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ABSTRACT

In this paper, we generalize the concept of simple expansion due to Levine to the bitopological setting. Also, we
present some new classes of set and spaces namely, B(1, 2) *-zga-closed set, B (1, 2) "-mga-Regular and Normal
Spaces. Here, we define the notion of (1, 2)*-zga-closed sets in the extended topology as a subset A of a space X is
called B(1, 2) *-zga-closed set if B(1, 2) "-acl (4) < U whenever AC U and U is 1y, ,-w-open in X. This class of sets
and spaces not only depend on (1, 2)*-topology, but also on its simple expansion. Further, we discuss their properties
and some of their characterizations are obtained in the light of B (1, 2) *-zga-closed sets.

Keywords: B(1, 2) *-wga-closed set, B(1, 2) *-wga-irresolute, B(1, 2) *-zga-regular space, B(1, 2) *-mga-normal space.

1. INTRODUCTION

In 1963 Levine [5] started the study of generalized open sets with the introduction of semi-open sets. Since then many
topologists have utilized the concepts to the various notions of subsets, weak axioms, weak regularity, weak normality
and weaker and stronger forms of covering axioms in the literature. The concept of g-regular and g-normal spaces in
topological spaces were introduced and studied by Munshi [6]. Further, Noiri and Popa [7] investigated the concepts
introduced by Munshi [6]. M. E. Abd EI. Monsef et al [1] have developed and studied Bg-closed sets, gB-continuity
and gB-irresolute map. In 2010 Vadivel [10] have defined the notion of B-Generalized Regular and B-Generalized
Normal spaces in topological spaces. Using 1, g-closed and t"g,-closed sets, Nirmala Irudayam and I. Arockiarani [8, 9]
introduced t,"g-regular, normal spaces and T, —regular, normal spaces in simple extension. The notion of (1, 2)*-nga-
closed set was introduced by I. Arockiarani and K. Mohana [2]. In this paper we apply B(1, 2) *-nga-closed sets as a
tool to extend the two classes of spaces called B(1, 2) *-nga-regular and B(1, 2) *-nga-Normal spaces in bitopological
spaces. Also we characterize the basic properties along with weaker forms of regularity and normality.

2. PRELIMINARIES
We list some definitions which are useful in the following sections. Throughout, this paper (X, 11, 1), (Y, 61, 62),

(Z, 1, M) [briefly X, Y, Z] represent non-empty bitopological spaces on which no separation axiom is defined,
unless otherwise mentioned.

Definition: 2.1 [4] A subset S of a bitopological space X is said to be 1, ,-open if SSAU B where A € r1and Ber,

A subset S of X is said to be (i) 11, ,-closed if the complement of S is 11, ,-0pen. (ii) Ty ,-clopen if S is both t; ,-open and
Ty, p-Closed.

Definition: 2.2 [4] Let S be a subset of the bitopological space X. Then the 1, ,-interior of S denoted by 1y ,-int(S) is
defined by U{G: GcS and G is 1, ,-open set} and the 1; ,-closure of S denoted by t;, ,-CI(S) is defined by

N {F: SCFandF is 1y ,- closed set}.
The family of allt; ,-closed sets of X will be denoted by 11, ,-C(X).
The set T1, z-C(X, X) = {V €1, 2'C(X) /xe V}, for xe X.

Remark: 2.3 [4] 1, ,-0pen sets need not form a topology.
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Definition: 2.4 [4] A subset A of a bitopological space X is called
(i) (1, 2)*-regular open if A= 1, ,-int (1, -l (A)).
(ll) (1, 2)*'0. -open ifA C 1, o-int (Tl, o-cl (le z'int (A)))

The complement of the sets mentioned from (i) and (ii) are called their respective closed sets.

Definition: 2.5 [2] The finite union of (1, 2)*-regular open sets is said to bet; ,-n-open. The complement of T,
»-m-0pen is said to be t; ,-n-closed.

Definition: 2.6 [2] A subset A of a bitopological space X is called (1, 2)*- nga - closed if (1, 2)*-acl (A) cU
whenever AC U and U is 1, ,-n-open. The complement of the above set is called (1, 2)*- tga-open set.

Definition: 2.7[3] A functionf: (X, 13, ) — (Y, 01, 6,) is called (1, 2)*-nga-irresolute if f (V) is (1, 2)*-nga-closed in
X, for every (1, 2)*-nga-closed set V of Y.

3.B (1, 2) *-nga-CLOSED SETS

Definition: 3.1 Let B be a subset of a bitopological space X then 1, ,"(B) is defined by t,,"(B) = {0U(0'B):
Oet;, and called its simple expansion of 1, o' €11,} by B, where B ¢ 1,,(0)

Definition: 3.2 A subset of X belonging to t; , (B) is denoted by B 1, ,-open set, the complement of B 1, ,-open set is
denoted by B 1; ,-closed set.

Defintion: 3.3 The Bty ,-interior of S, denoted by B 1, ,-int(S) is defined by U {G: G < S and G is 1y, ,-0pen in
71,2 (B)}. The B 14 ,-closure of S, denoted by N {F: S C F and F is t; ,-closed in 1y, (B)}.

Definition: 3.4 A subset A of a bitoplogical space X is called B (1, 2) *-o-open if A C B 1y, —int (B 11, ¢l (B 1y, »-int
(A))). The complement of B (1, 2) *-a-open set is called B (1, 2) *-a-closed set.

Definition: 3.5
(i) A subset A of a space X is B (1, 2) *-o-regular if A is both B (1, 2) *-a-open and B (1, 2) *-o-closed.
(i) The B (1, 2) "-a-closure of S, denoted by B (1, 2) *-acl(S) is defined by N {F: S < Fand Fis (1, 2) "-a-closed in

71,2 (B)}

The family of all B (1, 2) *-a-open [B 1, , -open] sets is denoted by B (1, 2) *-aO(X) [B 11, ; -O(X)] and the family of
all B (1, 2) "-o-closed [B 11, -closed] sets is denoted by B (1, 2) *-aC(X) [B 11, ,-C(X)].

Definition: 3.6 A subset A of a bitopological space X is said to be

(i) B(1,2) "-g-closed set if B 1; ,-cl (A) < U whenever A < U and U is 1; ,-open in X.

(i) B(1,2) "-ng-closed set if B 11 »-cl (A) < U whenever A C U and U is 1y, ,-n-open in X.

(i) B (1, 2) "-nga-closed set if B (1, 2) "-ocl (A) < U whenever A < U and U is 1, ,-n-open in X.

Example: 3.7 Consider X = {a, b, ¢}, t1 = {0, X, {a}},72 = {6, X, {b}}. Let B={c}. Here the B (1, 2) *-nga-closed
sets are {¢, X, {a}, {b}, {c}, {a, b}, {a, c}, {b, c}}.

Theorem: 3.8 The union of two B (1, 2) "-nga-closed set is B (1, 2) *-nga-closed.

Proof: Let A and B be B (1, 2) *-nga-closed sets. Let U be 1 , -m-open set such that A\ B C U. This implies AC U
and B C U. Since A is B (1, 2) *-nga-closed set, we have B (1, 2) "-acl (A) < U. Also B is B (1, 2) *-ngo-closed
set, we have B (1, 2) *-acl (B)C U. That is, B (1, 2) *-acl (A) UB (1, 2) *-acl (B) < U. This implies B (1, 2) *-acl
(AU B) C U whenever AU B C U where U is 14, , -n-0pen.

Theorem: 3.9

(i) Every closed setin 1y , (B) is B (1, 2) *-nga-closed set.

(ii)Every B (1, 2) *-g-closed set in 11, (B) is B (1, 2) "-nga-closed set.
(i) Every B (1, 2) "-ng-closed set in 11 5 (B) is B (1, 2) "-nga-closed set.
Proof: The proof is obvious.

The converse of the above theorem is not true in general. The following examples shows this result.
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Example: 3.10 Consider X = {a, b, ¢}, 11 = {0, X, {a}}, ©> = {6, X, {a, b}}. Let B={c}. Here the B (1, 2) *-nga-
closed sets are {9, X, {a}, {b}, {c}, {a, b}, {a, c}, {b, c}}. Then {a, c} is B (1, 2) *-ngo-closed set, but not B 1; ,-closed
set.

Example: 3.11 In example 3. 10, the B (1, 2) *-g-closed sets are {¢, X, {b}, {c}, {a, b}, {a, c}, {b, c}}. Then {a} is
B (1, 2) "-nga-closed set but not B (1, 2) *-g-closed set.

Example: 3.12 Consider X = {a, b, c, d}, ©1 = {¢, X, {d}, {c, d}, {a, d}, {a, c, d}}.,t> = {0, X, {a, c}}. Let B = {a}.
Here the B(1, 2) *-nga-closed sets are {¢, X, {b}, {c}, {b, c}, {a, b}, {b, d}, {a, b, c}, {b, c, d}, {a, b, d}} and B (1, 2)
*-mg-closed sets are {¢, X, {b}, {b, c}, {a, b}, {b, d}, {a, b, c}, {b, ¢, d}, {a, b, d}} . Then {c} is B(1, 2) *-nga-closed
set but not B (1, 2) "-ng-closed set.

4.B (1, 2) *-ngo-REGULAR SPACES

In this section, we introduce B(1, 2)*-mgo-regular space in bitopological spaces and also we obtain some
characterizations of B (1, 2) *-nga-regular spaces.

Definition: 4.1 A subset A of a space X is said to be B (1, 2) *-nga-regular if for every B(1, 2)*-nga-closed set F and a
point x & F, there exist disjoint B (1, 2) *-a-open sets U and V such that FC U and x € V.

Theorem: 4.2 For a bitopological spaces X, the following are equivalent;

1. XisB(1, 2) *-nga-regular.

2. Every B(1, 2) "-ngo-open set U is a union of B (1, 2) "-a-regular sets.

3. Every B(1, 2) "-nga-closed set A is an intersection of B (1, 2) *-ngo-regular sets.

Proof:

[1]1=>[2]: Let U be a B (1, 2) "-nga-open set and let x € U. If A = X-U, then A is B(1, 2) "-nga-closed. By assumption
there exist disjoint B (1, 2) *-a-open subsets W, and W, of X such that x € W; and A C W,. If V = B (1, 2) "-ocl (W)
then V is B (1, 2) "-a-closed and VN A C V N W, = ¢. It follows that x€ V C U. Thus U is a union of B (1, 2) *-
a-regular sets.

[2] => [3]: This is obvious.

[3] => [1]: Let A be B (1, 2) *-nga-closed and let x & A. By assumption there exists a B (1, 2) *-a-regular set V such
that AC V and Xx& V. If U = X/V, then U is B (1, 2) *-a-open set containing x and UNV = ¢. Thus, X is B(1, 2) *-
nga-regular.

Definition: 4.3 A bitopological space X is called a

(1) B (1, 2) *-nga-open-T, if for each pair of distinct points, there exists an B (1, 2) *-nga-open set containing one
point but not the other.

(2) B (1, 2) "-nga-open-T; if for any two distinct points x, y in X, there exists a pair of B (1, 2) *-ngo. -open sets, one
containing x but not y and the other containing y but not x.

(3) B (1, 2) "-a-open-T, if for each pair of distinct points x and y in X, there exist disjoint B (1, 2) *-o. -open sets U
and Vin X suchthatxe Uandy e V.

(4) (B, B (1, 2) *-ngo-open-Ry )-space if B (1, 2) *-ngocl ({x}) < U whenever U is B (1, 2) *-nga-open and x € U.

Theorem: 4.4 Every B (1, 2) *-nga-regular space X is both B(1, 2) *-a-T, and (B, B (1, 2) *-nga-open-R, )-space.

Proof: Let X be B (1, 2) *-ngo-regular space and let x, y € X such that x #y. By theorem 4. 2. {x} is either B(1, 2) *-
a-open (or) B(1, 2) *-a-closed. Since every space is B (1, 2) *-a-T,. If {x} is B (1, 2) "-a-open, hence B (1, 2) *-nga-
open. Thus {x} and X — {x} are separating B (1, 2) *-a-open sets. If {x} is B (1, 2) *-o-closed, then X — {x} are
B (1, 2) "-a-open and hence by theorem 4. 2 X is the union of B(1, 2) *-a-regular sets. Hence there is a B (1, 2) *-a-
regular set V. X — {x} containing y. This proves that X is B(1, 2) *-a-T,. By Theorem 4. 2. it follows immediately

that X is also (B, B (1, 2) *-nga-open-Ro)-space.

Definition: 4.5 The intersection of all B (1, 2) *-nga-closed sets containing A is called B (1, 2) *-nga-closure of A and
is denoted by B (1, 2) *-ngo-cl (A).

Theorem: 4.6 The following are equivalent for a space X:

1. XisB (1, 2) "-nga-regular.

2. B(1,2) *-nga-cl (A)=(1{F: ACFand Fis B (1, 2) -nga-closed in X} for each subset A of X.
3. B (4,2) "-ngo-cl (A) = Afor each B (1, 2) "-nga-closed A.
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Proof:

(1) => (2): For any subset A of X, we have Ac (1 {F: AC Fand Fis B (1, 2) *-nga-closed in X} Z B (1, 2) *-nga-cl
(A). Suppose x€ X\ [ {F: AC Fand Fis B (1, 2) *-nga-closed in X}, then there exists a B (1, 2) *-ngo-closed set F
such that x € X\F, AC F. Since X is B (1, 2) "-nga-regular, there exists disjoint B (1, 2) *-a-open sets U and V such
that x € U and F  A. Therefore, we have xe U B (1, 2) *-acl(U) = X\V < X\F < X\A.

Hence, B (1, 2) *-acl(U) N A = ¢. Therefore, x € X \ B (1, 2) *-nga-cl (A). Hence () {F: AC Fand Fis B (1, 2) *-nga-
closed in X}=B (1, 2) "-nga-cl (A).

(2) => (3): We always have AC B (1, 2) "-nga-cl (A) to be true.

Now to prove B (1, 2) *-nga-cl (A)CA. B (1, 2) "-nga-cl (A) is the smallest B (1, 2) "-nga-closed set and A is a
B (1, 2) "-nga-closed set contained in F.

Therefore, B (1, 2) "-nga-cl (A) CA=>A=B (1, 2) "-ngo-cl (A).

(3) => (1): Let F be any B (1, 2) "-mgo-closed set and x € X\F, then x € B (1, 2) "-nga-cl (F). Then there exists an
B (1, 2) "-a-open set U such that B (1, 2) "o cl(U) N F = ¢. Therefore, we have F < X\B (1, 2) *-a cl(U). Also U and
X\B (1, 2) *-a cl(U) are disjoint hence X is B (1, 2) *-nga-regular. Hence the proof.

Theorem: 4.7 Let X be a bitopological space. Then the following statements are equivalent.

(1) XisB (1, 2) -nga-regular.

(2) For each point x € X and for each B (1, 2)"-nga-open nbhd W of x, there exists a B (1, 2) "-a-open set U of X
such that B (1, 2) *-acl(U) & W.

(3) For each point x € X and for each B(1, 2) *-mga-closed set F not containing x, there exists a B (1, 2) *-a-open set
V of X such that B (1, 2) "-acl(V )NF = ¢.

Proof:

(1) => (2): Let W be any B (1, 2) "-nga-open nbhd of x. Then there exists an B (1, 2) *-mga-open set G such that
x €G CW. Since G°is B(1, 2) "-nga-closed and x & G°, by hypothesis, there exist B (1, 2) *-a-open sets U and V
such that G° C U, xeV and UNV = ¢ and so V C U°. Now B (1, 2) "-acl (V) < B (1, 2) "acl (U°) = U° and
G'C UimpliesU°C G < W. Thus B (1, 2) "-acl (U) C W.

(2) => (1): Let F be any B (1, 2) *-nga-closed set and x €F. Then x €F°and F®is a B (1, 2) *-nga-open and so F° is
an B (1, 2) "-nga-nbhd of x. By hypothesis, there exists a B (1, 2) *-a-open set V of x such that x € V and B (1, 2) *-
acl(V) < F°, which implies FC (B (1, 2) *-ocl(V ))". Then (B (1, 2) *-acl (V)) “is B (1, 2) *-a-open set containing F
and V N (B (1, 2) "-acl(V))° = ¢. Therefore X is B(1, 2) *-nga-regular.

(2)=> (3): Let xe X and F be a B(1, 2) "-nga-closed set such that x € F. Then F®is a B (1, 2) "-nga-nbhd of x and by
hypothesis, there exists a B (1,2) *-a-open set V of X, such that B (1,2) *-acl(V) < F° and hence B (1,2) *-o- cl(V) NF
= ¢

(3)=> (2): Let xe X and W be a B(1, 2) *-nga-nbhd of x. Then there exists a B (1, 2) *-nga-open set G such that
Xx€G C W. Since G° is B (1, 2) "-nga-closed and x & G°, by hypothesis there exists a B (1, 2) *-a-open set U of x
such that B (1, 2) "-acl(U) N G° = ¢. Therefore, B(1, 2) "-acl(U) G C W.

Theorem: 4.8 A bitopological space X is B (1, 2) *-nga-regular if and only if for each B (1, 2) *-ngo-closed set F of X
and each x e F°, there exist B (1, 2) *-a-open sets U and V of X such that x € Uand F  V and B (1, 2) "-ocl(U) NB

(1, 2) *-acl(V) = ¢.

Proof: Let F be a B (1, 2) *-ngo-closed set of X and x & F. Then there exist B (1, 2) *-a-open sets U, and V suchthat x
€ U,, FC Vand U, NV = ¢. Which implies that U, N B (1, 2) "-acl(V) = ¢. Since X is B (1, 2) *-nga-regular, there
exist B (1, 2) *-a-open sets G and H of X such that x €G, B (1, 2) "-acl(V) CH and GN H = ¢. This implies
B (1, 2) "-acl(G) N H = ¢. Now put U = U, N G, then U and V are B (1, 2) *-a-open sets of X such that x€ U and F C
Vand B (L, 2) *-acl(U) N B (1, 2) *-acl(V) = ¢.

Converse is obvious.
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Definition: 4.9 A space X is said to be B (1, 2) *-a-symmetric if for any distinct points x and y of X, x€B (1, 2) *-
acl{y} implies that y € B (1, 2) "-acl{x}.

Definition: 4.10 A space X is called B (1, 2) "-a-Urysohn if for every pair of points X, y € X, x# y there exist
UEB (1,2) -a0(x), VEB (1, 2) *-a0(y) such that B(1, 2) "-acl(U)NB(1, 2) *-acl(U) = ¢.

Theorem: 4.11 A space X is B(1, 2)"-a-symmetric if and only if {x} is B (1, 2) *-nga-closed in X for each x € X.

Proof: Sufficiency part: Suppose x € B(1, 2)*-a cl{y}. But yg B(1, 2)"-a cl{x}, then y € B (1, 2) *-a cl{x}°. Thus B
(1, 2)*-acl{y} €B (1, 2)"-0 cl{x}, then x € B(1, 2)"-a cl{x}, which is a contradiction.

Necessity Part: Suppose {x} C O €1, ,. But {x} O then B(1, 2)*-a cl{x} N O° = ¢. Let y € B (1, 2)*-a cl{x} N O°
therefore x € B(1, 2)™-a cl{y} < O°and x ¢ O, which is a contradiction. Hence the proof.

Theorem: 4.12 If a space X is B (1, 2) "-nga-regular and B (1, 2) *-a-symmetric, then it is B (1, 2) "-o-Urysohn.

Proof: Let x and y be any distinct points of X. Since X is B (1, 2) *-a-symmetric, {x} and {y} are B (1, 2) *-nga-closed
in X. By theorem 4. 8, there exists B (1, 2) *-a-open sets U and V such that x € U and y € V and B (1, 2) *-acl (U) N B
(1, 2) "-acl (V) = ¢. This implies X is B (1, 2) "-a-Urysohn.

Theorem: 4.13 If a space X is B (1, 2) *-nga-regular and B (1, 2) *-a-symmetric, then it is B (1, 2) *-o-open-T».

Proof: Let x and y be any distinct points of X. Since X is B (1, 2) *-a-symmetric, {x} and {y} are B (1, 2) *-nga-closed
in X. Since X is B (1, 2) *-nga-regular, there exists disjoint B (1, 2) *-a-open sets U and V such that {x} C U and {y}

C Vand U N V= ¢. This implies X is B (1, 2) *-a-open-T».

Lemma: 4.14 If Y is a B (1, 2) *-nga-closed set of a space X and A is a B (1, 2) *-nga-closed set of the subspace Y,
then A is B (1, 2) "-ngo-closed set of X.

Proof: Let AC O. Suppose O is B (1, 2) *-a-open in X, then AC YNO. Hence B (1, 2) *-acl(A) < YNO. It follows
that YNB (1, 2) "-acl (A)C YNO and Y C OU[B (1, 2) "-ocl (A)]°. Therefore, B (1, 2) "-ocl (A) Z B (1, 2) *-acl(Y)
C 0 UI[B(1,2) "acl (A)]°and B (1, 2) *-acl (A) < O. This shows that, A is B (1, 2) *-nga-closed set in X.

Theorem: 4.15 If X is a B (1, 2) *-nga-regular space and Y is a B (1, 2) *-nga-closed subset of X, then the subspace Y
is B (1, 2) *-nga-regular.

Proof: Let A be any B (1, 2) "-nga-closed set of Y, y€ Y \ A, by lemma 4. 14, A is B (1, 2) *-ngo-closed set in X.
Since X is B (1, 2) "-nga-regular, there exists disjoint B (1, 2) *-a-open sets U and V of X such that y € U and AC U.

Therefore UNY and VNY are disjoint B (1, 2) *-a-open sets of the subspace Y, such that y € UNY and A < VNY. This
implies that the subspace Y is B (1, 2) *-nga-regular.

Definition: 4.16 A map f : X— Y is called M - B (1, 2) *-a-open (resp. M-B (1, 2) "-a-closed) if f(V) is B (1, 2) *-a-
open(resp. B (1, 2) "-o-closed )set in Y for every B (1, 2) *-a-open(resp. B (1, 2) *-a-closed) set V of X.

Definition: 4.17 A map f: X — Y is called B (1, 2) *-ngo-continuous (resp. B (1, 2) *-nga-irresolute) if (V) is
B (1, 2) "-nga-openset in X, for every B 1; ,- (resp. B (1, 2) "-nga-) open set V of Y.

Theorem: 4.18 If f: X — Y is bijectiveB 11, ,-0pen and B (1, 2) *-nga-continuous, then it is B (1, 2) *-ngo-irresolute.

Proof: Let AbeaB (1, 2) -nga-closed set in Y. Let f *(A) < O, where O is B 1; ,-open in X. Therefore, Acf (O),
holds. Since f () is B 1, ,-open and A is B (1, 2) *-ngo-closed in Y. B (1, 2) *-acl (A)  f (O) holds. Hence f (B (1,
2) *-acl (A)) C O. Since fis B (1, 2) *-nga-continuous, B (1, 2) *-acl (A) is B (1, 2) *-a-closed in Y, f (B (1, 2) *-acl
(A)) < 0. S0 B (1, 2) *-acl (f (A)) < O. Therefore, f *(A) is B (1, 2) *-nga-closed in X. Hence, fis B (1, 2) *-nga-
irresolute.

Theorem: 4.19 If f: X — Y is an B 11 ,-open, B (1, 2) *-nga-continuous bijection and X is B (1, 2) *-ngo-regular, then
Y is B (1, 2) *-nga-regular.

Proof: Let F be any B (1, 2) *-nga-closed set in Y and ye Y \ F. Since f is B 1, ,-open, B (1, 2) *-mga-continuous
bijective then f is B (1, 2) *-ngo-irresolute. Hence f *(F) is B (1, 2) *-nga-closed in X, for every B (1, 2) *-nga-closed
set Fin Y. Let f(x) = y, we have x € X\f *(F). Since X is B (1, 2) *-nga-regular, there exist disjoint B 1, ,-open sets U
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and V such that x€ U, f {(F) = V. Since f is B 1, ,-open and bijective, y € f(U), F = f(V). Hence f(U)N f(V) = ¢.
Therefore, Y is B (1, 2) "-nga-regular.

Theorem: 4.20 If X is B (1, 2) "-nga-regular space and f: X — Y is bijective, B (1, 2) "-ngo-irresolute and M- B (1, 2)
“-a-open, then Y is B (1, 2) *-nga-regular space.

Proof: Lety €Y and F be any B (1, 2) *-nga-closed subset of Y with y & F. Since fis B (1, 2) *-nga-irresolute, f(F)
is B (1, 2) *-ngo-closed set in X. Since f is bijective. Let f(x) = y, then x # f'(y). By hypothesis, thereexist B (1, 2) *-a-
open sets U and V such that x € U and f!(F) V. Since f is M- B (1, 2) *-a-open and bijective. We have y € f (U)
and F C f (V) and f (U) Nf (V) = f(U NV) = ¢. Hence Y is B (1, 2) "-nga-regular space.

Theorem: 4.21 If f: X — Y is B (1, 2) "-ngo-irresolute and M- B (1, 2) "-o-closed and A is a B (1, 2) *-nga-closed
subset of X, then f (A) is B (1, 2) *-nga-closed.

Theorem: 4.22 Iff: X =Y is B (1, 2) *-ngo-irresolute, M- B (1, 2) *-a-closed and injective and Y is B (1, 2) "-ngo-
regular, then X is B (1, 2) *-ngo-regular.

Proof: Let F be any B (1, 2) "-nga-closed set of X and x & F. Since f is (1, 2) *-nga-irresolute, M-B (1, 2) *-a-closed,
by Theorem 4. 21., f (F) is B (1, 2) *-nga-closed inY and f(x) & f (F). Since Y is B (1, 2) *-nga-regular and so there
exist disjoint B (1, 2) *-a-open sets U and V in Y such that f(x) € U and f (F) C V. By hypothesis, f*(U) and f*(V) €
B (1, 2) *-aO(X) such that x € f(U) and F < f*(V ) and £(U) N f*(V ) = ¢. Therefore X is B (1, 2) *-nga-regular.

5.B(1, 2) *-nga-NORMAL SPACES

Definition: 5.1 A bitopological space X is called a B (1, 2) *-nga-normal, if for every pair of disjoint B (1, 2) *-nga-
closed subsets A and B , there exist disjoint B (1, 2) *-a-open sets U and V of X such that AcU and BcV.

Theorem: 5.2 Let X be a bitopological space. Then the following statements are equivalent:

(1) XisB (1, 2) "-ngo-normal.

(2) For each B (1, 2) "-mga-closed set F and for each B (1, 2) "-mga-open set U containing F, there exists a
B (1, 2) "-a-open set V containing F such that B (1, 2) *-ocl(V) Z U.

(3) For each pair of disjoint B (1, 2) *-mgo-closed set A and B in X, there exists a B (1, 2) *-a-open set U containing A
such that B (1, 2) -acl (U)NB = ¢.

(4) For each pair of disjoint B (1, 2) *-nga-closed set A and B in X, there exists a B (1, 2) *-o- open sets U and V
suchthat A C U, B C Vand B (1, 2) -a-cl(A) N B (1, 2) *-a-cl(B) = ¢.

Proof:

(1) — (2): Let Fbe a B (1, 2) "-nga-closed set and U be a B (1, 2) *-nga-open set such that F C U. Then F NU° = ¢. By
assumption, there exist B (1, 2) *-a-open sets V and W such that FC U, U°C W and VN W = ¢, which implies
B (1, 2) "-a-cl(V) N W = ¢. Now B (1,2) *-a-cl (V) NU°C B (1, 2) *-a-cl (V) "W = ¢ and so B (1, 2) "-a-cl(V) C U.

(2) — (3): Let A and B be disjoint B (1, 2) *-nga-closed sets of X. Since A\B = ¢, AC B®and B is B (1, 2) *-nga-
open. By assumption, there exists B (1, 2) *-a-open set U containing A such that B (1, 2) *-acl(U) < B®and so B (1, 2)
“~acl(U)NB = ¢.

(3) — (4): Let A and B be B (1, 2) *-ngo-closed sets of X. Then by assumption, there exists B (1, 2) "-o-open set U
containing A such that B (1, 2) *-acl(U)NB = ¢. Since B (1, 2) *-acl(A) is B (1, 2) *-a-closed, it is B (1, 2) *-nga-closed
and so B and B (1, 2) "-ocl(A) are disjoint B (1, 2) "-nga-closed sets in X. Therefore again by assumption, there exists a
B (1, 2) *-a-open set V containing B such that B (1, 2) *-acl(A) N B (1, 2) *-acl(B) = ¢.

(4) — (1): Let A and B be any disjoint B (1, 2) *-nga-closed sets of X. By assumption, there exist B (1, 2) *-o-open sets
U and V such that A C U, B C V and B (1, 2) "acl(A) NB (1, 2) "-ocl(B) = ¢, we have UN V = ¢ and thus X is
B (1, 2) "-nga-normal.

Theorem: 5.3 If f: X — Y is bijective, B (1, 2) *-ngo-irresolute and M- B (1, 2) *-a-open mapping and X is B (1, 2) *-
ngo-normal space, then Y is B (1, 2) *-nga-normal space.

Proof: Let A and B be any disjoint B(1, 2) *-ngo-closed subset of Y. Since f is B (1, 2)*-nga-irresolute, f*(A) and
£1(B) are disjoint B (1, 2) *-nga-closed set of X. As X is B (1, 2) *-nga-normal space, there exist disjoint B (1, 2) *-a-
open sets U and V such that f*(A) C U and f(B) C V. Since f is M- B (1, 2) *-a-open and bijective. We have f(U) and
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f(V) are B (1, 2) "-o-open sets in Y such that A C f(U) and B C f(V) and f(U)Nf(V ) = ¢. Hence Y is B (1, 2) *-ngo-
normal space.

Theorem: 5.4 If f: X =Y is B (1, 2) *-ngo-irresolute, M- B (1, 2) *-a-closed and B (1, 2) *-a-irresolute injective and Y
is B (1, 2) *-mga-normal, then X is B (1, 2) *-ngo-normal.

Proof: Let A and B be any two disjoint B (1, 2) *-nga-closed sets of X. Since the map f is B (1, 2) *-ngo-irresolute,
M- B (1, 2) "-a-closed, by Theorem 4. 12, f (A) and f (B) are disjoint B (1, 2) *-nga-closed sets of Y. Since Y is
B (1, 2) *-nga-normal, there exist disjoint B (1, 2) *-a-open sets U and V in Y such that f (A) — U and f (B) C V.
That is, AC f(U) and B f™(V) and f (U) N £ (V) = ¢. Since fis B (1, 2) *-a-irresolute, ¥'(U) and f(V) are B
(1, 2) *-a-open sets in X, we have X is B (1, 2) *-nga-normal space.

Theorem: 5.5 Suppose that B AC X, Bis B (1, 2) *-nga-closed set relative to A and that A is B (1, 2) *-a-open and
B (1, 2) *-nga-closed in X. Then B is B (1, 2) *-nga-closed in X.

Theorem: 5.6 If X is B (1, 2) *-nga-normal space and Y is an B (1, 2) *-a-open and B (1, 2) *-ngo-closed subset of X,
then the subspace Y is B (1, 2) *-nga-normal.

Proof: Let A and B be any two disjoint B (1, 2) "-nga-closed sets of Y. By theorem 5. 5 and A and B are B (1, 2) *-
nga-closed in X. Since X is B (1, 2) "-nga-normal, there exists disjoint B (1, 2) *-a-open sets U and V of X such that
AC Uand BC V. Since Y is B (1, 2) "-a-open, UNY and V NY are disjoint B (1, 2) *-a-open sets of the subspace Y.

Hence the subspace Y is B (1, 2) *-nga-normal.

Theorem: 5.7 If f: X — Y is bijective, B (1, 2) *-ngo-continuous and M- B (1, 2) *-a-open mapping and X is B (1, 2) *-
ngo-normal space, then Y is B (1, 2) *-nga-normal space.

Proof: Let A and B be any disjoint B (1, 2) *-nga-closed subset of Y. The map f is B (1, 2) *-nga-irresolute by theorem
4.18 and so f*(A) and f*(B) are disjoint B (1, 2) *-nga-closed set of X. Since X is B (1, 2) *-nga-normal space, there
exist disjoint B (1, 2) *-a-open sets U and V such that f(A) C U and f}(B) < V. Since f is M- B (1, 2) *-0-open and
bijective. We have f(U) and f(V) are B (1, 2) "-a-open sets in Y such that A C f(U) and B C f(V) and f(U)Nf(V) = ¢.
Hence Y is B (1, 2) "-nga-normal space.
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