—00 log[z]r
and
o _ timisup 108PIM(, 1)
pf - r-oow lOg[Z]‘r‘
3
3 — timsine 1087 M (T f)
f Tr—00 log[z]r

Definition: 4 The type g of a meromorphic function f is defined as follows

f r—o0 rPf ;0<pf<00
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When f is entire, then
¢ 0o pr ,0< py < .
Definition: 5 A meromorphic function a = a(z) is called small with respectto f if T(r,a) = S(r, f).
2. LEMMAS
In this section we present some lemmas which will be needed in the sequel.
Lemma: 1 [5] If f and g be any two entire functions then for all sufficiently large values of r,

M fo9) = M (54 (5.9) - 9@ 7).

Lemma: 2 [1] Let f be meromorphic and g be entire then for all sufficiently large values of r,

T £,9) < {1+ 0(DI—D_rmer, ), ).
logM(r, g)

Lemma: 3 [3] Le f be meromorphic and g be entire and suppose that 0 < u < p, < co. Then for a sequence of values
of r tending to infinity,
T(r, fo9) = T(exp(r*), f).

Lemma: 4 [4] Let F = f"Q[f] where QI[f] is a differential polynomial in f. If n > 1 then p; = p; and Az = A;.
Lemma: 5 Let F = f"Q[f] where QI[f] is a differential polynomial in f. If n > 1 then

. T(r, F)

im-——-=

r-ew T(T, f)

The proof of Lemma 5 directly follows from Lemma 4.
In the line of Lemma 4 we may prove the following lemma:
Lemma: 6 Let F = f"Q[f] where Q[f] is a differential polynomial in f. If n > 1 then p, = ﬁf and A = Zf.
Lemma: 7 Let f be meromorphic and g be transcendental entire such that p; = 0 and p, < . Then ps ; < pf.pg.

Proof: In view of Lemma 2 and the inequality T(r, g) < log*M(r, g), we get that

lim £§up lOgT(r'fag) lim £§up lOgT(M(T, g)' f) + 0(1)
e e

logr e logr
_ limi8up log T(M(r.g).f) limiEup logPMrg) _
ro0 og2IM@r,g) T TT® log f-Pg:

This proves the lemma.
Remark: 1 The sign ‘<’ in Lemma 7 cannot be removed by ‘<’ only as we see in the following example.

Example: 1 Letf=zand g = expz. Then p;, , = 1,p, = 1and p; = 0. So

. timiep 108PIM(r, ) i logBlr 1
Pr= row logl2lr 7% JoglZly
Therefore
Prog = Pf-Py-

3. THEOREMS
In this section we present the main results of the paper.

Theorem: 1 Let f be transcendental meromorphic and g be entire satisfying the following conditions:
i) prand p, are both finite,
© 2013, IJMA. All Rights Reserved 320
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i) py is positive and
iii) let F = f"Q[f]forn > 1. Thenforp > 0 and each a € (—oo, ©),

. A{logT(r, f,g)}' ¢ )
log T (exp(r? ), F)

Proof: If 1+ a < 0, the theorem is trivial. So we take 1 + a > 0. Since T(r, g) < logtM(r, g), by Lemma 2, we get
for all sufficiently large values of r that

T(r fog) <{1+o(ITM(r, 9).f)

f.e” logT(r, £, ) < log{1 + o(1)} + log T(M(r, 9), )
f'e" logT(r, f,9) < o(1) + (pf + ) log M(r, g)
f'e', logT(r, f,9) < 0(1) + (py + £)rPs™®
ie., logT(r, f,g) < r(Pf;'*'g){(pf +¢)+o(1)}
{logT(r, f,}'** < r('“llge;)(”“){(/?f +¢) +o(D}y . g

Again in view of Lemma 4, we have for a sequence of values of r tending to infinity and for ¢ > 0,

log T(exp(r?’,), F)> (pr —¢€) log(exp(rpl)) = (pf - e)r?’,. (2)

Now combining (1) and (2) we obtain for a sequence of values of r tending to infinity that

{ogT(r, fog)}'* _ rbot)Mf(p, + ) + 0 (1)}

log T(exp(r?”), IS (o — e)r?”
from which the theorem follows because we can choose ¢ such that

’

. p
0<e< mm{pf'l-l-_a = Pg}-

This proves the theorem.
Remark: 2 The condition p’ > (1 + a)p, is essential in Theorem 1 as we see in the next example.
Example: 2 Let f = expz, g = expz, @ = 0andp = 1. Then

pr=1=p,
and

Z 5(a; f) + 8(w0; f) = 2.

a+oo
Also let F = f"Q[f] forn = 1.
Takingn = 1,4; = 1,n5; = 1and ny; = --- =ny; = 0; we see that F = exp(2z).
Now we have
expr
logT(r, f,g) = log T (r, exp!*z) ~ logf 1} (r > o)
2mn3r)z
1
~r — Elogr +0(1) (r » ).
Therefore

lim i 108 T (T fog?}l+a _ timine 1087 fo9)
""" logT(exp(r? ),F) "7 logT(expr ,exp 2z)

,,,,, r— %logr +0(1)
r—00 expr

log(Z2T3
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1
_ Timiinf | zlogr+0(1) -

which contradicts Theorem 1.

Theorem: 2 If f be meromorphic and g be transcendental entire such that p; < oo, p; ; = 0 and for n > 1,
G = g"Qlg], then for every A > 0,
lim #8up lOgT(T‘, fog) - o
"% logT(r4,G)
Proof: If possible, let there exist a constant 8 such that for all sufficiently large values of r, we have
logT(r,f,9) < BlogT(r4,G). (3)
In view of Lemma 4, for all sufficiently large values of r, we get that
logT(r4,G) < (p; + €)Alogr
i.e,logT(r4,6) < (p, +¢€)Alogr. (4)
Now combining (3) and (4), we obtain for all sufficiently large values of r that
logT(r, f,9) < ,B(pg +¢)Alogr
Prg < BA(pg +¢),

which contradicts the condition pf, , = co. So for a sequence of values of r tending to infinity, it follows that

logT(r, f,g) > BlogT(r*,G),
from which the theorem follows.

Corollary: 1 Under the assumption of Theorem 2,
e TahG)
Proof: By Theorem 2 we obtain for all sufficiently large values of r and for K; > 1 that
log T(r,f,g) > Ky log T(r%, G)
ie, T(r fo9) > {T(r*, G)}",
from which the corollary follows.

Remark: 3 The condition p , = oo is necessary in Theorem 2 and Corollary 1 which is evident from the following
example.

Example: 3Let f =2z g=expzandA=1Thenp, =1 <oandps, =1 < .

Let G = g"Q[g] forn = 1.Takingn = 1,4, = 1,n,; = 1andny; = -~ = ny; = 0; we see that G = exp(2z).

Now we have
T
T(r fo9) = T(r,expz) = —

and T(r4,G) = T(r, exp 2z) = 2.

.
s
Therefore

T® JogT(r4,G) ~ 7% logr+0(1)
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,

g miup T0fog) _ limiEup ) _ 1

an r—00 T(rA,G) - roow (Z_r) - E’
T

which is contrary to Theorem 2.

Remark: 4 If we take py < coand F = f"Q[f] for n = 1 instead of p, < oo and G = g"Q[g] for n = 1 respectively,
then Theorem 2 and Corollary 1 remain valid with G replaced by F in the denominator as we see in the following
theorem and corollary.

Theorem: 3 If f be transcendental meromorphic and g be entire such that p; < o, p , = 0 and for n > 1,
F = f*Q[f], then for every A >0,

"% JogT(r4,F)

Proof: If possible let there exist a constant y such that for all sufficiently large values of r, we have
logT(r,f,9) < ylogT(r4,F).

In view of Lemma 5, for all sufficiently large values of r we get that
logT(r*,F) < (ps + €)Alogr.

Now combining the above two inequalities, we get for all sufficiently large values of r that

logT(r, f,9) < y(pf +¢e)Alogr
ie. pr, < vA(ps +¢),
which contradicts the condition p; , = c0. So for a sequence of values of r tending to infinity, it follows that
logT(r, f,9) > ylog T(r*, F),
from which the theorem follows.

Corollary: 2 Under the assumptions of Theorem 3,

O TEAF)
Proof: In view of Theorem 3, we obtain for all sufficiently large values of r and for K, > 1 that
log T'(r,f,9) > K, log T(r4, F)
ie, T(r f,g) > (T4, F)},
from which the corollary follows.

Remark: 5 The condition p , = oo is necessary in Theorem 3 and Corollary 2 which is evident from the following
example.

Example: 4 Let f = expz, g =zand A=1. Thenp; =1< o, pp,=1<o andfor n>1,F = f"Q[f]. Taking
n=14; =1ny =1andny; = =mny = 0; we see that F = exp(2z). Now we have

T(r,f,g) =T(r,expz) = %and T(r4,F) = T(r,exp2z) = T

,
—
Therefore

lim#&up log T(r.fog) _ lim#&@up log r+0(1) _ 1 and lim&@up T(r.fo9) _
T2 Jog T(r4,F) T=% Jog r+0(1) T=0  T(rAF) !

which contradicts Theorem 3.
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Theorem: 4 Let f and g be any two entire functions with 4, > 0 and py < A,. Also let f be transcendental with
F = f"Q[f] forn = 1. Then

log?!M(r, £,9)
m—————=
row  logM(r, F)

Proof: In view of Lemma 1, we get for all sufficiently large values of r that
M(r,f,9) =2 MGM (5,9),f)
ie., loglPIM(r,f,g9) = log[Z]M(%M G,g),f)
e, loglM(r,f,9) = (A — ) log% + (A —¢) logM(%,g)
ie, log®M(r,f,9) = 0(1) + (A — s)(g)“g—f). (5)
Again for all sufficiently large values of r, we get by Lemma 5 that
logM(r,F) < r@r+e) = p(pr+e), (6)
Now combining (5) and (6), it follows for all sufficiently large values of r that

log [Z]M(r,fog) > 0(1)"‘(’11‘_5)(%)(19_5) (7)
logM(r,F) — refte :

Since ps < A,, we can choose (> 0) in such a way that
prte<i, —e (8)

Thus from (7) and (8) we obtain that
2
tim ot 108IM (1, £,9) — o
7% logM(r,F) ’
from which the theorem follows.

Remark: 6 The condition p; < 4, is necessary in Theorem 4 which is evident from the following two examples.

Example: 5 Let f =expz and g =expz. Then 4, =1>0, pf=1=1, and F = f"Q[f] for n > 1. Taking
n=14 =1ny =1 and ny; =--=mn,; =0; we see that F =exp(2z). Again M(r,f,g) = expl?lr and
M(r,F) = exp(2r).

Therefore
loglM(r,f,9)  log®(expllr)  r 1

= = lim — =
rom logM(r, F) s log(exp 2r) e 2r 2
which is contrary to Theorem 4.

Example: 6 Let f =expz and g =z. Then 4 =1>0, p; =1>0=4, and let F = f"Q[f] for n = 1. Taking
n=1A4; =1ny =1andny; = =mny = 0; weseethat F = exp(2z). Again M(r, f,g) = expr and
M(r,F) = exp(2r).

Therefore

loglIM(r,f,9) . log(expr)  logr
——— = lim = lim =0,
row  logM(r,F) r-o log(exp2r) row 2r
which contradicts Theorem 4.

Theorem: 5 If f be a transcendental meromorphic function and g be entire with 0 < A < py < o0, p, < oo and
F = f"Q[f] forn = 1, then
T fo)T(, F)
lim—— =0
00 T(exp(rp ),F)

’
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if p' > Pg-

Proof: Since T(r, g) < log*M(r, g), for all sufficiently large values of r we get from Lemma 2 that
T(r,fo9) < {1+ o(WITM(r,9),f)

ie., T(r, f,9) < {1+o()}exp{(p; + e)rPaten, 9

Again by Lemma 5, we obtain for all sufficiently large values of r that
T(r, F) < rrte) = p(or+e), (10)

Now combining (9) and (10), it follows for all sufficiently large values of r that
T(r,£,9) T(r,F) < {1 + o(1)}r(r+e) exp{(p; + e)rPa*o}. (11)

Also in view of Lemma 4, we have for all sufficiently large values of r,
log T(exp(r? ),F) = (A — &) log{exp(rP )}

i.e.,logT(exp(r? ), F) = exp{(; — &) 77 }. (12)

From (11) and (12) it follows for all sufficiently large values of r that
TCf) TCH o (o Pr ) exp (o +e)r o+

. 13

log T (exp (r?’ ),F) - exp {(A—e)rP } ( )
Asp > pg SO we can choose e(> 0) such that

p >p,+e. (14)

Thus the theorem follows from (13) and (14).

Theorem: 6 Let f be a transcendental meromorphic function and g be a transcendental entire function such that
0<A <pf<oandforn=1,F = f"Q[f] Then for every A >0,

lim logT(r. fo9) _

r-o log T (14, F)

If further p; < andforn =1, G = g"Q[g], then
lim 08T fo9) _
r-o log T(r4, G)

Proof: Since A, > 0, 45 , = oo {cf. [2]}. So it follows that for arbitrary large N and for all sufficiently large values of
ri
logT(r, f,g) > AN logr. (15)

Again since ps < oo, for all sufficiently large values of r we get by Lemma 4 that
logT(r*,F) < A(p; + 1) logr. (16)

Now from (15) and (16), it follows for all sufficiently large values of r that
logT(r, f,9) AN logr

>
logT(r4,F) = A(ps + 1) logr

log T(r.fog) _

and so lim,._,, s TGAT) =

Again since p, < oo, then for all sufficiently large values of r we obtain by Lemma 5 that
logT(r4,G) < A(py + 1) logr. (17)

Now from (15) and (17), it follows for all sufficiently large values of r that
log T(r.,f,9) AN log r 18
log T(r4,6) = A(pg+1)logr’ (18)

Thus the theorem follows from (18).
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Theorem: 7 Let f be a transcendental meromorphic function with 0 < A, < ps < andforn =1, F = f*Q[f] and g
be entire. Then
lim #up log (217 (exp (rP9)fo9) _

TO%  og T(exp (rH)F) oo, where 0 < < Pg:

Proof: Let 0 < pu < pg- Then in view of Lemma 3, we get for a sequence of values of r tending to infinity that
logT(r, f,9) = logT (exp(r* ), f)

i.e,logT(r,f,9) = ()lf - e) log{exp(r”l)}
i.e,logT(r, f,9) = ()lf - e)r",
i.e., logl®IT(r, £,g) = 0(1) + ' logr.
So for a sequence of values of r tending to infinity,
logl?IT (exp(179), f,g) = 0(1) + p' log{exp(r"9)}
i.e., loglIT (exp(r?9), f,g) = 0(1) + u'rPs. (19)

Again in view of Lemma 4, we obtain for all sufficiently large values of r that
logT(exp(r*), F) < (pr + €) log{exp(r*)}

i.e., logT(exp(r*),F) < (pf +&)rk, (20)
Combining (19) and (20), it follows for a sequence of values of r tending to infinity that

log [Z]T(exp (rpg),fog) > 0(1)+u'rp9
log T(exp (r#),F) = (pfte)rH '

(21)

Since u < py, we get from (21) that

7 logT(exp(r#), F)
This proves the theorem.

Remark: 7 The condition u < p, in Theorem 7 is essential as we see in the following example.

Example: 7 Let f=expz,g=2z and p=1. Then 4, =1=ps,p, =0 and let for n > 1, F = f*Q[f]. Taking

we see that F = exp(2z). Also
T
T(r,expz) = —
So

log /T (exp(r*0), /,9) = 10877 (e, exp ) = logl? (£) = 0()
2exp r

and logT(exp(r*),F) =logT(expr,exp2z) = log{T} =r+0(1).

Therefore

= — =),
"7*  logT(exp(r#), F) T r+0Q)
which is contrary to Theorem 7.

Theorem: 8 Let f be rational and g be transcendental meromorphic satisfying
0<A, < ;_)fog < oo,
(i) 0<4y <p, <o and
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(iii) forn =1, G = g"Q[g]. Then for any positive number A,

1o, = oG, G) = a3, = T TogPGA,6) = a3,

Proof: From the definition of hyper order and hyper lower order and by Lemma 6, we get for arbitrary positive ¢ and

for all sufficiently large values of r that
log?!T(r, f,9) = (4, — &) logr

and logiIT(r4,6) < (p, + ) logr™
i.e., loglPlT(r4,6) < A (ﬁg + s) log.

Combining (22) and (23), we obtain for all sufficiently large values of r that
log®T(r, £, 9) - (4,4 — €)logr

2 A - — '
logl?IT(r4,6) ~ 4 (pg + s) logr

Since (> 0) is arbitrary, it follows from above that

liméinf 10817 f09) o Arog
r—oow log[Z]T(rA,G) = Aﬁg.

Again for a sequence of values of r tending to infinity,
loglIT(r, f,9) < (4, , + €)logr.

Also in view of Lemma 6, we have for all sufficiently large values of r,
loglP!T(r4,6) = (25 — €) logr”

ie., loglPlT(r4,6) > A(Ig —¢)logr.

Combining (25) and (26), we get for a sequence of values of r tending to infinity that
log?1T(r, £, 9) - (4,4 + €)logr
log®IT(r4,6) ~ Ay —€)logr

As g(> 0) is arbitrary, it follows from above that

liméinf 108 *IT(f09) _ Ao
720 YogRIT(rA6) = Az,

Also for a sequence of values of r tending to infinity and by Lemma 6,
logl!T(r4,6) < A(Ag + €)logr
i.e., logllT(r4,6) < A(ig +¢)logr.

Combining (22) and (28), we get for a sequence of values of r tending to infinity that

log[Z]T(r' fog) > Zfog

0gPIT(r,6) ~ 47,

Since (> 0) is arbitrary, it follows from above that

limf&up log [Z]T(r,fog) > Afog
T2 loglIT(r4,6) T A2,

Also for all sufficiently large values of r,
log®T(r, £, 9) < (ﬁfag + e) logr.

© 2013, IJMA. All Rights Reserved
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From (26) and (30), we obtain for all sufficiently large values of r that

log?7(r, 1) _ (Ppg * £) 1087
logl?IT(r4,G) ~ A(A, — &) logr

Since (> 0) is arbitrary, it follows from above that

limi@up log 2IT(r, P
m;_)(l)lop 0g ~ (Tfog) < f_og. (31)
logl2IT(r4,6) = Al

Thus the theorem follows from (24), (27), (29) and (31).

Theorem: 9 Let f be meromorphic and g be transcendental entire such that
(D 0<py <oo,

(ii) a, >0,

(ii)) 0 < py, 4 < o,

(iv) 0f, g < ,

(v) p; < land

(wi)forn=1, G =g"Q[g]. Then

liméine L (1 Jo9) _
r—00 —T(T, G)

Proof: From the definition of type, we have for arbitrary positive ¢ and for all sufficiently large values of r,

T(r, f,9) < (O‘fag + &)rProg, (32)
Again in view of Lemma 4, we get for a sequence of values of r tending to infinity that

T(r,G) = (o5 — &)rPs

ie, T(r,G) = (o, — &)res. (33)

Since py, , < oo, it follows that p = 0 {cf. [6]}. So in view of Lemma 7, from (32) and (33), we obtain for a sequence
of values of tending to infinity that

T(r,f,9) - (Ufog + s)r”}pg
T(r,G) = (o5 —&)rPs

(pF-Dp
i.e., T(r.fo9) < (Ufog+g)r U g

T@r,G) — (0g—2)

Since (> 0) is arbitrary, in view of condition (v), it follows that

timiinf L fog) _
r—00 —T(T,G)

This proves the theorem.

Remark: 8 The condition p; < 1 in Theorem 9 is essential which is evident from the following example.

Example: 8 Let f =z and g = expz. Then p, =1 =0y, ps, =1=05, ps=0and let G = g"Q[g] for n > 1.
Takingn = 1,4; = 1,n,; = 1 and

ny; = -+ =mny; = 0; we see that G = exp(2z). Also we have

*
pf - T —00 . T—00

log[2lr logl2lr —
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Again
2r

T(r,f,9) = -and T(r,G) = =

TI

.
Therefore liminf T0fog) _ timfint G _ 1

r—00 T(r,G) r—o E 2
which contradicts Theorem 9.
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