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ABSTRACT

In this paper, we introduce the concept of fuzzy soft ideals of K-algebras and investigate some of their properties. We
discuss about fuzzy soft inverse images of fuzzy soft ideals. Also we introduce the notion of (¢, ¢ V/q)-fuzzy soft ideals of
K — algebra and obtain it’s characterization.
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1. INTRODUCTION

The notion of a K-algebra (G, -,®, e ) was first introduced by Dar & Akram[3] in 2003. A K-algebra is an algebra built
on a group (G, ., e) by adjoining an induced binary operation ® on G which is attached to an abstract K-algebra
(G, -, ®, e). This system is in general non commutative and non associative with a right identity e if (G,-, e) is non
commutative. Fuzzy sets and soft sets are two different computing models for representing uncertainty & vagueness. In
this paper we apply these models in combination to study uncertainty & vagueness in fuzzy soft ideals of K-algebras.

2. PRELIMINARIES
In this section, we recall some basic concepts that are necessary for subsequent discussion.

Definition: 2.1 Let (G, -, ) be a group in which each non identity element is not of order 2. Then a K -algebra is a
structure %= (G, -, ®, e) on a group G in which induced binary operation ®: GxG — G is defined by ® (x, y) = x y-*
and satisfies the following axioms

(KHXOY)OKXO02)=(x0O(02)O(e0Y) OX

(K)xO(xOY)=(x0O(e0Y) Ox

(K3))xOx=¢e

(Kd)x©e=x

(K5)e® x=x"forallx,y,z€ G

Definition: 2.2 Let X be a non-empty set. A fuzzy subset of X is defined as a mapping from X into [0, 1].

t€(0,1]ify = x
0 ify # x
x & value t and is denoted by x.. For a fuzzy point x;and a fuzzy set p in a set X the symbol x; o u where a €{¢, q, € V
g, € A g}. A fuzzy point x, is called belong to a fuzzy set p written as x; € p if u(x) > t. A fuzzy point x, is called quasi
coincident with a fuzzy set p written as x; q p if p(x) +t>1. xc eV q p (respectively x, € A q p) means that x; € p or
Xt q u (respectively x; € pand x; q w). X @ p means that x; a p does not hold.

Definition: 2.3 A fuzzy set p in a set X of the form p(y) = { is said to be a fuzzy point with support

Definition: 2.4 A non-empty subset H of a K-algebra ¥ is called a sub-algebra [6] of the K-algebra X ifa® b € H
for all a, b € H. We note that every sub algebra of a K-algebra % contains the identity e of the group.

Definition: 2.5 A fuzzy set p on a K- algebra I is a fuzzy ideal if p: G — [0, 1] is such that p(e) > pu(x) for all x € G
and p(x)>min { px O y), Wiy © (y © x)} forall x, y € G.

Definition: 2.6 A fuzzy set p in K is called a (g, € v q) — fuzzy ideal of X if it satisfies the following conditions:
Xrep=¢eeVquforallx €Gand forallt€ (0,1, XO Y)ie L, (Y O (Y O X))s € L = X minis, ) EV q 1
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Molodtsov [5] defined the notion of soft set in the following way: Let U be an initial Universe and E be the set of
parameters. Let P(U) = 1Y denote the power set of U and let A be a non-empty subset of E. A pair (f, A) is called a soft
set over U where f is a mapping given by f: A— P(U). In other words a soft set over U is parameterized family of
subsets of U. For & € A, f(&) may be considered as the set of &- approximate elements of the soft set (f, A). Let
f: A— 1Y 1 =0, 1] then (f, A) is called a fuzzy soft set over U. In general for all £ € A, f(£) = f. is a fuzzy set of U
and it is called fuzzy value set of parameter x.

t- LEVEL SOFT SETS OF FUZZY SOFT SET

Definition: 2.7 Let (f, A) be a fuzzy soft set over U. For each t € [0, 1] the set (f, A)' = (f, A) is called a t-level soft set
of (f, A) where f.'= {x € U/ f (x) >t for all £ € A}. Clearly (f, A)'is a soft set over U.

Definition: 2.8 Let (f, A) and (g, B) be two fuzzy soft sets over U. We say that (f, A) is a fuzzy soft subset of (g, B) and
write (f, A) (g, B) if Ac B and for all £ € A, f(E)=g(&).

Definition: 2.9 Let (f, A) and (g, B) be two fuzzy soft sets over U. Then their extended intersection is a fuzzy soft set
denoted by (h, C) where C= Au B and
f:if SEA-B
h(g)={ g:if (EB—A forallE€C.
feNg:if SEANB

Definition: 2.10 Extended Union of two fuzzy soft sets (f, A) and (g, B) is denoted by (h, C) where C = AU B and
foif EEA—B
h (€)= g:if EB—A  forallg€C
fse Ugse if EEANB

Definition: 2.11 Let ¢ : X — Y and y: A — B be two functions, A and B are parametric sets from the crisp sets X and
Y. Then the pair (o, v) is called a fuzzy soft function from X to Y.

Definition: 2.12 Let (f, A) and (g, B) be two fuzzy soft sets over G; and G, respectively. Let (o, y) be a fuzzy soft
function from G;— G,. Then
(i) The image of (f, A) under the fuzzy soft function (¢, v) denoted by (¢, v)(f, A) is the fuzzy soft set on K, defined
by (o, v) (£, A) = (o(f), w(A) where for allk € y(A), y € G,
(P(f)k (y) - {V(p(x):y Vlj;(a):k fa (x) if x€ lIJ_l )
0

otherwise

(i) The preimage of (g, B) under the fuzzy soft function (¢, y) denoted by (¢, y)(g, B) is the fuzzy soft set over K,
defined by (9, v)™'(g, B) = (¢™'(2), v (B) ) where ¢™(g)a (X) = gy (¢(x)) for all a € y™ (B), x € Gy

Definition: 2.13 Let (o, y) be a fuzzy soft function from 1— ¥ ,. If ¢ is a homomorphism from ¥, to X, then (o, v)
is said to be a fuzzy soft homomorphism, if ¢ is a isomorphism from ¥ ; to &, and v is one-one mapping from A onto
B then (¢, ) is said to be a fuzzy soft isomorphism.

3. FUZZY SOFT IDEALS OF K-ALGEBRA
In this section we introduce fuzzy soft ideals of K-algebras and study about their properties.

Definition: 3.1 Let (f, A) be a soft set over a K-algebra 7. Then (f, A) is called a soft ideal over X if f(t) is an ideal of
Kforallt€ A. (i.e.,)

i.  e€f(t)

ii. XOyEf)&YO((YOx)Eft) =x€LI)

Example: 3.2 Consider the K-algebra % = (Ss, -, ®, €) on the symmetric group Sz ={e, a, b, x, y, z} where e = (1),
a=(123),b=(132),x=(12),y=(1 3)andz=(2 3) & © is given by the Cayley table:

O O X N T|®
© T X N o |T

oo N< X o|®
T oo N X @|®
< N T o X|X
N X T oKNK
X< ® © T N[N
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Let (f, A) be a soft set over K where A = X and f: A — P(X) is a set valued function.

Then f(e) = {e}, f(a) = f(b) = {e, a, b}, f(x) = {e, x}, f(y) = {e, v}, f(2) = {e, z} are ideals of K. Then (f, A) is a soft
ideal of X .

Definition: 3.3 Let (f, A) be a soft set over a K-algebra X . Therefore (f, A) is said to be a fuzzy soft ideal over X if f;
is a fuzzy ideal of K forall £ € A. (i.e.,)
i.  f:(€)>f:(x)forallx€G

i.  fz()>min{f;(xOVY), f:(y © (yOx))}forall x,y €G.

Example: 3.4 Consider the K-algebra % = (G, -, ®, ) where G = {e, a, a°, a°} is the cyclic group of order 4 and ® is
given by the following Cayley table:

©|le a a @
ele a a a

3 2
ala e a a
ala® a e a
adla a2 a e

Let A ={ey, &, €3} & f: A — P(G) be a set valued function defined by

fle) = {(e, 7). (a :3), (@, .6), @, 3}

f(ez) = {(e, :6). (2, -2), (°, .5), (@°, .2)} and f(es) ={(e, .7), (&, .1), (@ 3), (&, .1)}
Let B ={e, €5} & g: B — P(G) be a set valued function defined by

g(e2) = {(e, 5), (2, -2), (@, 4), (@°, 2)} and g(es) ={(e, 6), (a .1), (&, :3), (@°, .1)}.

Clearly (f, A) and (g, B) be two fuzzy soft sets over . By routine calculation we see that they are fuzzy soft ideals of
x.

Definition: 3.5 Let (f, A) and (g, B) be two fuzzy soft ideals of Z. Then (f, A) is a fuzzy soft subideal of (g, B) if
(i) A < B (ii) f(x) is a fuzzy subideal of g(x) for all x € A. (i.e.,) if f(x) < g(x) for all x € A. From Example 3.4, we see
that (g, B) is a fuzzy soft subideal of (f, A).

Proposition: 3.6 Let (f, A) and (g, B) be two fuzzy soft ideals of . Then (f, A) A (g, B) is a fuzzy soft ideal over K.

Proposition: 3.7 Let (f, A) and (g, B) be two fuzzy soft ideals of K. If AnB = ® then (f, A) T (g, B) is a fuzzy soft
ideal over K.

Theorem: 3.8 Let (f, A) be a soft set over a K-algebra 7. Then (f, A) is a fuzzy soft ideal of K if and only if (f, A)' isa
soft ideal of K for all t € [0, 1]

Proof: Suppose that (f, A) is a fuzzy soft ideal of K. Then f; is a fuzzy ideal of X for every & € A. Then f;(e) > f:(X)
for all x € G. Therefore f:(e) > t. Hence e € (f, A). Now let x @ y € (f, A)' & (y @ (y ® x)) € (f, A)'. This implies
f:xO@y)=t & f: (y © (y © X)) > t. Since (f, A) is a fuzzy soft ideal f; (X) > min {f;(XOY), f:(y O (YO X))} >t
=x € (f, A).

Conversely lett = min {f:(Xx @ Y), f:(y © (y @ X))}. Thenx @ y € (f, A)' & (y © (y © x)) € (£, A)". Since (f, A)'isa
soft ideal of K this implies that x € (f, A)' which implies f(X) > t. Thus f;(X) > t=min {f;(X O VY), fz(y © (y © X))}

Since (f, A)'is a soft ideal of X forall t € [0, 1], e € (f, A)' forallt€ [0, 1] = f:(€)>tforallt€ [0, 1]
= f:(e) = fz(x) for all x € G. Thus (f, A) is a fuzzy soft ideal of X.

Theorem: 3.9 Let (g, B) be a fuzzy soft ideal of K,. Let (9, y) be a fuzzy soft homomorphism from ¥ ; to 5. Then
(¢, v) " (g, B) is a fuzzy soft ideal of X;.

Proof: Since (g, B) is a fuzzy soft ideal of (5,
() 9ye(e) =g ye(y) forally € G,
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9y @ (1) > gy @ (x) where x € Gy
019 yeE) > ¢ g yex) forallx € G
i) g yo(¥) = min { g 46 (YO 2), Gue((Z© (2O Y}

=min { g 4o 2O 0(x)), 9y eE) O (¢x) © o(x))}

where y =¢(x),
z=0¢) = min { gy (p(x_Ox’), . . ,
9y o(x O @x)}=min{o7g ¢ xXOX), 07 gyp(x OK Ox))}

Then gy (x) = min { 07 ¢ X OX), 079 ye (X O O x))} which implies (¢,y) ™ (g, B) is a fuzzy soft ideal
of K.

4. (g, ¢V q)-FUZZY SOFT IDEALS OF THE K-ALGEBRA X

Definition: 4.1 Given a fuzzy set pin X and A c [0, 1], we define two set valued functions f: A— P(X) and
f: A= PH)by f(t) = {x€EG/ %€ p} and fy(t) = {x € G/xqu} forallt€ A. Then (f, A) is called &- soft set and
(fy A) is called g-soft set over K.

Example: 4.2 Consider the K-algebra K = {G, -, ®, e} where G = {e, a, a2 a°, a* } is the cyclic group of order 5 & ®
is given by the following Cayley table:

Ole a a a a
ele a & & a
ala e a' a a
a?lat a e at @
ala® a® a e &
atlat a® a® a e

Let p be a fuzzy set in G defined by p(e) = .7, p(a) = .8, p(a®) = .8, u(@®) = p(@*) = .4. Then pis an (g, € v q) — fuzzy
ideal of .

Proposition: 4.3 Let W be a fuzzy set in a K-algebra K. Let (f, A) be an - soft set on I with A = (0, 1]. Then (f, A) is
a soft ideal of ¥ if and only if u is a fuzzy ideal of XK.

Proof: Assume that (f, A) is a soft ideal of 7. Then f(t) is an ideal of K for all t € A. If p is not a fuzzy ideal of K then
there exists X, y € G such that u(x) < min {u(X © y), iy © (y © x))}. Take t € A such that u(x) < t<min {ux O y),
YO YOX)}I=>UXOY) >t&puy O (YOX)>t=>XOQyE€f(t) & (y© (Y ®© x)) € f{t) implies x € f(t) (i.e.,)
H(x) > t which is a contradiction.

Conversely suppose W is a fuzzy ideal of K. Take t E A, x @ y € f(t) and (y © (y © x)) € f(t) impliesp(x O y) >t &
H(Y® (y © X)) > t. Since p(X) = min {pu(x O Y), Ky © (y © X))} >t = x € f(t). Now u(e) > p(x) for all x € G, p(e) >t
= e € f{(t). Hence f{t) is an ideal for all t € (0, 1]. Thus (f, A) is a soft ideal of K.

Proposition: 4.4 Let p be a fuzzy set in a K-algebra K and let (f, A) be a g-soft set over K with A = (0, 1]. Then
(fy A) is a soft ideal of X if and only if p is a fuzzy ideal of X.

Proof: Suppose that p is a fuzzy ideal of 5. Lett € A & X, y € Gbesuchthat u(x Q y) +t>1 & Py © (y © X)) +t>
1. We have

H(X) = min {p(x @ y), Ky © (y © X))}

= M(X) +t=min {u(x OY), Wy © (y © x))} +1t
= Tin {HxOY) +t, uy © (yO X)) + 1t}
>

implies x€Efy(t).

Since p(e) > u(x) for all x € G, in particular p(e) > pu(x) for all x € fy(t). Therefore p(e) > p(x)>1-t= ) +t>1
= e € fq(t).
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Conversely if p is not a fuzzy ideal of K then there exists t € A such that p(x) <1 -t<min{pX O Vy), My © (y©®
NI HXOY) 21-t&PyO (YO X)) Z1-t=>p(xQy) +t>1 &uly O (YO X)) +t>1=x € fi(1) (ie.,) UX)
+t>1 = pu(x) >1 -t a contradiction.

Theorem: 4.5 Let 4 be a fuzzy set in a K-algebra ¥. Let (f, A) be an ¢- soft set on K with A = (0.5, 1]. Then the
following assertions are equivalent:

i. (f, A) is a soft ideal of X

i, max (u(x), .5) =min { p(x OY), Ky © (y © X))}

Proof:
(i) = (ii): Let (f, A) be a soft ideal of K. If one of p(x © y) or p(y ® (y © x)) or both <.5, then min {u(x ®@ y), py
O (yOX)}<5

If p(x) <.5 then max{p(x),.5} > min { p(x O y), Uy © (y ® x))}.
If p(x) >.5 then max{u(x),.5}= p(x) then max{pu(x),.5}> min { p(x O y), uiy © (y © x))}.
IfUX @ Y)>.5& uy® (y © x)) > .5 then min{u(x @ y), iy @ (y © x))} > .5.

Suppose U(X) <t <min{ux @ y), Wy ® (y ©@ x))} forall t>.5. Hence X @ Y € 1, (y © (y © X))} € p = X € p.
(i.e.,) M (X) >t which is a contradiction. Thus max (u(x), .5) > min{p(x O y), u(y © (y © x))}.

(if) = (i): To prove (f, A) is a soft ideal where A = (.5, 1], it is enough to prove that i is a fuzzy ideal of K. If not there
exists t € A such that p(x) <t < min{pu(x © y), piy © (y © x))}.

Now max(p(x), .5)> min {p(x O Y), Hy © (y © X))} >t where t € (.5, 1] = H(X) >t a contradiction. Thus (f, A) is a
soft ideal of X .

Definition: 4.6 Let (f, A) be a fuzzy soft set over K. Then (f, A) is said to be an (g, ¢ V q)-fuzzy soft ideal of X if f; is
an (g, € V q)-fuzzy ideal of X forall £ € A.

Lemma: 4.7 A fuzzy soft set p in a K-algebra is an (g, € V q)-fuzzy soft ideal of ¥ if and only if
i u(e) > min { p(x), .5}
ii. H(X) > min { p(x O Y), Uy © (Y © x)), .5} forallx,y € G.

Proposition: 4.8 Let p be a fuzzy set in a K-algebra K. Let (f, A) be an &- soft set on K with A = (0.5, 1]. Then the
following assertions are equivalent:

(i) pisan (g, eV q)-fuzzy soft ideal of X

(if) (f, A) is a soft ideal of %.

Proof:

)= (i Lett€EA, xOYEf(t) &y O (Y O x) € f(t). Therefore u(Xx @ y) >t & u(y © (y © X)) >t where t € (0, .5).
Nowx; EV U= UX)>t oruX) +t>1 = uX) >min { ux O Y), Uy © (Y ®© X)), .5} > min{t, .5} =t = %€ p.
Similarly e € f(t). Hence (f, A) is a soft ideal of X* forallt € A.

(if) = (i): Ifthere exists X O y € G & y © (Y © x) € G such that p(x) < min {ux @ y), Uy © (y © x)), .5}, Take
t € (0, .5) such that u(x) <t < mMin{uxX O y), Uy © (y © X)), .5} Thust< 5 & (X QY€ u, (y © (Y © ) € un = X €
p(since f(t) is an ideal for all t <.5). (i.e.,) p(x) > t which is a contradiction. Thus p(x)> min {p(x O y), uy © (y ©
X)), .5} for all X, y € G. Likewise p(e) > min { pu(x), .5} for all x € G. Hence p is an (g, ¢ V ()-fuzzy soft ideal of XK.
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