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ABSTRACT

An exact solution for the oscillatory flow of a generalised Oldroyed-B fluid in a horizontal channel embedded in a
porous medium is obtained in this paper. A uniform magnetic field is applied along the axis perpendicular to the plane
of the plates about which the entire system rotates with angular velocity 2. A fractional calculus approached has been
used in which the time derivative term of integer order is replaced by the Caputo fractional calculus operator in the
constitutive equation to obtain the velocity field in series form in terms of Mittage-Leffler function by utilizing the
integral transform technique. The dependence of the velocity field on the pertinent parameters is illustrated
graphically.

Keywords: Oldroyed-B fluid, Porous Medium, Transverse Magnetic Field, Fractional derivative, Mittage-Leffler
function

1. INTRODUCTION

The study of non-Newtonian fluid flow through porous medium between two infinite parallel plates has much
importance in nature. It has wide applications in several physical problems such as filtration and purification processes
of crude oil, polymer technology, petroleum industry etc. The characteristics of non-Newtonian fluids can not be
described by Newtonian model. For this reason various constitutive equations have been proposed by the scientists. In
formulation and solution of such flow problems fractional calculus approach has been extensively utilized in the last
few decades. The time derivative of integer order in the constitutive equation is replaced by so called Caputo operator.
Bose et al. [1] have studied unsteady incompressible flow of a generalized Oldroyed-B fluid between two infinite
parallel plates. Chand et al. [2] have discussed the hydrodynamic oscillatory flow through a porous channel in the
presence of Hall current with variable suction and permeability. Das et al. [3] have studied unsteady Couette flow in a
rotating system. Guria et al. [4] have investigated unsteady Couette flow in a rotating system. Jana and Datta [5] have
made an analysis on Couette flow and heat transfer in a rotating system. Mazumdar [6] have studied an exact solution
of oscillatory Couette flow in a rotating system. Prasad and Kumar [7] have made an analysis on unsteady
hydrodynamic Couette flow through a porous medium in a rotating system. Singh and Sharma [8] have discussed three
dimensional Couette flow through a porous medium with heat transfer.

In the present work, oscillatory flow of a generalized Oldroyed-B fluid within a horizontal channel through porous
medium in a rotating system has been studied. The flow is generated in the presence of transverse magnetic field acting
in the direction perpendicular to the plates. In all the works mentioned above Navier-Stokes equation has been
considered as basic equations. But in our problem we have used generalized calculus by replacing the time derivative of
integer order by so called Caputo operator in the constitutive equation and it is different from approach of aforesaid
problems. The dependence of the velocity field on the fractional calculus, rotation and material parameters has been
illustrated graphically.

2. CONSTITUTIVE FLUID MODEL

The constitutive relation involving the Cauchy Stress tensor T in a homogeneous and incompressible Oldroyed-B fluid
with fractional calculus model can be proposed as

_ Des D#
T=—pl+SS+22 2 =u(1+225)A @)
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where p is the hydrostatic pressure, | is the identity tensor, 2 is the time of relaxation, 4,. is the time of retardation, u is
the coefficient of viscosity of the fluid, S is the extra stress tensor, a and # are the fractional calculus parameter, V is
the fluid velocity, A = PV + (VV)T is the Rivlin-Erickson tensor and

D =D{S+V.VS — (VV)S — S(WV)" @)
B
S F=DiA+V.VA-(TV)A—A(WV)T 3)

DY and Df are Caputo fractional calculus operators of order o and 8 respectively defined by

1
r{-p1)

DPg(t) = [, 9 -1 ™dr,0 <p, <1 4)

3. MATHEMATICAL ANALYSIS

We consider the unsteady flow of a viscoelastic fluid between two infinite parallel plates at a distance d apart
embedded in a porous medium. The fluids and the plates are initially at rest and at time ¢t - 0" the upper plate begins
to oscillate with a velocity U(t) about a non-zero mean velocity U, together with the entire system rotating with
angular velocity 2 about an axis perpendicular to the plane of the plates. A uniform magnetic field of strength B, is
applied along the axis of rotation of the entire system. The x-and y-axes are taken along the direction and perpendicular
to the direction of the plane of the horizontal plates respectively and z —axis perpendicular to the xy-plane. The lower
plate is on the xz-plane and the origin is on the lower plate. Since the plates are of infinite dimensions in the x-z
direction we may assume that all the flow variables as functions of y and t only. We assume the velocity of the form
u = (u(y,t),0,w(y,t)) and the stress of the form

S=501t) ®)

with initial condition S(y,0) = 0,0 <y <dand S,, =S, =S,, =S,, =0,5,, =5,,,5 =Sy -

Using the forms of the velocity and the stress fields given by Equation (5) we have from the Equation (1) the x- and y-
components of the equation of momentum as

a a

p%=asxy —oBju+ przw—% (6)
W25 —oBdw—2p0u—" @
ac oy vz 0 p K

where B = (0, By, 0) is the uniform magnetic field vector acted in the direction perpendicular to the plane of the plates,
K is the permeability of the porous medium, p is the fluid density, u is the coefficient of viscosity. Applying the
assuming form of the stress field we get from Equation (1)

Ju(y,
(14 AD®)S,, = u(1 + A,Df)% )
ow (y,
(1 +AD®)S,, = u(1 + ATDf)%t) 9)
Eliminating S,, between the Equations (6) and (8) we get the governing equation as
ay u B 92u a 2 uu
p(1 + AD{ )a_t = u(l + A,.D; )63/_2_ (1 +ADY) (aBou —2p0w + 7) (10)
Eliminating S,,, between Equations (7) and (9) we get the governing equation as
an v B 92w a 2 uw
p(1 + ADf )a_t = u(l + A4,.D; )Oy_z — (1 +ADY) (O’BOW + 2p0u + 7) (11)

The initial conditions can be stated as u(y,0) = 0,w(y,0) =0, 0 <y < d And the boundary conditions are given
by

u(0,t) = 0,u(d,t) =U(t) = Uy(1 + € coswt),t >0 (12)
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and w(0,t) =0,w(d,t) =0,t >0 where U, is the mean velocity, ¢ is some constant and w is the frequency of the

oscillation. Combining Equations (10) and (11) we get the governing equation in terms of complex variable q as
] a2 .

p(1+ AD{")a—Z =u(l+ Aer)ay—Z — (1 + DY) (aBg + 2ip0 + %) q

where q(y, t) = u(y, t) + iw(y, t) is the complex variable and i =v—1.

The Equation (13) can be rewritten as

aq _ By 9%q 0B} , "
@+ 5 =v(1+4,D;) 75— (1 +wg)(7°+ 2i0 +p—K)q

where v = :—’ is kinematic viscosity.

We consider the non-dimensional variables y* =%, ¢* = Ui t =tw
0

aQ

Then the governing equation in terms of non-dimensional variables can be written as
(1+ D)% = v(1+2,08) 2L — M(1 + ADf)q
t 7o Tt S gy t
2
where M = (222 4+ 2i0 + £y L
p pPK’
The initial and the boundary conditions in terms of non-dimensional variables can be respectively given by

q(y,0)0=0,0<y<1
and q(0,t) =0,q(1,t) =1+ ecost t>0

(13)

(14)

(15)

(16)

Multiplying both sides of Equation (15) by sinnmy and then integrating with respect to y from 0 to 1 and utilizing

(16 b) we get
1+ AD;");—th(n, t) = v(l + Aer)[(—l)n“mr(l + ecost) — (nm)?q,(n, t)] — M(1 + A D) q,(n,t)
where g, (n, t) is the finite Fourier sine transformation of q(y, t) defined by

1
qs(n, t) =f qy,t)sinnmydy n=1,2,3,...cccce
0

Taking Laplace transformation of both sides of the Equation (17) and g, (n, 0) = 0 we get

1
p{p + M)(1 + 2p*) + (nm)*v(1 + ,pF)}

g, p) =v(=D"*'nn

p
2+ D + M + p) + (1 + 4,pP)}

+v(—1)"*ng

B-1
14
@2 +D{+M)(A+p®)+(nm)?v (1+4,pF )}

—eAv(=1)""nn

(17)

(18)

where g;(n,p) = f0°° e Ptq.(n,t)dt is the Laplace transformation of g,(n,t) and ‘p’ is the Laplace transform

parameter.

In order to avoid the lengthy procedure of residues and contour integral we rewrite the Equation (18) in series form as

gs(n,p nrop o A (uo)PUDyit Laml (e —m) A st (e + 1= 9)1 0 (pF + 47Dk
= m= S=
ke as+k-m+f-1

(=1 k! M™ k! p
2 > > pt ]
Tk—O (nm)2kyk s m! (k —m)I A+ Lus! (k—s)!7 (pf + A1)+l

m= s=0
LD p p i (—1* 'i k+1!  Mm kz“ (k + 1)!
nm [p2 +1 p?2+1 — (nm)2(+Dyk+1 — m! (k+1—m)! AL+t i 5! (k+1-s)!
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as+k+1-m as+k-m+f

2 1)k o K MM k!
s P p (-1 ! Z ! s Db :

— —_— A
(PP + A7)k p2 + 14 (nm)2kvk s m! (k —m)! Ak 45! (k=) (pF + A7HkH
= m= S=
k+1

=) k+1
_(-D"ep, pft 1 (—1)* S e+ 1) M™ Z (k + 1)!
nmw p2+1 p?+1 & (nn)z(k“)v’“r1 m! (k+1—m)l A+t _0 stk +1—s)!
s pas+k—m+ﬁ (- 1)_k K 5

as+k-m+2p-1
sP

(pﬁ+lr_1)k+1 2+1Zk O(nn)Zkvk m= Om'(k —m)! 1 k Zs Os'(k —5)! (p5+lr_1)k+1

(19)

Now we have an important Laplace transformation of Mittage-Leffler function

n! pa—l

e o t ran+i-1p M) —
J{; e Ptean Ea,ﬂ (_ata)dt = W

where

M()—i Gt m2

(n)
Eei (@) = jir(ej+an+2)

Taking inverse Laplace transformation we get from the Equation (19)

(n,t) = w[l _ i (_1)k i k! mMm™ kZH (k + 1)! ls ¢ Bk +B—as —k+m—1
qs(n, nr ro (nm)2Gk+D)yk+1 —om! (k — m)mk+1 ST+ 1—9)! ]

(k) -1 o  (-DF K ¢Bk—as—k+m
XE B.B—as— k+m( AT tﬁ)_ﬂ'r Zk:O (nm)2ky kZ m‘(k m)‘l’”’l Zs =0 1(k— s),ﬂ' K

) k+1
— +1 _1\k
o 0O (—aeFY] + (D#[CO“ _ (-1 (k+1)! M™
B,1—as—k+m T (nn.)Z(k+1)vk+1 m! (k +1-— m)l lk+1
Bk +B—as—k— 2+m (k) ( 1)k
— & ﬁ—as—k—1+m( —A T'B)dT = 2i=o (nm)2kyk

k+1 (k+1)! st _
XZ —S'(Hl_s)!/l focos(t 7)

k! M™ ﬁk+m as—k—1 ®
- - —_1-1.B
X Z;]m! k= m)l It Zs'(k —s)'l f cos(t ‘r) E _m_as_k( AT )dr]

(—)"er, b 1) & (k+1)! oM™
- nm [-fo sin(t = )F(l ,8) Z (nm)2U+Dyk+1 7Z;)m! (k+1—m)t A+

k+1 ©
(k + 1)| t Tﬁk+m as—k—1 ® . (_1)k
IS — i - ) =178 — _— 7
X Z—o stk+1— s)!/1 f sin(t — 1) k! B m-os -+ (=4 7" )dr (nm)2kvk

k=0
Bk +m—B—as—k k B
Ak Zs Os'(k s)')l f Sln(t_T)T E[g.rzl—as—k—ﬁ+1(_)lrlrﬁ)d’[] (20)

k
X Zm Om'(k m),

Taking finite Fourier sine inverse we get from Equation (20)

_ NS (-D* : k! MM e (k4 1)!
qv,t) =y + ZZ smnnykzz0 (nm)2(k+D)yk+1 Om! (k — m)1 Ak+1 Z; sl(k+1—s)!
n= = m= =
Pk +B—as—k+m—1 o (—1)" ( 1)k - o
(k) -1 .
T e (=47e7) +22, Z st nnyz (nm)2kvk L m! (k — m)! AL+
k n=1 k=0 m=0
k! tﬁk—ds—k+m . e} (_1)11 .
X Z sl (k —s)! o k! Eﬁ(,l)—as—k+m (=471tP) + eycost + 2¢ Z sin nmy
s=0 ~

T,Bk +f—as—k—2+m

1) = k+1D)! M (k+ D) t
z Asf cos(t — 1)

X
(nn)z("“)v’“rl m! k+1- m)! A Last(k+1—5)! k!
(k) G
XE —as—k— 1+m( /1 Tﬁ)d’[+282n 1 smnnyzk =0 (r)2ky kZm Om'(k —m)! lk Zs OS'(k —s)!
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Bk +m —as—k—1 k (- 1)k
TTE(% cws i (AT )dr — 260, B 1—51nnny2k 0 Gy

t .
X [, sin(t — 1) —T

k
k! mMm™ k! t Tﬁk+m —f—as—k
_ E—— i (k) -1
X Z m! (k —m)! Ak Z:s!(k—s)!/1 fo sin(t =) k! Eﬁ,m—as—k—ﬁﬂ(_/lr )dr (21)
m=0 s=0

2
Inserting M = (U% +2i0 + pLK)% in Equation (21) and comparing the real and imaginary parts of both sides of the
resulting equation we get,

k
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The non-dimensional shear stresses at the stationary plate(y=0) due to the primary and secondary flows is given by
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2
Inserting M = (U% +2i0 + pLK)i in Equation (24) and comparing the real and imaginary parts of both sides of the
resulting equation we get the shear stresses due to the primary and secondary flows as
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4. CONCLUSION AND NUMERICAL RESULTS

The oscillatory flow of a generalized Oldroyed-B fluid through a porous medium between two infinite parallel plates in
the presence of a transverse magnetic field has been studied. The effects of the permeability of the porous medium, the
fractional calculus parameters and material parameters on the velocity parameter have been investigated and analyzed
with the help of graphical representations. The fractional calculus approach has been utilized in formulating the
velocity field by replacing the time derivative of integer order with Caputo operator.

In Fig. 1 the effect of the fractional calculus parameter o on the primary velocity is shown. As «a takes higher values the
velocity ¢ decreases. From Fig.2 it is observed that the primary velocity u(y) increases with an increase in the
fractional calculus parameter g which is different from the case in Fig. 1. The effect of permeability of the porous
medium K on u(y)can be observed in Fig.3. As K increases the velocity deceases that is the presence of the porous
medium resists the primary flow. The secondary flow velocity w is depicted in Fig.4 against the distance from the
stationary plate for different values of the parameter a. It is seen that the secondary flow decreases for higher values of
a. In Fig.5 the scenario is different. The secondary flow increases as the parameter f§ increases. The secondary velocity
is depicted against time t for different values of the rotation parameter Q in Fig. 6 and from there it can be observed
that as Q takes higher values the secondary flow increases. In Fig.7 the secondary flow increases with increase in the
distance from the stationary plate at y = 0. The shear stresses 7, and 7, due to the primary and secondary flows are
depicted against the kinematic viscosity v in Fig.8 and Fig.10 respectively for different values of the fractional calculus
parameter o. T, decreases with increasing values of the parameter o, in Fig.8 while it increases with increasing values of
the parameter B in Fig. 9. In Fig.10 the stress 7, due the secondary velocity decreases with the increase in parameter o.
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Fig. 1: The primary velocity u is depicted against the distance from the lower plate for different values of fractional
calculus parameter a. v = 0.03,4, =3, w =0.1,Q2=0.3,0 =1,B; =5,p = 0.05,u = 0.04, 1 =2,¢ =.002,
B=08t=1K=1
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Fig. 2: The primary velocity u is depicted against the distance from the lower plate for different values of fractional
calculus parameter v = 0.03,1, =3,w =0.1,Q=03,0 =1,B; = 5,p = 0.05,4 = 0.04,¢ = 0.02,4 = 2,
a=02t=1,K=1
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Fig. 3: The primary velocity u is depicted against the distance from the lower plate for different values of the parameter
K €=0.02v=0031=30w=01Q=03,0=1,B,=5p=0.05u=004 1=2, a=02,=08t=1
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Fig. 4: The secondary velocity is depicted against the distance from the lower Stationary plate for different values of

the parameter a. € = 0.02,v = 0.03,14, =3,w =0.1,2 =0.3,0 =1,By) =5,p = 0.05, 4 =0.04,A =2, f=0.8,
t=1,K=1
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Fig. 5: The secondary velocity is depicted against the distance from the lower stationary plate for different values of
the parameter B. € = 0.02,v =0.03,4, =3, w =0.1,2 =0.3,0 =1,By = 5,0 = 0.05, 4 = 0.04, 1 =2,
a=02t=1,K=1
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Fig. 6: The secondary velocity is depicted against time for different values of the parameter Q. ¢ = 0.02, v =
003,14, =3,w=010=1By=5p=005u=0041=2,a=02 f=08K=1y=02
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Fig. 7: The secondary velocity is depicted against time for different values of the distance from the stationary plate y.
£=0.02,v=0.03,4 =3, 0w=01,2=03,0=1,B,=5p=005u=004,1=2,a=02,8=08K=1
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Fig. 8: The shear stress due to the primary flow is depicted against the kinematic viscosity for different values of the
parameter a. € = 0.02,v =0.03,4, =3,w=01,2=03,0=1,B,=5, p=0.05u=0.041=2,=0.8,
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Fig. 9: The shear stress due to the primary flow is depicted against the kinematic viscosity for different values of the
parameter B. € = 0.02,v =0.03,4, =3,0w=0.1,2=03,0=1,By =5,p =0.05,4 = 0.04,1 =2, = 0.2,
t=1,K=1
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Fig. 10: The shear stress due to the secondary flow is depicted against the kinematic viscosity for different values of
the parameter 0. € = 0.02,v =0.03,1, =3, w =0.1,2 =0.3,06 =1,By = 5,p =0.05, 4 = 0.04,A = 2,5 = 0.8,
t=1,K=1
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