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ABSTRACT

In this we study the important properties of ternary operation I" on C-Algebra, should be viewed as a conditional “if
X, then P, else Q" and established Cayley’s theorem on centre of C-Algebra.

AMS Mathematics subject classification (2010): 03G25(03G05, 08G05.

INTRODUCTION

In [1], Guzman and Squier introduced the concept of C-algebras as the variety generated by the three element algebra
C={T, F, U} which the algebraic form of the three valued conditional logic. They proved that C and the two element
Boolean algebra B = {T, F} are the only sub-directly irreducible C-algebras and that the variety of C-algbras is minimal
cover of the variety of Boolean algebras. They also define ternary operation I_(p,q) = (aA p)v (a'Aq) on C-Algebra,

should be viewed as a conditional “if x, then P, else ” and derived important properties of . In [2], Swany, Rao

and Ravi kumar introduced the concept of the centre B(A) of C-algebra A with T as the set of all elements x in A with

xv x'=T and proved that the centre is a Boolean algebra under the induced operations, which is isomorphic to the
Boolean centre of the algebra A.

1. C-ALGEBRA

In this section we recall the definition of C- algebra and some results from [1], [2] and [3]. Let us start with the
definition of a C-Algebra.

Definition 1.1: [1] By a C-algebra we mean an algebra of type (2, 2, 1) with binary operations A,V and unary
operation ' satisfying the following identities.

a)x"=x b) (xAy)'=x'vy'
C) (XAY)AZ=XA(YAZ) d) XA(yvz)=(XAy)v(XAaZ)
d) (Xvy)Az=(XAZ)V(X'AYAZ) f)xv(xay)=x

9) XAY)V(YAX)=(YAX)V(XAY)

Example 1.2: The three element algebra C = {T,F,U } with the operations given by the following tables is a C-
algebra
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Note 1.3: [1] The identities 1.1(a), 1.1(b) imply that the variety of C-algebras satisfies all the dual statements of 1.1(c)
to 1.1(f). A and v are not commutative in C. The ordinary right distributive law of A over v fails in C. Every
Boolean algebra is a C-algebra.

Lemma 1.4: The following properties of a C-algebra can be verified directly [1], [2], [3], and [4]
i) XAX=X

8)XAy:xA(%vyy:uN/WAx

(i Xv (X'Ax)=(X"AX)v X=X

) (Xvx)Ay=(xAy)v(X'AY)

(v) XvX =x"vX

(Vi) XVYVX=XVY

(vii) XAX'AYy=XAX

(viii) Xvy=F ifandonlyif x=y=F
(ix)If Xvy=T then XvX' =T

x) XvT =xvX

xi) Tvx=T and FAX=F

Definition 1.5: [2] Let A be a C-algebra with T (T is the identity element for A in A). Then the Boolean centre of A is

defined as the set B(A)={ae A/ava'=T}. B(A) is known to be a Boolean algebra under the operations induced
by those on A.

2. THE TERNARY OPERATION I’

Definition 2.1: [1] Let A be a C-algebra. If X, p,q € A, define T (p,q) = (XA p) v (X'AQ) (I', (P, q) should be
viewed as a conditional ** if x, then p .else (7).

Lemma 2.2: [1] Every C-algebra satisfies the laws:
@ I(p.a)=T,(p".q)

(0)) I',(p,q) Ar=T,(p Ar, qar)

© I'(p.a) vr=L,(pvr, qvr)

(d) T (Cy(p.a) Ly(r,8) =T, (T,(p,r) .I,(a,s))

Lemma 2.3: [1] Every C-algebra with the indicated constants satisfies the following laws

O Ly(p,a)=u @) I,UU)=U (Gi)I7(pa)=p @) Ie(pa)=q I (T,F)=x

Lemma 2.4: Every C-algebra with the indicated constants satisfies the following laws.

@ Iy, (p.a)=T,(p,T,(p.9) O Iy, (p.a)=T(C,((p.a)a) ©@T,(p,p)=p

Proof:

@ I,(p.T,pa) =XAp)v(X'AL(p,Qq))
= (xAp)vIxX'A{(yArp)v(y'rd)}
=(XAP)VIIX'A(Y APV ALY A
=[(xAp)v{X'A(yAp}v{X Ay "Aa)}]
= [(XAP) VX AYAPVIX A(Y "Ad)}]
={(xvy)Ap}v{(xvy) 'Adq}
=TI, (pa)

Therefore ', (p,q) =T, (p , I, (p,q))

i) T,(T,((p.a), 9)) = (XAT (p,q)) v (x'AQ)

=[xA{lyap)v(y 'Ana)}v(x'Aq)]
© 2014, I/MA. All Rights Reserved 19



S. Vijayabarathil and K. Srinivasa Rao *2/ Cayley Theorem For Centre Of C-Algebra / IIMA- 5(3), March-2014.

=[(xA(yAp)v(xa(y 'Ag)]v(X'AQ)
=(XA(YAP)VIXA(Y 'AQ)) v (X 'AQ)]
=(XA(YAP)VIXAYIAG)) V(X AQ)]
=(XA(YAP)VH(xXAY)vXIAQ)]
={(XAy) A pIv{(xX"vy)Ad}
={(xAy) A prv{(xry) Aq}

=T, (p,q)

Therefore ', (p,q) =T, (T, ((p,q).q))
(Vi) T, (p, p)=(pAP)V(P'AP) =pv(p'Ap) =P
Therefore T (p,p)=p-

Observe thatT", (p, p)=(aA p)v(@a'ap)=(ava’)ap,if a=U, then ava'=T andl" (p, p)=p otherwise

the value isU . Hence we have the following lemma.

Lemma 2.5: Let A be aC-algebra,a € B(A), then T',(p,p)=p, VP A

Proof: If a€ B(A), then T, (p, p)=(aAp)v(a'ap)
=(ava')ap (sinceaecB(A)=ava'=T)
=TAap=p

Lemma 2.6: Let A beaC-algebra, then T',(T",(p,q),T,(r,s))=T,(p,s)

Proof: The result is clear, when a=U .

Suppose a=#U ie,ava'=T

LT (PO T, (1 s) =T,(@A P)v (@ AQL@AD V(@ AS)
=[ar{(arp)vi@'ra}lvia'r{(anr)v(a'rs)il
={an(anp)}vi{an(a'arq)}v{a’'ar(anr)}v{a’'a(a’'as)}
={(arp)rv{an(@a'rq)}v{a'a(@ann)}v{a’'ars)}
={(anp)}v{anrna’'aq)}v{a’'ranar)}v{a’'as)}
={(arp)}v{anrna}v{a'ra)}v{a'As)}
={(anp)}vOvOv{a'As)}
=(aanp)v(a'as)
=I,(p.s)

Therefore I, (I', (p,d), T, (r,s)) =T, (p,s)

The property on ternary operation I",(I",(p,q),I",(r,s))=T,(p,s) is known as diagonal property hold on C-
algebra.

3. CAYLEY’S THEOREM:

The well known Cayley theorem for groups may be summarized as follows: Any group is isomorphic to group of

transformations on some set. Stephen L. Bloom, Zoltan Esik and E.G. Manes [5], established Cayley theorem for
Boolean algebras. We establish Cayley’s theorem for C-algebra in two parts. In Part-I, we construct a C-algebra

(A A, Vv, "), where A is a subset of Ter( X ) (ternary functions) on X , called Guard C-algebraon X . In Part-11, we
prove that every centre of a C-algebra is isomorphic with guard C-algebra.
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Cayley theorem for Groups (part I): Let X beasetand P(X) be the collection of permutations of X . If G isa
subset of P(X) satisfying

i) G contains identity function I.

ii) f,geG = ngeG.

i) f eG = f e, then G isagroup. Such groups are called transformation groups on X .

Cayley theorem for Groups (part Il): If G is a group, there is a set X such that G is isomorphic to a
transformation group on X .

Theorem 3.1: Cayley theorem for Boolean algebras (part 1) 3.3: [5]
Let B be a subset of Bin( X ) with the following properties. B contains True and is closed under the operations
AV, (5)' . Then (B, A, v, (=), True, False) is a Boolean algebra providing each function in B is idempotent and

diagonal and any two such functions commute. Then B is a Boolean algebra. Such Boolean algebras on X are called
“Guard Algebras” on X .

Theorem 3.2: Cayley theorem for Boolean algebras (part I1): [5]
If (B, A,v,(-)', 1, 0) is any Boolean algebra, then there is a set X such that B is isomorphic to a Guard algebra on

X.

In a similar way, we prove Cayley theorem for C-algebra.

Let X beasetand T be aternary function on X , satisfying the following properties
i f(x,x)=x
iy f(f(x,y), f(u,v))=f(x,v) (Diagonal property)
aiiy f(g(x,y),9(u,v))=g(f(x,u), f(y,v)),gisaternary functionon X .

We define the operations A,V, ' on the set Ter( X ) of all ternary functions on X as

(FAg)x )= T(a(xy).y).
(fva)xy)=f(xag(xy).
f'(x,y)= f(y,x) and Ter( X ) having projections

(X y)=X, m,(X,y)=y

Theorem 3.3: Cayley’s theorem for C-algebras (Part-1):
Let A be a subset of Ter( X ) with the properties, A contains projections 7, , 77, and closed under A,V, ' then

(A, A, Vv, ") is a C-algebra provided each function in A satisfying the properties (i),(ii) and (iii) and operations A, V,
are defined above.

Proof: Let f,ge Aand X,y e X
@ fxy)"=f'(.x) =fxy)

Therefore f"=f

O (f Ag) '(xy)=(f AQ)(Y.X)
= f(9(y, x), x)
=f '(x, 9(y.¥))
=f'(x, g'(x.y))
= (f'vg)xy)

Therefore (f AQ) '=g 'V '
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© {f A(@Ah)}xy)=f{(g Ah)(X ), Y)
= f{a(h(x,y),y), v}
=(f Ag)(h(x,y),Y)
={(f Ag) AN}X,Y)

Therefore T A(gAh)=(f AQ)AD
(d) Toprove (f AQ)Vv(fAh)y=TfA(gvh)

Consider

[(f Ag)v(F ARIXY)=(F AQ)[X, (f Ah)(X V)]
=(f Ag)[x f(h(x,y),y)]
= flg{x, f(h(x,y), )} f(h(x,y), )]
= fLg{x, f(h(x,¥), )}, a(f (h(x,¥),y), f(h(x,y),y)]
=g[f{x f(h(x,y), )} f(f(h(x,y),y), f(h(x,y),y)]
=g[f{x f(h(x,y), )} f(h(x,y), )]
= flg{x, h(x, )} a(y, y)]
= flg{x, h(x,y)}, y]
= f[(g vh)(x,y), Y]
={f A(gvh)}xy)

Therefore (f AQ) Vv (f Ah) =T A(gvh)
e (fvg)ah=(f Ah)v(f'Agah)

Consider

[(f Ah)v (f'Agan]Xy) =(f AD){X, (f'AgAh)(X y)}

(f AR)[X, £{(g Ah)(X, ), y}]

(f AR, £{y,(g Ah)(X, ¥)}]

=(f Ah)[x, f{y,g(h(x,y), y}]

= f[h{x, f(y,g(h(x,¥),y), f(y,g(h(x,y),y)]

= f[{f (X, %), (y,g(h(x,y),y), f(y,a(h(x ), y)]
= f[f{h(x, y),h(x, g(h(x, ¥), y), T(y, g(h(x,y), ¥)]
= f[h(x,y), g(h(x, ¥), y)]

=(f v a)h(x,y),y)

=((f vg)ah)(xy)

Hence (f vg)ah=(f Ah)v(f'Agah)

M (FArg)v(gnf)=(@af)v(fAg)

(FAQ) V(g )X Y)=(FAQ)IX (g A F)(XY)]
=(f Ag)(x gLt (X ), ¥])
= f{g(x, g(f (%, ¥),¥), 9(f(x,y), ¥)}
= f{alg(x, x), g(f (x,¥), V)1, a(f (x,¥), y)}
= f{a(x,y),9(f(x,¥), )}
= f{a(x, ), 9(f(x,y), f(y, y)}
= f{g(x, y), F(g(x, y),y)
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(A F)v(FAg)(xy) =(gA XX (fAQ)(X )y
= (g~ D (fla(x, y), yI}
=g{f[x f(a(x ) y), f(a(xy) )}
= f{alx. a(x, V)19l f(9(x, ), ¥), yI}
= f{alg(x,x), g(x, V)1, alf (a(x, ¥), y), F(y, VI}
= f{alx, a(x,y) fla(a(x, ¥), V)a(y, V)I}
= f{a(x, a(x, Y)al[f(a(x, ¥), ), F(y, V)I}
= f{a(x,y), fla(a(x, ¥), ¥), 9y, )}
= f(g(x,y), f(a(xy),y)

Therefore (f AQ)v(gAaf)=(gATf)v(fAQ)

Hence (A, A,V, ") is a C-algebra, such C-algebras on A are called “Guard C-algebras” on X . Observed that on C-
Algebra, I", (X, X) # X but if a € B(A), then I',(X, X) = X (lemma 2.5). So we are confining to Cayley’s theorem
for centre of C-algebra.

Theorem3 .4: Cayley’s theorem for C-algebras (Part-11)
If (A A,v,”0,1,2) isaC-algebra, there is a set X such that B(A) is isomorphic to guard C-algebraon X.

Proof: Define I',on B(A) suchthatl, (X, y)=(aAXx)v(a'ay).

Let Ter(B(A))={I", /a € B(A)}, define A, v, 'as
(T AT Y) = (T ) (%, Y) = To (T (%, ), )
(Ca v ) Y) = (Co) (% y) = (6 Ty (%, )
([L)'(xy) =T, (xy)=T, (y,x)

Now we prove that Ter( B(A)) is C-algebra.
(a) (Fa) "(X’y) = (Fa'(x’ y)) ‘= (Fa(y! X)) ‘= 1—‘a (yl X) :Fa(x’ y)

Therefore (I',) "= T,

Therefore I', AT, =17,

(0) (T, AT) (% y) = (Fy AT)(Y. X)
=, (T, (y, %), x)
=T (T (Y, X))
=T, ((xTy(x,Y))
=T, vI,)(XxY)

Therefore (I, AT,) '=(,.vIy.)

© {(T, AT) AT HXY) = (T, AT KT (X, Y), y}
=TT (X Y),¥). v}
=L (T, AT (X, Y), ¥}
={L, AT, AT)MX, Y)

Therefore (T, AT )AL =T, A(Ty, AT,)
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(@ To prove {T, A (T, v T )}={(T, AT,) v (T, AT,)}

Consider
{(Fa A 1—‘b) \4 (Fa A 1—‘c )}(X! y)

=(Ca AT (T ATC(X, Y)}

= AT )T AT (X y), v}

=0 [ A (T (% y), Y3 T (X, ), V3]

=[an{l,[x, T (T (X, ¥), V)3 v [a AT {T (X, ), y}}]
=@n[y[xan{l (x,}v(@'AyDv [a'A{(arl(x,y)v (@ Ay}
=(an[bax)vb'AfanT . (x,y)v(@'Ay)})VvIa'ranTl (X, y)v(@a'ra'Ay)}H
=(@anfbax)v('ranl (xy)vb'A@'AY))])V [ara'v(a'Ay)}]
=(@nf[bax)vb'ranT . (x,y)vb'Ara'Ay))v(a'Ay)
=(@anbax)vb'ranT (X, y)vF]D)v(@a'Ay)
=an(bax)vb'ranl (X, y)v(@a'Ay)

=ar{bAX)v(O AT (X, ¥)}v(@a'Ay)

=ar{([,(x I (x, y)}v(@a'ny)

=T {@, (T (x, )} v}

=T, [Ty vIo)(Xy), ¥l

=T AT VI )X, Y)

Therefore {I', A(T', v )}={(T, AT,)v (I, AT )}

) Toprove ([, VI )AL, )=, AT ) v (I ,'AT, AT,)

(C AT )v I, AL AT,) (X, Y)

=L, AT) X, AT, AT (X, ¥)}

= AL ) XTI, AT)(X, Y), Y}

= ([, AT) G0y, (T AT)(X, Y)]

= (O AT ) (LY, Ty (T (X, y), V)13

= {TIxIaly, Iy (T (% y), VLT, Ly, T (T (%, y), Y)I}

= @A {L XLy, Ty (T (x, 9), I v{a' AT Ly, Iy (T (%, y), Y)I}

=(@ar{lcax)vic'a(@any)v @@, (xy)NHv@r{ary)v@albaT (xy))v O Ay}
=(@rcax)v(@anc rany)v(@nc ra' Al (T (xy),y)v@rany)v@ra' AbAT.(Xy))v(@ ra Ab Ay)
=(@anrcax)v@nc'ay)v@AbBAaT.(x,y)v(@ Ab Ay)

={anflcAx)vcAyv{a’' Al AT (X, y) v (D' AY)}

~[an (T 06 VIV AT, (T (), )]

=0 (T 060 y), Ty (Te (X, Y), y)

= (T, v )T (X, Y),Y)

={(T,vI,) AT HxY)

Therefore (I, v\ )AL,) =, AT,)v(,'AT, AT,)
f)Toprove (I, AT))Vv ([, AL,) =0, AT,)v (I, AT})
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Consider
[CoAT) V(T AT I Y) = ([T, AT )X (T AT (X, Y)]

= (O, AT )X T (T, (X Y), Y]

=L L, (6T (T (6 Y), Y), Ty (To (X, Y), V)3

= Fa{rb[rb (X, X)Vrb (Fa(x’ Y), y)]’rb (ra(xv Y)v Y)}

=T {Ly (X, ¥), T (T, (X, ), ¥)}

=an{lbAx)v O AyIv[a A(DAT, (X y)v (b AY))}

=(arbax)v(@aab' ay)vi@a'aba(@anx)]via’'abara’ ay]v[a' Ab ay]
=(@arbax)v(aab ay)v(@ abay)
Now
Ty AT ) V(T AT Y) =y AT X (T AT (X Y)}
= ([, AT (T (T (X, Y), V)3
=Ll D6 T (T (6 y), Y1 o (T (X, Y), Y)
=T L, (% Ty (6 ), T (T, (T (X, Y), V), )}
= 1—‘a{l—‘b[l—‘b‘ (% X), Ty (%, IC, I, (T, (X, y), ¥), T (Y, Y)I3
=L AL, (% Y), L[ (T (%, ), y). Ty (Y, Y]
=LAl (% ), LI (% ), )T}
=T AT, (% y), L[, ((x, ¥), I}

=(@aanbax)v(@ab' ay)v[@ rbranx)]v[a Abara Ay]lv(a' Ab AYy)
=(anbax)v(@aab'ay)v(@ab ay)

Therefore (I, AL )V (T, AT,) =, AL,)v([, AT})
Hence Ter( B(A)) is a C-algebra , which is called guard C-algebra.
Define f :B(A) > Ter(B(A)) by f(a)=T, , VaeB(A)

Now we prove that f is homomorphism

0 f@)=r,.(xy)=(T,) xy)=(f(@)"

Therefore f(a ') = (f(a))"
(i) F@nA fb) =T, AT)(XY) =T, (Ly(x ), y) =T, (xy) = f(anb)

Therefore f(aAb)= f(a)A f(b)
(i) f(@)v f(0)=(T, vIp)(XYy) =T, (y.I} (X)) =T,(xy) =f(avb)
Therefore f(avb)=f(a)v f(b).

Therefore f is homomorphism.
f is one-one:

Let f(a) = f ()
= I_‘a(x’ y) = 1—‘b (X, y) ’ VX! y
—T,(1,0) =T, (10
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=a=b
This shows that f is one-one:
Hence B(A) = Ter(B(A))
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