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ABSTRACT

In this paper, we introduce a new concept of value sharing called additive sharing to prove some uniqueness theorems
for meromorphic functions.
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1. INTRODUCTION AND DEFINITIONS

Let f and g be two non-constant meromorphic functions defined in the open complex plane C and let
ae€Cu{oo}. Wesay that f and g share the value @ CM (counting multiplicities) or IM (ignoring multiplicities)

1
provided f —a and g —a have same zeros CM or IM respectively and f, g share co CM or IM provided that T

1
and — share 0 CM or IM.
g

It is assumed that the reader is familiar with the standard notations and definitions of Nevanlinna's theory as found in

[5].

In 1979, Gundersen [4] proved the following theorems.

Theorem: A [4] If f and g share four values {ai }f IMand f = g, then outside a set E of finite linear measure:

EN(ra) . &N(ha)
(b)!'fl; T(r. 1) —!er!; T(rng)

where N(r,a,) = N(r,a;; f) = N(r,a;;g) for i =1,2,3,4.

Theorem: B [4] If f and g share three values IM, then outside a set E of finite measure,

IimsupM

r—o r, r—o

<3 and IimsupMs&

T(r,f)
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In 1989, Brosch [3] improved Theorem B by proving the following result.
Theorem: C [3] If f and g share three values CM, then

gT(r,g)(1+o(l))sT(r,f)s%T(r,g)(1+o(l))as f >oo(r £E).

Recently Banerjee and Dutta [1] introduced a new idea of value sharing known as relative sharing which runs as
follows.

Let f and g be two non-constant meromorphic functions and @ € C U{oo}. We say that f,g sharea CM(IM)
relatively with respect to a meromorphic function h, provided the functions F and G share a CM(IM) respectively

where F :i and G:g.
h h

Using this idea of relative sharing of values of meromorphic functions Banerjee and Dutta proved the followings.

Theorem: D [2] Let f and ¢ be two meromorphic functions. If there is a function h with T (r, h) = O(T (r, f ))

and T (r, h) = O(T (r, g )) such that F , G share four values {ai }f IM, then outside a set E of finite linear measure,

lim—r ") _ g
AT (,0)

EN(a) o &N(La)
O T M T
where N(r,a,) = N(r,a,;F) = N(r,a,;G) for i =1,2,3,4.

Theorem: E [2] Let f and g be two meromorphic functions. If there is a function h with T (r, h) = O(T (r, f ))
and T (r, h) = O(T (r, g )) such that F ,G share three values IM, then outside a set E of finite measure,

IimsupMSS and IimsupM<3

e T(1,9) o T(F, )

Theorem: F [1] Let f and ¢ be two non-constant meromorphic functions. If there is a function h with

T(r,h)=o(T(r,f)) and T(r,h):o(T(r,g)) such that F ,G share {ai}3

. M, then p = p, where

f
F :F and G :% and p; denotes the order of f .

In this paper, we introduce another notion of value sharing called “additive sharing' and prove parallel results of
Banerjee and Dutta {[1], [2]} using the idea of additive sharing.

First we introduce the following definition.

Definition: 1 Let f and g be two non-constant meromorphic functions and a € C u{o}. We say that f,g

sharea CM(IM) additively with respect to a meromorphic function h, provided that F and G share a CM(IM)
respectively where F = f +h and G=g+h.

Throughout the paper we assume f, g etc. are non-constant meromorphic functions defined in the open complex
plane C and S (r, f ) any quantity satisfying
S(r,f)=o(T(r.f))(r >ow,rgE).
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2. THEOREMS

In this section we prove the main results of the paper.

Theorem: 1 Let f and g be two non-constant meromorphic functions. If there is a function h with
T (r, h) = O(T (r, f)) and T (r, h) = O(T (r, g)) such that F, G share three values IM then o = p where
F=f+hadG=g+h.

Proof: We have T (r,h): S(r, f):O(T(r, f)) as I — oo, r ¢ E (aset of finite linear measure).
NowF = f +h,so T(r,F)<T(r, f)+T(r,h)+0O(1)= [L+o@]T(r, f). (1)

On the other hand, f = F —h gives
T(r, f)<T(r,F)+T(r,h)+0(1)=(1+0(1))T(r,F)

ie., (1+0(1))T(r, f)<T(r,F). )
Hence from (1) and (2), (1+0(1))T (r, f)=T(r,F). 3)
Consequently, p; = pe. (4)
Applying similar arguments we can also prove that p, = P . )

Further since F,G share three values IM, by Theorem B
%@+oa»T(nG)sT(nF)s3@+oa»T(ney

So, pr = pPg - (6)

Combining (4), (5) and (6), we get the result.

Example: 1 Let f (z)=e"—e™,g(z)=3-3e*and h(z)=e™*. Then F (z) =€" and

G(Z):B—Ze’zshare 1,2,00 CM. Here T(r,h);to(T(r, f))andT(r,h);«to(T(r,g))but Pi = Py-

Example: 2 Let f(z)=2z,9(z)=e"—e’+z and h(z)=e"—z. Then F(z)=¢" and G(z)=e* share
0,1,—1,00 CM. Here T(r,h);to(T(r, f)) and T(r,h);&o(T(r,g)) and p; # p, .

Theorem: 2 Let f and Qbe two non-constant meromorphic functions. If there is a function h with

T (r, h) = O(T (r, f )) and T (r, h) = O(T (r, g)) such that F , G share four values {ai }f IM, then outside a set
E of finite linear measure,

@tim 1)y,

=T (r,q)

_ 4N(r,ai)_- AM—
ONm2 Tty MM Ty 2

where N(r,a,) = N(r,a,;F) = N(r,a,;G) for i =1,2,3,4and F = f +h and G=g+h.

Proof: By Second Fundamental theorem, as I — oo outside a set of finite linear measure,
(3+0(1))T(r,F)< Z;N (r,a)+N(r,F).
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Using (3) and N (r, F)ST (r, F),We get at once

(2+0(1))T(r, f)<
1

2.
or, T(, f)é(5+o(1) > N(ra). )

Similarly for g,

T(r,g)s(%+o(l)j ‘N(ra). ®
Therefore, ;N (r.a)< 24: N (r,O; F-G)
. 1
:N(EF—GJ
<T(r.+5)
<T(r,F)+T(r,G)+0(1)
=[1+o(1)I(T(r, f)+T(r,g)). using (3) 9)

< (1+O(1))Z,4_1 N (r, a ) using (7) and (8).

So outside a set E of finite measure,

T(r,f)+T(r,9)

lim =1.
r—oo 4 -
i=1N(r’ai)
Let there is a sequence I, — oo such that
T(r,f 1 T(r,
#—)C<—and (%.9) —1-c

4

i=lN(rn,ai) 2 Z;N(rn,ai)
where C is a constant.
i4=l N(r,.a)

Then —
T(r,9) e

which contradicts (8).

m Zi:lN(r’ai) = lim Zi:lN(r’ai) =2
o T(r f) e T(rg)

Hence

This proves (b) .
From (9), we have

Z;N (r.a)<[+o(D)I(T(r, f)+T(r,9)) <(1+0(1)) ;N (ra)

; Z;N(r’ai) T(I’,f) Z;N(r’ai)
1.e., WS[1+0(1)][1+T(r, g)]£[1+0(1)]w
Leﬁmziiﬂgfﬁsl+ﬁmlg£l<Hmz;iﬁgfﬁ

r—o T(r'g) r—>ooT(r’g) T oo T(r,g)
© 2013, IIMA. All Rights Reserved 150



Dibyendu Banerjee*' and Biswajit Mandal’/ On Value Sharing Of Meromorphic Functions/ IIMA- 4(12), Dec.-2013.

_T(r,f)
e, 2<1+lim <2
r—mT(r’g)

T(r,f):

N r—>ooT(r’g)

This proves (a) .
This completes the proof of the Theorem 2.

Example: 3 Let f(z):ez —z,g(z):e‘z -7 and h(z): Z.Then F,G share 0,-1,1,c0. Again T(r,h)zo(T(r, f))
and T (r,h)=0(T(r,g)).Also T(r, f)~T(r,g).

Example: 4 Let f(Z) ( ) e’—e’+z and h(Z)zeZ—Z. Then F,G share 0, -1, 1, . Again
T(r,h)=o(T(r,f)). AIsoT(r f)~~T(r,g).

Theorem: 3 Let f and g be two non-constant meromorphic functions. If there is a function h with

T (r, h) = O(T (r, f )) and T (r, h) = O(T (r, g)) such that F , G share three values IM, then outside a set E of
finite measure,

T(r,f ) T(r,
Iimsupgs3 and |Imsupﬁﬁ3,where F=f+hand G=g+h.

>0 T(r,9) ro T (1, T)

Proof: Since F ,G share three values IM, so from Theorem B , outside a set E of finite measure,

: T(r,F) , T(r,G)
limsup <3 and limsup <
e T(r,G) o T (1, F)

ie, T(r,F)<3[+0@)]IT(r,G)and T(r,G) < 3[1+0@)IT(r,F).

Now using (3), T (r, f )< A+o@)]T (r, g)

ie., M <3+0(1)

T(r.9)

and hence IimsupT(r’ f) <3.
>0 T(r,9)
- : T(r.9) _
Similarly Ilmsup
ST

This proves the Theorem 3.

3z 2z z
Example: 5 Let f(Z):%;ezﬁa,g(z):l e3ez and h(Z)ZSeS

% CMand 1 IM. Again T (r,h) = 0(T(r,g)) but T(r, f)~3T(r, g).

.Then F,G share three values 0,
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