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1. INTRODUCTION

In the present paper, we consider nonlinear diffusion equations with convection term of the form

Ur= (k(U)ux +g(u), q(u) #0 @)
where u = u(x, t) is the unknown function and k(u), q(u) are arbitrary smooth functions.

Equation (1) generalizes a great number of the well-known nonlinear second-order evolution equations, describing
various processes in physics, chemistry, biology. Apart from their intrinsic theoretical interest, the equations of the type
(1) are used to model a wide variety of phenomena in physics, engineering, chemistry, biology etc.

In the case k(u) =1 and q(u) =0, the classical heat equation

Ur = Uy )
follows from equation (1).

In the case g(u) = 0, the standard nonlinear heat equation

Ue = (K(u)u)x (3)
follows from equation (1). Lie symmetries of equation (3) were completely described by

Ovsyannikov[2]. Lie symmetries of equation (1) were described by different technique by Dorodnitsyn [3]. The
conditional symmetry of nonlinear heat equation (1) was studied in [8, 9].

The paper is organized as follows. After this introductory section, in Section 2 the system of determining equations for
Lie symmetry operators corresponding to (1) is obtained using a spectic technique for addressing second -order partial
differential equations with two independent variables and a dependent one. In the third section, four cases in which Eq.

(1) admits symmetries will be studied. For these cases the Lie symmetry generators, the invariant quantities which
could be attached to them and some special similarity solutions will be illuminated.

2. GENERAL APPROACHES

The Lie symmetries for a PDE equation are the classical ones which keep the equation invariant under a Lie group of
local irffinitesimal transformations. In this section we investigate the Lie symmetries for (1). We start from its
equivalent form

U= K(U) Uy + Ky sz +q(u) 4

Let us consider a one-parameter group of point-like transformations acting on the space of the independent variables
(x, t) and on that of the dependent variable of Eq. (4), with the associated infinitesimal generator given by

V=EO+T0,+ ¢0, )
The invariance condition [5] for the second-order PDE equation (4) is

Pr¥ (Ur - K(U) Uxe - Ky Ux* - q(u)) =0 (6)
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where pr? represents the second extension of operator U and has the general form

prz(v)—v+ Xi+ ti_{_ Xti+ Xxi+ “ﬁ
v ou (Daut v Ou,, v ou,, 4 OU,

X

The condition (6) is equivalent to the relation

@' =k(U)p™ +pk,u, +2k 0" +puik, #ea,

O

®)

Using the formula [5] for coefficient functions ¢, ¢* and ¢ % in equation (8) and equating the coefficients of the terms
in the first and higher order partial derivatives of u, and and substituting u, from (4) the determining equations for

symmetry group of the non linear equation are found as follows
¢, + (@, —7)a(u) =k(U)g, +¢q,

=6 = 2k(U)g,, —k(u)g,, + 2k, 0,
ku¢u - kUTt = k(u)¢uu +(pkuu + 2ku (¢U _5)()

k(Wg, —k(u)z, =k(u)(p, —2¢,) + ok,

&k(u)=0
7 k(u)=0
7,k(u)=0

3. CONCRETE SYMMETRIES AND INVARIANTS

3.1 Thecase k(u)=e", q(u) =e™

©)

(10)

11)

(12)

(13)

(14)

(15)

For this chosen form of k(u), and q(u) the determining equations ((9)—(15)) of the classical symmetries associated with

(4) are the following
o+ (¢u - Tt)ebu = eu(DXX + ¢bebu

_gt = 2eu(oxu _eugxx + 2eu¢x
e'p, —e'r,=e"p, +pe' +2e"(p,—-<,)

e'p, —e'r, =€"(p, —2&,) + pe"

_gueu =0
r,e" =0
r,e" =0

Thus solving these equations simultaneously we get ¢ = —C,, & =C, +C,(b—1)X/2, 7 = ¢, + C,bt

Thus the Lie algebra of infinitesimal symmetries of non linear equation is spanned by the three vector fields

(b-1) X0, — 0

v,=0,, V,=0,, V;=bto, + . :

t
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The commutation relation between the vector fields is given by the following table

Vi V2 V3
Vi 0 0 bV1
2 0 0 (b-1)v, /2
V3 bv; -(b-1)v,/2 0

The one-parameter groups G; (i = 1, 2, 3) generated by the v; are given by using exp (ev;) (x, t, u) as follows
Gy (X t+eUu), Gp: (x+e, t, u) Gyt (xe V2 te®® u-¢)

Since each group G; is a symmetry group.

The solution of equation corresponding to its different symmetry groups G; (i =1, 2, 3) are obtained by using
U=g-u=g-f(x t)asfollows

u® =1(x, t-g), u®@="f(x-e 1), u®=f(xe"*V? e*t)- ¢,

3.2. The case k(u) =u? q(u) =u",a,n #0

For this chosen form of k(u), and q(u) the determining equations ((9)—(15)) of the classical symmetries associated with
(4) are the following

@+ (p, —tIU" =Up, +onu""
_gt =2u a(pxu _uagxx + 2aua_l¢x

au*tp, —au'r, =u’p,, +pa(@a-Yu? +2au* (g, — &)

utp, —u’r, =u®(p, —2&,) +pau*™

u’e’ =0
T,u*=0
7,u*=0

Thus solving these equations simultaneously we get ¢ = —2C,U, & =C, +C;(n—a—-1)X, 7 =¢, + 2¢;(n -1t
Thus the Lie algebra of infinitesimal symmetries of non linear equation is spanned by the three vector fields
v, =2(n-Dto, + (n—a-1)x0, —2uo,

The commutation relation between the vector fields is given by the following table
Vi Va V3
Vi 0 0 2(“'1)\/1
Vs 0 0 (n-a-1)v,
V3 Z(n-l)Vl -(n'a'l)Vz 0
The one-parameter groups G; (i = 1, 2, 3) generated by the v; are given by using exp (gv;) (X, t, u) as follows
Gyi: (X treu), Gy: (xtet, u) Gy:(xe ™ e yg 2
Since each group G; is a symmetry group.
The solution of equation corresponding to its different symmetry groups G; (i =1, 2, 3) are obtained by using
U=g-u=g-f(x1t)asfollows
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u® =f(x, t-g), u@=f(x-g, t),u® =e % f(xe D) g2y
3.3 The case k(u) =1, q(u) =e¢"

For this chosen form of k(u), and q(u) the determining equations ((9)—(15)) of the classical symmetries associated with
(4) are the following

9, +(p, —7)e" =g, + e’
_ft = 2§0xu - é:xx

@, =0
T, =28,
-£e"'=0

r,e" =0

r,e' =0

Thus solving these equations simultaneously we get ¢ = —2C,, £ =C, +C,X, 7 =C; +C, 2t

Thus the Lie algebra of infinitesimal symmetries of non linear equation is spanned by the three vector fields

v, =0,, V,=0,, V,=2t0,+ X0, —20,

X

The commutation relation between the vector fields is given by the following table

Vi Vo \!
Vi 0 0 2V1
Vo 0 0 Vo
\! 2v, -Va 0

The one-parameter groups G; (i = 1, 2, 3) generated by the v; are given by using exp (gv;) (X, t, u) as follows
Gi: (x,t+e,U), G, : (x+e, t, u) Gz: (xe®, te %, u-2¢)

Since each group G; is a symmetry group.

The solution of equation corresponding to its different symmetry groups G; (i =1, 2, 3) are obtained by using
U =g-u=g-f(xt)as follows

u® =f(x, t-g), u®=f(x-g, t),u® =f(xe*, e*’t)-2e,

34.Thecase k(u)=1, g(u)=u" (n+0)

For this chosen form of k(u), and q(u) the determining equations ((9)—(15)) of the classical symmetries associated with
(4) are the following

o +(p, —t )" =@, +pnu" e’

_gt = 2¢xu - é:xx
Pu =0
Tt = 2§x
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_‘fueu =0
r,e" =0
re' =0

Thus solving these equations simultaneously we get ¢ = —2C,U, & =C, +C;(N—1)X, 7 =¢, + 2¢,(n — 1)t
Thus the Lie algebra of infinitesimal symmetries of non linear equation is spanned by the three vector fields
v, =0,, V,=0,, V,=2(n-1to,+(n-1)x0, —2ud,

X

The commutation relation between the vector fields is given by the following table

Vi V2 V3
vi; O 0 2(n-1)vq
v, 0 0 (n-a-1)v,

vs -2(n-1)v; -(n-a-1)v, O

The one-parameter groups G; (i = 1, 2, 3) generated by the v; are given by using exp (ev;) (x, t, u) as follows
Gi: (X, the, U), Gy (X+et, Uu) Gg: (xe ™ te 20D ye %)

Since each group G; is a symmetry group.

The solution of equation corresponding to its different symmetry groups G; (i =1, 2, 3) are obtained by using
U=g-u=g-f(x t)asfollows

u® =f(x, t-g), u@="f(x -, t), u® = e % f(xe D, g2y,
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