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ABSTRACT

Compatible mappings of type (R) was introduced by Rohen et.al., [5] by combining the definitions of compatible
mappings and compatible mappings of type (P). In this paper, we prove some fixed point theorems of compatible
mappings of type (R) satisfying contractive conditions.
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1. INTRODUCTION

In 1986, Jungck [3] introduced the concept of compatible mappings by generalizing commuting mappings. Pathak,
Chang and Cho [4] in 1994 introduced the concept of a new type of compatible mappings called compatible mappings
of type (P). Rohen, Ranjit and Shambhu [5] introduced the concept of compatible mappings of type (R) by combing the
definitions of compatible mappings and compatible mappings of type (P). More results on compatible mappings of
type(R) can be found in [5-11]. Al-Thagafi and Shahazad [1] gave the concept of occasionally weakly compatible
mappings in 2008. In 2011, H. Bouhadjera [2] proved some common fixed point theorems for three and four
occasionally weakly compatible mappings satisfying different types of contractive conditions.

Now we extend the result of H. Bouhadjera [2] by employing compatible mappings of type (R) instead of occasionally
weakly compatible mappings.

2. PRELIMINARIES
Definition: 2.1 Self mappings A and B of a metric space (X, d) are said to be compatible if, for all x € X

lim d(ABx,, BAx,) =0

n—w

Definition: 2.2 Self mappings A and B of a metric space (X, d) are said to be compatible of type (P) if, for all x € X
lim d(AAXx,, BBx,) =0

n—oo
Whenever {x,} is a sequence in X and such that lim Ax, = lim Bx, =t for some te X.
n—o0 nN—o0

Definition: 2.3 Self mappings A and B of a metric space (X, d) are said to be compatible of type (R) if, for all x € X
lim d(AAx,, BBx,) = 0 and lim d(ABx,, BAx,) =0
n—oo

n—oo

Whenever {x,} is a sequence in X and such that lim Ax, = lim Bx, = t for some t e X.

n—o n—o

Definition: 2.4 A function ¢: [0, ©) — [0, o) is said to be a contractive modulus if ¢(0) = 0 and ¢(t) < t for t > 0.
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Definition: 2.5 A real valued function ¢ defined on X < R is said to be upper semi continuous if lim ¢(t,) < ¢(t), for
n—oo

every sequence {t,} in X with t, — t as n—co.
Pathak, Murthy and Cho [6] prove the following propositions.

Proposition: 2.6: Let S and T be mappings from a complete metric space (X, d) into itself. If a pair {S, T} is compatible
of type (R) on X and Sz = Tz for z € X, then

STz=TSz=SSz="TTz.

Proposition: 2.7: Let S and T be mappings from a complete metric space (X, d) into itself. If a pair {S, T} is compatible
of type (R) on X and lim Sx, = lim Tx,=z

n—o n—oo
for some z € X, then we have
(i) d(TTx,, Sz) =0 and d(TSx,, Sz) >0 as n — o if S is continuous,
(if) d(SSxn, Tz) =0 and d(STx,, Tz) -0 as n —»wo if T is continuous and
(iii) STz=TSz and Sz=Tz if S and T are continuous at z.

H. Bouhadjera [2] proved the following results.

Theorem: 2.8 Let X be a set with a symmetric d. Let f, g and h be self mapping of (X, d) and ¢ is a contractive
modulus function satisfying:

d*(fx, gy) < max{e(d(hx, hy))e(d(hx, X)), p(d(hx, hy))e(d(hy, ), o(d(hx, hy))e(d(hy, gy)), (d(hx, F))e(d(hy, gy)),
o(d(hx, gy))e(d(hy, X))},
forall x, y € X, the pair (f, h) and (g, h) is owc.

Then f, g and h have a unique common fixed point.

Theorem: 2.9 Let X be a set endowed with a symmetric d. Suppose f, g, h and k are four self mappings of (X, d)
satisfying the conditions:

d*(fx, gy) <max{p(d(hx, ky))p(d(hx, 7)), p(d(hx, ky))e(d(ky, gy)), e(d(hx, fx))e(d(ky, ay)), e(d(hx, gy)e(d(ky, i)},
forall x,y € X, where ¢ is contractive modulus, the pair (f, h) and (g, k) are owc.

Then f, g, h and k have a unique common fixed point.
3. MAIN RESULTS

Theorem: 3.1 Let A, B and T be self mapping of a complete metric space (X, d) and ¢ is a contractive modulus
satisfying:
(@ AKX) UBX) < T(X).
(b) d*(Ax, By) <max{p(d(Tx, Ty))e(d(Tx, Ax)), p(d(Tx, TY))p(d(Ty, Ax)), p(d(Tx, Ty))e(d(Ty, By)),
o(d(Tx, AX)p(d(Ty, BY)), ¢(d(Tx, By))p(d(Ty, Ax))}Hor all x, y € X.
(c) the pair (A, T) or (B, T) is compatible of type (R).
(d) If T is continuous, then A, B and T have a unique common fixed point.

Proof: Letx, € X be arbitrary. Consider a sequence {Tx,} defined as follows.
TXons1 = AXon, TXons2 = BXoner Wheren=0, 1, 2,... (3.1.1)

From condition (b) we get
dz(TX2n+1y TX2n+2) = dz(AXZny BX2n+1)

< max{p(d(TXzn, TX2n+1))@(d(TX2n, AXzn)), @(d(TXzn, TX2n+1))@(d(TX2n+1, AXan)),
@(d(TXzn, TX2n41))@(A(TXzn4+1, BX2n+1)), @(A(TXzn, AX2n))@(d(TXzn+1, BXans1)),
@(d(TXzn, BXon+1))p(d(TXzn+1, AXan))}

= max{e(d(TXzn, TXzn+1))@(d(TX2n, TX2n+1)), @(A(TX2n, TX2041))@(d(TX2n41, TX2n41)),
@(d(TXz2n, TX2n+1))@(d(TX2n+1, TX2n42)), @(A(TX2n, TX2n41))@(d(TX2n41, TX2n42)),
@(d(TXzn, TXan+2))(d(TXane1, TXan41))},

= max{e(d(TXzn, TX2n+1))@(Ad(TXzn, TX2n+1)), @(A(TX2n, TX2n+1))@(A(TX2n+1, TX2n42))}-
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This implies
d?(TXane1, TXons2) < @(A(TXan, TXne1)) MaX{p(d(TXon, TXane1)), @(A(TXane1, TXone2))}

= d(TXZny TX2n+1) max{d(TXZna TX2n+1)y d(TX2n+1y TX2n+2)}
Since ¢ is contractive modulus, we have
d(TX2n+1a TX2n+2) < @(d(TXZny TX2n+1)) = d(TXZna TX2n+1)- (312)

Thus the sequence {d(TXzn, TX2n+1)} is decreasing. If {d(Txzn, TXzns1)} — a then from (3.1.2) we have a < ¢(a) < a and
S0 we must have a = 0, hence

Ilm d(TXZn, TX2n+1) =0. (313)

n—oo

We shall show that {Tx»,} is a Cauchy sequence. If it is not so, there exist an >0 and a sequence of integers {m\},
{n} with m > n, >k, such that

d(TXam, TXan) = € (3.1.4)
k=1,2,3,.... If mgisthe smallest integer exceeding n, for which (3.1.4) holds, then from well-ordering principle, we
have
d(Tx2m—-1, Tx2n) < €. (3.1.5)
Since

d(TXom-1, TXon+1) < A(TXom-1, TX2n) + d(TXzn, TX2n+1), and so letting k—o0, we see that

d(TXom-1, TXons1) < €. (3.1.6)
Now

d(TXam, TXan) < d(TXom, TXzns1) + d(TXzne1, TXan). (3.1.7)
But we have

dZ(TXZm’ TX2n+1) = dz(AXZm BXmel)
< max{p(d(TXzn, TXzm-1))@(d(TXzn, AXzn)), @(A(TXzn, TXom-1))@(d(TXam-1, AXzn)),
@(d(TXzn, TX2m-1))@(d(TXem-1, BXam-1)), @(d(TXzn, AX2n))@(d(TXam-1, BXom-1)),
@(d(TX2n, BXom-1))0(d(TXam-1, AXzn))}
= max{e(d(TXzn, TXom-1))@(d(TX2n, TX2n41)), @(A(TX2n, TXom-1))@(d(TXom-1, TX2n41)),
@(d(TXzn, TX2m-1))@(d(TXzm-1, TX2m)), @(A(TX2n, TX2n+1))@(d(TX2m-1, TXom)),
@(d(TXan, TXom))(d(TXom-1, TXan+1))} (3.1.8)

Using (3.1.3), (3.1.5), (3.1.6), (3.1.8) and letting k—oo, we obtain

|ikm d2(TXom, Txons1) < max{o(€)p(€), p(€) |ikm d(TXom, TXan)}

<o(e) maxfp(e), lim d(Txzn, Trans:)},
implies
III[n d(TXam, TXane1) <@(€) < €.

Then by (3.1.7)

Iikm d(TXzm, TXzn) <p(€) +0 <€,

a contradiction. Thus {Tx,} is a Cauchy sequence. Since X is complete, there exist a point z € X such that Tx, — z. It
follows that from (3.1.1) that the sequences {Ax,,} and {Bxy,.1} also converge to z.
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Since T is continuous such that

TTXpy — Tz, TAXy— Tz as N—o,

Since the pair (A, T) is compatible of type (R), we have

AAXy, —> Tz and ATXy, —>Tzasn—> oo

Then from condition (b), we have

dz(AAXZna BXan+1) < Max{e(d(TAXzn, TXan1))@(d(TAXon, AAXans1)), @(A(TAXan, TXon+1))@(d(TXon+1, AAX2n)),
@(d(TAXzn, TX2n+1))@(d(TXzn+1, BXans1)), @(d(TAXzn, AAX20))@(d(TXzn+1, BXans1)),
@(d(TAXzn, BXon+1))@(d(TX2n+1, AAX20))}.

Letting n—oo and we have

d*(Tz, 2) < max{p(d(Tz, 2))p(d(Tz, T2)), p(d(Tz, T2))p(d(Tz, 2)), 9(d(T2 2))p(d(z 2)), p(d(T2, T2))p(d(z, 2)),
9(d(Tz, 2))e(d(z, T2))}

= o(d(Tz, 2))p(d(Tz, 7)), and it implies that
d(Tz, 2) <¢(d(Tz, 7)) <d(Tz, 2)

i.e.  ¢(d(Tz 2)) =d(Tz, z). Hence Tz = z.

Again from (b), we have

d*(Az, BXons1) < max{p(d(TZ, Txons1))p(d(T2, Az), p(d(TZ, TXons1))@(d(TXane1, BXane1)), @(d(TZ, AZ))p(d(TXane1, BXaner)),
o(d(Tz, E2))p(d(TXzn+1, BXan+1)), 9(d(TZ, BXans1))9(d(TXans1, AZ))}-

Letting as n—<o and using Tz = z,

d*(Az, 2) < max{p(d(z, 2))p(d(z, Az)), p(d(z, 2))p(d(z 2)), p(d(z A2)e(d( 2)), p(d(z, A2))e(d( 2)),
9(d(z, 2))p(d(z, Az))},

that is d*(Az, z) <0, so d(Az, z) <0. But d(Az, z) > 0.
Therefore d(Az, z) =0 and hence Az=2.So Tz = Az = 2.

Again from condition (b), we have

d*(Axanas, BZ) < max{p(d(Txans1, T2)p(d(TXane1, AXone)), 9(d(TXanes, T2)p(d(TZ, BZ)), 9(d(Txanes, Axns))p(d(Tz, B2)),
P(d(Txan+1, AXan+1))9(d(T2, B2)), p(d(TXane1, BZ))e(d(TZ, Axaner))}-

Letting as n—o0, we have

d*(z, Bz) < max{p(d(z, 2))p(d(z 2)), (d(z, 2))¢(d(z, B2)), p(d(z, 2))¢(d(z, B2)).0(d(z, 2))p(d(z, B2)),
¢(d(z, B2))p(d(z, 2))},

implies that d(z, Bz) = 0. Hence z = Bz.

Thus z = Fz = Ez = Tz, showing that z is a common fixed point of A, B and T. Similarly we can prove that z is a
common fixed point of A, B and T when the pair (B, T) is compatible of type (R).

UNIQUENESS
Let z and w be two common fixed points of A, Band T, so z= Az = Bz = Tz and w = Aw = Bw = Tw. From condition (ii),
we have

d?(z, w) = d*(Az, Fw)

<max{p(d(Tz, Tw))p(d(Tz, Az)), p(d(Tz, Tw))e(d(Tw, Az)), ¢(d(Tz, Tw))e(d(Tw, Bw)),
9(d(Tz, Az))p(d(Tw, Bw)), ¢(d(Tz, Bw))p(d(Tw, Az))}
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= max{p(d(z, W))¢(d(z, 2)), ¢(d(z, W))e(d(w, 2)), p(d(z, W))e(d(w, W)), ¢(d(z, 2))p(d(W, W)), ¢(d(z, W))e(d(w, 2))}

= p(d(z, W)p(d(w, 2)) < d°(z, w),
implies d(z, w) < d(w, z), a contradiction, hence the proof.
Theorem: 3.2 Suppose A, B, T and C be four self mappings of a complete metric space (X, d) into itself satisfying the
conditions
(@) A(X) cC(X), T(X) < B(X).
(b) d*(Ax, Ty) < max{p(d(BX, Cy))p(d(Bx, AX)), p(d(BX, Cy))p(d(Cy, Ty)), p(d(Bx, AX))p(d(Cy, Ty)),

o(d(Bx, Ty))p(d(Cy, AX))},

forall x,y € X.
(c) one of A, B, T and C is continuous. And if
(d) the pairs (A, B) and (T, C) are compatible of type (R). Then A, B, T and C have a unique common fixed point.
Proof: Let xqin X be arbitrary. Take a point x; in X such that Ax, = Cxy, since A(X) c C(X). Let x, be a point in X such
that Tx; = Bx,, since T(X) < B(X). In general we can choose Xan, Xon+1, Xons2, ... SUCh that AXp, = CXoneg @nd TXoneg =
BXan+2, SO that we obtain a sequence
AXg, TXq, AXp, TX3, ... (3.2.1)

From condition (b), we have

dz(AXZny TXon+1) < mMax{e(d(BXan, CXan+1))@(d(BXan, AXzn)), ¢(d(BXzn, CXan+1))@(d(CXans1, TX2n41)),
@(d(BXan, AXn))p(d(CXane1, TX2n+1)), @(A(BX2n, TX2n+1))9(A(CXansa, AXan))}

= max{e(d(TXzn-1, AXzn))(d(TXzn-1, AXzn)), @(d(TXzn-1, AX2n))@(d(AXzn, TX2n41)),
@(d(TXzn-1, AX2n))@(d(AXan, TXzn+1)), P(A(TX2n—1, TXan+1))@(d(AX2n, AX2n))}

= max{p(d(TXzan-1, AX2n))@(d(TXzn-1, AXzn)), @(d(TX2n-1, AX2n))(d(AXan, TXzn+1))}

ie. d2(A%an, TXons1) < @(d(AXan, TXzn-1)) Max{p(d(Axan, TXzn 1)), @(d(AXan, TXoni1))}

< d(AXzn, TXzn-1) Max{d(AXan, TXan-1), d(AXan, TXzne1)}
=> d(AXan, TXone1) < @(d(AXan, TXon-1))

< d(AXan, TXon-1)- 3.2.2)
By similar procedure we can prove that
d(AXan, TXon-1) < d(AXon—2, TXon-1).
Therefore the sequence {d(Ax,n, TXan+1)} IS NON decreasing and hence convergent, say converges to some real number c.
Since ¢ is contractive modulus and letting n—oo, we get ¢ < ¢(c) <c and so ¢ = 0. To show that the sequence (3.2.1) is
Cauchy, it is sufficient to show that {Ax,,} is Cauchy sequence. Suppose it is not so, hence there exist € > 0 and a

sequence of integers {m(k)} and {n(k)} with m(k) > n(k) > k such that d(AXom, AXangy) =€, Let m be the smallest
integer greater than n(k) such that d(AXom, AXon) > € and d(AXoy-2, AXon) <€ Therefore

€ < d(AXam, AXzn)
< d(AXam, AXom-1) + d(AXom-1, AXam-2) + d(AXam-2, AXzn)
< d(AXam, AXom-1) + d(AXam-1, AXom-2) + €,

Letting k—oo, we get

Ii{n Ad(AXom, AXoy) = €. (3.2.3)
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Also we have
d(AXZm’ AXZn) < d(AXZm: TX2n+1) + d(AXZm TX2n+1) (3'2-4)
From condition (b), we have

dZ(AXZmy TXon+1) < mMax{e(d(Bxam, CXan+1))@(d(BXam, AXam)), @(d(BXam, CXans1))@(d(CXanet, TXan+1)),
@(d(BXam, AXam))@(d(CXane1, TX2n+1)), @(d(BXam, TX2n+1))9(d(CXans1, AXom))}

= max{o(d(TXam-1, AX2n))@(d(TXom-1, AXom)), @(d(TXom-1, AX2n))@(d(AX2n, TX2n41)),
(d(TXam-1, AXam))p(d(AXzn, TXzn41)), @(Ad(TXom-1, TX2n+1))@(d(AXzn, AXom))} (3.2.5)

Also we have
A(TXom-1, TXzns1) < A(TXom-1, AXom-2) + A(AXom—2, AXon) + d(AXan, TXan+1) (3.2.6)

Using (3.2.2), (3.2.5) and letting k—o, inequality (3.2.4) gives

Iikm d(AXom, TXons) <€.

Consequently (3.2.2) gives that

€= Iikm Ad(AXom, AXay) <€,

which is a contradiction. Hence {Ax,,} is a Cauchy sequence and consequently the sequence (3.2.1) is a Cauchy
sequence. Since X is complete, the sequence (3.2.1) converges to a limit z in X. Hence the subsequences {Ax,,} =
{Cxan+1} and {Txon-1} = {Bxzn} also converge to the limit point z.

Suppose that the mapping B is continuous, then BBx,, — Bz and BAx,, —Bz as n—oo. Since the pair (A, B) is
compatible of type (R), by proposition 2.7, we get

AAX,, — Bz and ABXy, — Bz as n—oo.
Now from (b)

dz(AAXZna TXon+1) < Max{(d(BAXan, CXan+1))@(d(BAXan, AAXzn)), 9(d(BAXon, CXon+1))@(d(C Xont1, T Xon+1))s
@(d(BAXzn, AAX20))@(d(C Xan+1, T Xan+1)), @(A(BAXzn, T Xon+1))0(d(C Xan+1, AAX2q))},

Letting n—oo, We get,
d*(Bz, 2) <max{p(d(Bz, 2))¢(d(Bz, B2)), ¢(d(Bz, 2))¢(d(z, 2)), ¢(d(Bz, B2))p(d(z 2)), ¢(d(Bz, 2))e(d(z B2))}
= ¢(d(Bz, 2))p(d(Bz, 2))
ie. d(Bz, 2) < ¢(d(Bz, z)) <d(Bz, 2).
Hence ¢(d(Bz,z)) =0i.e. Bz=z
gg(ig?rTinu) < max{p(d(Bz, Cxan+1))e(d(Bz, Az), ¢(d(Bz, Cx2n+1))¢(d(Cxans1, TXan+1)), ¢(d(Bz, AZ))p(d(Cxansa, TXzne1)),
9(d(Bz, Tx2n+1))9(d(Cxansa, AZ))}-
Since Cxane1 — Z, TXpn+1 — Z @S N—oo and Bz = z, so letting n—oo we get
d*(Az, 2) < max{p(d(z, 2))p(d(z A2), p(d(z, 2))e(d(z 2)), p(d(z A2)e(d(z 2)), (d( 2))p(d(z, A2))} = 0,
which implies that d(Az, z) <0, so we have d(Az, z) = 0 and hence Az = z.

Thus Az = Bz = z. Since A(X) c C(X), there is a point u € X such that z= Az = Cu.
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Now we prove that Cu = Tu.
Now from (b)
d*(Az, Tu) = d*(AAXzn, T Xene1)

< max{p(d(BAXzn, CXzn+1))@(d(BAXzn, AAXan)), 9(d(BAXan, CXons1))@(A(CXonva, TXons1)),
@(d(BAXzn, AAX20))p(d(CXanea, T Xan+1)), @(A(BAXzn, T X2n+1))@(d(C Xan+1, AAX2q))}

= max{p(d(z, 2))p(d(z, 2)), ¢(d(z, 2))¢(d(z, Tu)), ¢(d(z, 2))e(d(z, Tu)), ¢(d(z, Tu))e(d(z, 2))}
SO d?(Az, Tu) <0 implies d(z, Tu) = 0 and Tu = z, hence z = Cu = Tu.
Lety, =uforn>1, then Ty, — Tu =z and Cy, — Cu = z as n—co.
Since the pair (T, C) is compatible of type (R) from proposition 2.6, we get TTu=CCu.
This gives Tz = Cz.
Further from (b)

d*(Axan, T2) < max{p(d(BXzn C2))p(d(BXan, Axan)), ¢(d(BXan, C2))p(d(C2,T2)), p(d(BXan, Axer))0(d(C2,T2)),
¢(d(Bxan, T2))(d(Cz, Axan))}

letting n—oo, we get

d*(z, T2) < max{o(d(z, T2))p(d(z, 2)), ¢(d(z, T2))e(d(Tz, T2)) p(d(z, 2))¢(d(Tz, T2)), p(d(z, T2))p(d(Tz, 2))}
= ¢(d(z, T2))p(d(z, T2))

i.e. d(Tz, 2) < p(d(Tz, 2)) <d(Tz, 2).

Hence ¢(d(Tz, 2)) = d(Tz, 7) = 0.

ie.  Tz=z Hencez=Tzandz=Cz= Tz Since T(X) € B(X), there is a point v € X such that

z=Tz = Bv. Now

d*(Av, z) = d¥(Az, T2)

<max{p(d(Bv, Cz))p(d(Bv, Av)), ¢(d(Bv, Cz2))p(d(Cz, Tz)), ¢(d(Bv, Av))p(d(Cz, T2)),
@(d(Bv, T2))p(d(Cz, AV))},

<max{p(d(z, 2)p(d(z, Av), ¢(d(z, 2)¢(d(z, 2), p(d(z, AV)e(d(z, 2), ¢(d(z, 2)p(d(z, AV)}= O,

Thus we have d(Av, z) =0 and Av = z. Take y, = v then Ay, — Av =z, By, — Bv = z. Since (A, B) is compatible of type
(R) by proposition 2.6, we get AAu=BBu which implies that Az = Bz.

Hence z is a common fixed point of A, B, C and T when A is a continuous. The proof is similar that z is common fixed
point of A, B, C and T, when T is continuous.

UNIQUENESS

Let z and w be two common fixed point of A,B,Cand T i.e.z=Az=Bz=Tz=Czand w=Aw = Bw = Tw = Cw. From
condition (b) we have

d(z, w) = d*(Az, Tw)

<max{p(d(Bz, Cw))p(d(Bz, Az)), p(d(Bz, Cw))p(d(Cw, Tw)), ¢(d(Bz, Az))p(d(Cw, Tw)),
o(d(Bz, Tw))e(d(Cw, Az))},

= max{p(d(z, W)e(d(z, 2), ¢(d(z, W)e(d(w, W), ¢(d(z, 2)p(d(w, W), (d(z, W)e(d(w, 2)}
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Therefore d(z, w) < (d(z, w)) <d(z, w) i.e. p(d(z, w)) = d(z, w).

Thus d(z, w) = 0 i.e. w = z. Hence the common fixed point is unique.
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