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ABSTRACT

The object of present paper is to study the quarter-symmetric metric connection on a P-Sasakian manifold and we find
the necessary and sufficient condition with respect to the quarter-symmetric metric connection for P- Sasakian
manifold satisfying the conditions like Z(¢,X).Z = 0,Z(§,X).R = 0,R(§,X).Z, Z(§,X).S=0and Z(§,X).C = 0.
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1. INTRODUCTION

In 1975,Golab[7] defined and studied quarter-symmetric connection in a Riemannian manifold with affine connection.
This was further developed by S.C. Rastogi [12],[13] R.S. Mishra and S.N. Pandey[8], K. Yano and Imai[15],
Mukhopadhyay, Roy and Barua [9] U.C.De and Biswas[4] and many other geometers.

A linear connection ¥ on an n-dinmensional Riemannian manifold is said to be a quarter-symmetric connection[7] if its
torsion tensor T of the connection ¥

T(X,Y) = VY — VX — [X,Y]
Satisfies

(1.1 TX,Y) =n(¥)¢X —n(X)9Y,
where n is 1 — from and ¢ is a (1,1) tensor field.

In particular, if ¢X = X, then the quarter-symmetric connection reduces to the semi-symmetric connection [6]. Thus
the notion of quarter-symmetric connection generalizes the idea of the semi-symmetric connection. If moreover, a
quarter-symmetric connection ¥ satisfies the condition

(1.2) (Vyg)(Y,Z) =0 forall X,Y € TM.

ThenV is said to be a quarter-symmetric metric connection. The paper is organized as follows. In section 2, we give a
brief account of P- Sasakian manifold. In section 3, we establish the relation between the Riemannian connection and
the quarter-symmetric metric connection. In section 4, we study curvature tensorR, Ricci tensorS, scalar curvature 7,
concircular curvature tensor Z and Weyl conformal curvature tensor € with respect to the quarter-symmetric metric
connection. In section 5, we find necessary and sufficient condition with respect to the quarter-symmetric metric
connection for P- Sasakian manifold satisfying the conditions like

7(£,X).Z=0,72(§,X).R=0,R((,X).Z,Z(§,X).S=0and Z(§,X).C=0
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2. P-SASAKIAN MANIFOLD
Let M be an n-dimensional differentiable manifold on which there exists a (1,1) tensor field ¢, a vector field & and

1 —from 7 satisfying
@21 ¢*=1-n®¢

(22) n) =1
(2.3) nogp =0
(24) ¢$=0

is called an almost para contact manifold and the structure (¢, &, 1) is called an almost para contact structure.

The first and one of the remaining last three above relations imply the other two relations. Let g be a compatible
Riemannian metric with(¢, &, 1) -structure such that
(2.5) g(¢X,¢Y) =g X,Y) —nX)n(Y) or, equivalently,

(2.6) g(@X,Y) =g (X,dY)and g(X,&) =n(X) forall X,Y € TM.

Then M is called an almost para contact Riemannian manifold or an almost para contact metric manifold with an almost
para contact Riemannian structure-(¢, &,1, g).

Definition: An almost para contact Riemannian manifold is called P-Sasakain manifold if
2.7) (iep)(V) =—gX, V)E—n(Y)X + 2n(X)n(Y)¢ forall X,Y € TM.

where V denotes the operator of co-variant differentiation with respect to Riemannian metric g. On P-Sasakian
manifold, we have

28) (ym@) = g(pX,Y) = (yn)(X)
29) (m)(¥) = (X, Y) where ®(X,Y) & g(¢X,Y)
(2.10) (7x$) = X

Also in an P- Sasakian manifold M, the curvature tensor R, the Ricci tensor S, and the Ricci orperator Q satisfy
(2.11) R(X,Y)¢ =n(X)Y —n(¥)X

(212) RE XY =n()X — g(X,Y)§

(213) R, X)¢ = X —n(X)§

(2.14) S(X,8) = —=(n — Dn(X)

(215) Q¢ = —(n—1)¢

(2.16) n(R(X,V)U) = g(X, U)n(Y) — g(Y, U)n(X)
217)n(R(X,Y)§) =0

(2.18) n(R(&, X)Y) = n(XIn(¥) — g(X,Y)

(2.19) S(¢X, ¢Y) = S(X,Y) + (n — Hn(X)n(¥)
(2.20) S(X, ¢Y) = S(¢X,Y)

Definition: An almost paracontact Riemannian manifold is said to be n-Einstein [2] if the Ricci tensor S satisfy
(2.21) S(X,Y) = ag(X,Y) + bn(X)n(Y)

where a and b are smooth functions on the manifold .In particular, if b = 0, then M is an Einstein manifold.
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3. RELATION BETWEEN THE RIEMANNIAN CONNECTION AND THE QUARTER-SYMMETRIC
CONNECTION

Let ¥ be a linear connection and ¥ be a Riemannian connection of an almost paracontact metric manifold M such that
(3.1) WY =WY +UWX,Y)

where U is tensor of type (1,1) . For ¥ to be the quarter-symmetric connection in M, then we have [7 ].
1 , ,
32) UX,Y)==-[TX,Y)+T XY)+T (Y,X)]

T2
Where ,
(33) 9T (X,Y),2) =g(T(Z,X),Y)

From (1.1) an(3.3) , we get
B4 T &Y)=nX)¢Y — g(¢X,Y)§
Using (1.1) and (3.4) in (3.2), we have
(35) UK, Y) = n(Y)pX — g(¢X,Y)é
Thus a quarter-symmetric metric connection V in a para-Sasakian manifold is given by
(3:6) VyY =VxY +n(¥)$X — g(¢X,Y)¢
Conversely, we show that a linear connection ¥ in a para-Sasakian manifold defined by
(3.7) WY =W, Y +n(Y)pX — g(¢X,Y)E denotes a quarter-symmetric metric connection.
Using (3.7) the torsion tensor of the connection ¥ is given by
T(X,Y) = VyY — X — [X,Y]
(3.8) TX,Y) =n)¢X —nX)¢Y
The above equation shows that the connection ¥ is quarter-symmetric connection [7]. Also we have
(Vxg)(,2) = Xg(¥,2) — g(VxY,Z) — g(Y,Vx2)
(39 (Kg)Y,2)=0
From (3.8) and (3.9) we conclude that ¥ is quarter-symmetric metric connection.

Therefore equation (3.6) is the relation between the Riemannian connection and the quarter- symmetric metric
connection on a para-Sasakian manifold.

4. CURVATURE TENSOR OF A P-SASAKIAN MANIFOLD WITH RESPECT TO THE QUARTER-
SYMMETRIC METRIC CONNECTION

Let R and R be the curvature tensor with respect to the connection 7 and ¥ respectively. Then we have from [11]

(41) RX,Y)U = R(X,Y)U + 3g(¢pX, V)Y — 3g(¢Y, U)X + n(U)[n(X)Y —n(¥)X]
X)) g, U) —n(N)gX, U)I§

Where R(X, Y)U == ﬁxﬁyU - 7}/7}([] - 7[X,Y]U
From(4.1), it follows that
(4.2) S(Y,U) =S(Y,U) +2g(Y,U) — (n+ Dn(¥)n)

where § and S are the Ricci tensors of the connections ¥ and ¥ respectively.
© 2014, IIMA. All Rights Reserved 3
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Again contracting (4.2), we have
43) Ff=r+n-1
where # and  is the scalar curvature of the connections ¥ and V respectively.

Let (M, g) be a Riemannian manifold. Then the concircular curvature tensor Z and the Weyl conformal curvature
tensor C are defined by [16]

44 ZXYVU=REX, VU -~ {g(Y, )X — g(X,U)Y}

T
n—-1)
(45) CX,Y)U=R(X,Y)U - %{S(Y, U)X — S(X, U)Y + g(Y, U)QX — g(X,U)QY}

T
-_ Y, U)X —gX,U)Y
+(n_1)(n_2){g( )X —g(X,U)Y}
forall X,Y,U € TM,where r is scalar curvature.

Let Z and C be the concircular curvature tensor and the Weyl conformal curvature tensor with respect to quarter-
symmetric metric connection ¥,then by using (3.6) and (4.4), we have

(46)  Z(X,Y)U =Z(X,Y)U +3g(¢X, )Y — 3g(¢Y, )X + () [n(X)Y —n(¥)X]

1
—MXg,U) —n(¥V)gX, V)]E + - [g(X, U)Y — g(Y,U)X]

Where

4.7) ZX,Y)U=RX,Y)U -

7
n(n-1)

{g(Y, U)X — g(X,U)Y}and using (3.6) and (4.5), we have

(4.8) CX,Y)U =CX,Y)U + 3g(pX,U)pY — 3g(pY,U)pX

— = {g(¥, )X = gX, V)Y +n)QOY = n(NX) + (1 (g X, U) = n(X)g (¥, 1)E)}
Where
(49) CX,Y)U=RX,Y)U- %{5(}', DX -SX, )Y + g(Y, QX — g(X,U)QY}

T
m{g(Y, DX —gX, )Y}

5. MAIN RESULTS

In this section, we obtain necessary and sufficient conditions for P- Sasakian manifolds satisfying the derivation
conditions Z(£,X).Z = 0,Z(§,X).R=0,R(¢,X).Z, Z(§,X).S=0and Z(§,X).C = 0.

Theorem (5.1): The concircular curvature tensor with respect to quarter-symmetric metric connection in a P- Sasakian
manifold satisfies Z(&,X).Z = 0 if and only if either the scalar curvature » of M is r=(2n+1)(1—n) or M is
n-Einstein.

Proof: In a P- Sasakian manifold from (2.11), (2.12), (4.4) and(4.6),we have

. Cn+1)(n—-1D+r
RV ACH ST ( =D ) @X - 9(X,1)D)
and

(52)  Z(X,Y)E = (

Cn+1Dn-1+r
nn—1)

>(77(X)Y—77(Y)X)

From the conditions Z (&, U).Z = 0, we get
[ZEU),ZXMIE-Z(ZE WX, Y)E—-Z(X, Z(E,U)Y)E=0
In view of (5.1), we have

2 1 -1 . - - - _
<( - +n()n(f 5 A r> mZ&EW — g(U,ZX,V)E)E ~nZW,VIE + g U, XIZE VIE — n(V)ZX, U)E
+9(UNZX,EHE-ZX, VU +n(UZ(X,Y)E} =0
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Equation (5.2)then gives

<(2n D -1)+ r) (Z(X, . ((Zn F)(m-1)+ r) G — gt Um) o

nn—-1) nn—-1)
Therefore either the scalar curvature r = (2n + 1)(1 — n), or

Cn+1)(n—1)+r
nn—-1)

Z(X,Y)U—( )(g(X,U)Y—g(Y,U)X) =0

Using (4.1) and (4.7), we have

R(X,Y)U = =3g(pX,U)¢Y +3g(¢Y, U)X —n(N[X)Y —n(X] + [n(X)g (Y, V) —n(¥)gX, )
+2(g(X, 0)Y — g(¥, 1)X)

Contracting, we get
S(Y,U) = =2ng(Y,U) + (n+ Ln(Y)n(U)
Therefore M is n- Einstein manifold. The converse is trivial.

Using the fact that Z(, X). R denotes Z (&, X) acting on R as a derivation, we have the following theorem as a corollary
of theorem (5.1).

Theorem (5.2): The concircular curvature tensor with respect to quarter-symmetric metric connection in a P- Sasakian
manifold satisfies Z(&, X).R = 0 if and only if either M is n-Einstein or M has the scalar curvature

r=02n+1)(1—n).

Theorem (5.3): If the concircular curvature tensor with respect to quarter-symmetric metric connection in a
P- Sasakian manifold satisfies R(&, X).Z = 0, then the manifold M is n-Einstein.

Proof: The condition R(, X).Z = 0 implies that
(53) [RE U, ZX,NIE-Z(RE WX, Y)E-Z(X,REUY)E=0

In P-Sasakian manifold, we have

(564) RX, V)¢ =2000)Y —n(¥)X)
an
(55) RE XU =2(@W)X — gX,U)¢)

Using (5.5) in (5.3), we have

(5.6) ZX. VU —-nUZX,V)§+n(MZX,U)E - gWU.ZX,E + n(OZWU,YV)§ — g, X)Z(E,Y)E
-n1ZX,EU =0

From (5.2), (5.4)and (5.6),we have

Cn+1D(n-1)+r
n(n—1)

From (4.4) (4.6) and (5.7), we have

.7) ZX, VU + ( )(g(Y, DX —gX,U)Y) =0

RX, U =2(g(X, )Y — g(¥,U)X) —3g(¢X, )PY + 3g(¢Y, V)X — n(U)[n(X)Y — n(Y)X]
_ +[Xg,U) —n(gX, VI
Contracting, we get

SY,U)=-2ng(Y,U) + (n+ Dn¥)nU)

Therefore M is n- Einstein manifold.
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Theorem(5.4): The concircular curvature tensor with respect to quarter-symmetric metric connection in a P- Sasakian
manifold satisfiesZ (&, X).S = 0if and only if either M has the scalar curvature r= (2n+1)(1—n) or M is
n-Einstein.

Proof: The condition Z(&,X).S = 0 implies that

$(ZGx)v,8) +5(Y.2(6%)§=0

In view of (5.1) gives

((Zn +1Dn—-1)+r

Using (2.14) and (4.2),we have

Cn+1D(n-1+r
< n(n—1)

> (SX,Y) +2ng(X,Y) — (n+ Dn(X)n(¥)) =0
Therefore either the scalar curvature r = (2n + 1)(1 — n), or
S(X,Y) = —2ng(X,Y) + (n + Dn(X)n(Y)
Thus M is - Einstein manifold. The converse part is trivial.
Theorem(5.5): The Weyl cgnformaj curvature tensor with respect to quarter-symmetric metric connection in a P-
Sasakian manifold satisfies Z(&,X).C = 0 if and only if either M has the scalar curvature » = (2n+ 1)(1 —n) or M
is conformally flat in which case M is a SP- Sasakian manifold.
Proof: Z(&,U).C = 0 implies that
[ZE, ), Cxnw -C(ZE WX, Y)W -C(X,Z(E U)W =0

In view of (5.1),we have

Cn+1D)(n—-1+r
( nn—1)

) [n(Cx, W)U - C(X,Y,W,U)E —n(X)CWU,VIW + g(U,X)CEIW —n(V)CX, U)W
+gUNCX,OW —n(W)CX, YU + gU,W)C(X,Y)E] =0
So either the scalar curvature r = (2n + 1)(1 — n), or the equation

n(CXYIW)U - CX,Y,W,0)§ = n(X)CU,YIW + g(U, X)C(EVIW = n(Y)CX, )W + g(U,Y)CX,OHW
—n(W)CX, U+ g(UW)C(X,Y)E=0

holds on M.Taking the inner product of the last equation with &,we get

58) n(CXVIWnW) = CCX, ¥, W, U) =n(Om(C WU, IW) + g(U, XIn(CE NIW) = n(¥In(C X, DIW)
+ (WU, YINECE,OHW) =W)X, VIV) + g(U,Wn(E X, 1)E) =0

From (4.8), in P-Sasakian manifold, we have
(5.9) n(Cx,VU)=n(CXY)U)
(5.10) C(X,Y,W,U) =C(X,Y,W,U)
Using (5.9) and(5.10) in (5.8), we get

(5.12) n(CX,VIYW)nU) — CX,Y,W,U) —nXIn(CU,YIW) + g(U,X)n(CE, VIW) —n(YIn(CX, V)W)
+ g, Y)n(CX,OW) —n(W)In(CX,YIU) + g(U, W)n(CX,Y)E) =0
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Now using (2.14),(2.16) and (4.5) in (5.12), we get

(5.13) g(U, Y)g(X,1W) -9, X)g, W)
—-n
+ =g, W)g (X, U) + g(X, W)g(U,Y) + g(X, Un(Vn(W) = g (U, Vn(Xn(W)}

1
+ m{S(Y, UnXnW) = S, Un(VnW) + g(¥, W)SX,U) — g(X,W)S(Y,U)}
—R(X,Y,W,U) =0

Contracting (5.13), we have
(5.14) S(Y,U) = (1 + L)g(y U) + (—n + L)n(y)n(U)
’ n—1 ’ n—1

This implies that M is an n-Einstein manifold.So using (5.14) in (5.12) we obtain € = 0 on M.Thus using the fact
from [1] that a conformally flat P- Sasakian manifold is an SP-Sasakian, M becomes an SP-Sasakian manifold. The
converse statement is trivial.
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