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ABSTRACT

In this paper, we establish new information inequalities in terms of difference of generalized divergence measures.
Further obtain new divergences corresponding to that difference and get the bounds of new divergence in terms of
other standard divergence measures. Lastly, obtain the relation among new divergences and Renyi’s entropy.
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1. INTRODUCTION:

Let ', = {P =( Py Pys P3Py )5 P >0, z p; zl}, N> 2 be the set of all complete finite discrete probabili

i=1

. 0
-ty distributions. If we take P,>0 for somei=1,2,3,...,n, then we have to suppose that0 f (0) =0 f (6) =0.

Csiszar’s ¢- divergence [1] is a generalized information divergence measure, which is given by:

'¢(P,Q)=iqi (/{ﬂJ (L1)

O

Similarly [6] introduced a generalized measure of information given by

S,(P.Q)= Zn)qi cz{mj (1.2)

i=1 2
where ¢: (0,0) — R (set of real no.) is a real continuous convex function and P:(pl, P,y Pgeees pn),
Q :(ql, d,, Q5.+ qn)e I',, where P, and (; are probability mass functions. Many known divergences can be

obtained from these generalized measures by suitably defining the convex function f. These are as follows:

The following measures (1.3), (1.4) and (1.5) are one parameter generalized divergence measures [11], where “S € R”
is a parameter.

v, (P.Q)= [S(S —1)]71 [Zn: p.’g* —1] s # 0,1= Relative Information of type “s”. (1.3)
i=1

= ' 2p

Q, (P, Q) = [S(S —1)}71 Z P, [M] —11|, s# 0, 1= Unified Relative JS and AG Divergence of type “s”.

(1.4)

Corresponding author: K. C. Jain**
Department of Mathematics, Malaviya National Institute of Technology,
Jaipur- 302017, Rajasthan, India. E-mail: Jainkc_2003@yahoo.com

International Journal of Mathematical Archive- 5(3), March — 2014 76


http://www.ijma.info/�
mailto:Jainkc_2003@yahoo.com�

K. C. Jain*' and Praphull Chhabrd’ / On a Difference of Generalized f- Divergences / IJMA- 5(3), March-2014.

s-1
(P Q) = ( ) z i ;qi ( pi2+ 4 J , S # 1= Relative J- Divergence of type “s”. (1.5)
i1 q;
(P Q) |Og( P ] Relative Entropy [7]. (1.6)
i=1 i
n _ )2
P Q = z = Chi- Square Measure [8]. 1.7
i=1 i
: 2p -
F (P, Q) = > p; log ( ' j= Relative JS Divergence [10]. (1.8)
= P +0
(P Q) Z( P Zq' j log [ p'2 4 J Relative AG Divergence [12]. (1.9)
i=1 i
: pia sy Wl
= Z T a> 1=Renyi’s "a"order entropy [9]. (1.10)
i=1 i
P Q 2[1 H P,Q ] Z p, i) = Triangular Discrimination [2]. (1.11)
i=1 p| q|
_ e 2 pi qi - . .
where H (P, Q) = Z— is Harmonic Mean Divergence.
i1 P t0
J: (P.Q)= Z( —q )Iog[ p'2q il j Relative J- Divergence [3]. (1.12)
i-1 i

where F ( P, Q) and G ( P, Q) are given by (1.8) and (1.9) respectively.

2. DIFFERENCE OF GENERALIZED f- DIVERGENCES

The following theorem is well known in literature [1].

Theorem: 2.1 If the function ¢ is convex and normalized, i.e., ¢(1) =0, then I, (P, Q) and its adjoint I, (Q, P) are

both non-negative and convex in the pair of probability distribution (P, Q) el xI', .

Now, we obtain some new information inequalities in terms of difference of generalized divergence measures and
results are on similar lines to the results presented by [11].

Theorem: 2.2 Let ¢1, ¢, .| € R, > R be two normalized convex mappings, i.e. ¢, (1) =¢, (1) =0 and suppose
the assumptions:

(i) ¢ and @, are twice differentiable on (o, B) where0 <@ <1< <o, a # f5.

(ii) There exists the real constants m, M such that m < M and

(0

”(t)_M’ ¢2"(t)>0, \ te(a,ﬂ). (2.1)

then we have the inequalities:
m[ 1, (P.Q)-S, (P.Q)]<1,(P.Q)-S,(P.Q)<M[I, (P.Q)-S, (P.Q)] 22)

m| &, (P.Q)-S, (P.Q)|<E (P.Q)-S, (P.Q)<M|E, (P.Q)-S, (P.Q)] (2:3)
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m A, (@8)-S, (P.Q)|<A, (@.8)-S,(P.Q)<M[A, (a.8)-5,(P.Q)] @4
where  E, (P,Q) :%an:(pi q) 4 (%j @5
A, (@ f) =5 (B-a) [#(8)-¢ () @9

and I¢ (P, Q), S¢ (P, Q) are given by (1.1) and (1.2) respectively.

Proof: Let us consider two functions

©, (t) = (1) -md, (t) @7)
and @, (1)=M 4, (t)-¢(t) (2.8)
_ ()
where m and M are the max. and min. values of the function ¢”(t) Vte (a, ,B) .
since ¢, (1)=4,(1)=0= @, (1)=d,, (1)=0 (29)
and the functions ¢ (t) and ¢, (t) are twice differentiable. Then in view of (2.1), we have
" " " " ¢1”(t) \]
O (t)=a'(t)-mg(t)=09,(t —-m >0 2.10
(0= 40 -m )= 41 - "
(t
!, (1)= M g(t)= (1) = (1) [M _;’—Et))] >0 @11

Forall t e(a, B).
In view 2.9, 2.10 and 2.11, we can say that the functions @ | (t) and @, (t) are convex and normalized on (o, ).

Now, with the help of linearity property, we have the following cases:

Casel: 1o (P.Q)=S, (P.Q) =1, r; (P.Q)=S, 1, (P.Q)
-1, (P,Q)-ml, (P,Q)-S, (P,.Q)+mS, (P,Q) (2.12)

and lo, (P.Q) =S4, (P.Q) =1y, 4 (P.Q)= Sy, 4 (P.Q)
=Ml (P,Q)-1, (P.Q)-Ms, (P.Q)+S, (P.Q) (2.13)
{since 1,(P,Q)>S,(P,Q)in[6]}.

Therefore (2.12) and (2.13) can be written as the followings:

[1,(P.Q)=s, (P.Q)]-m[ 1, (P.Q)-S, (P.Q)]20
and M|, (P.Q)-S, (P.Q)]-[1,(P.Q)-S, (P.Q)]>0
o [1,(P.Q)-5, (P.Q)|=m[I, (P.Q)-S, (P.Q)] (2.14)

and M|, (P.Q)-S, (P.Q)]>[1,(P.Q)-S, (P.Q)] (2.15)

(2.14) and (2.15), together give the result (2.2).
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Case Il: ESmm (P,Q)—Sq)m (P,Q) = ESWW2 (P,Q)—S%_mqu (P,Q)
=&, (P.Q)-mE; (P.Q)-S,(P.Q)+mS, (P.Q)

and ESW (P,Q)—SfI>M (P,Q) = ESWQ (P,Q)—SM%_% (P,Q)
= ME;_(P.Q)-E;, (P.Q)-Ms, (P,Q)+S, (P.Q)
{since Es, (P,Q)=S,(P.Q)in [5]}.

Therefore (2.16) and (2.17) can be written as the followings:

&, (P.Q)-3,(P.Q)]-m|E,, (P.Q)-S, (P.Q)|>0
ad  M|Eg (P.Q)-S, (P.Q)]-|E, (P.Q)-8,(P.Q)|>0
o |E, (P.Q)-5,(P.Q)|>m|E (P.Q)-S, (P.Q)]

and  M|E; (P.Q)-S, (P.Q)]2|E (P.Q)-S, (P.Q)]
(2.18) and (2.19), together give the result (2.3).

Case HI: A - (0{,,3)—S®m (P.Q)= A, (a,ﬂ)—sq_mqﬁz (P.Q)
A (@f)-mA,_(@f)-5, (P.Q)+mS, (P.Q)

and A, (@8)=S,, (P.Q)=A,  (@f)=Su, 4 (P.Q)
=MA, (a.8)- A, (a.8)-MS, (P.Q)+S, (P.Q)

{since A (a,8)=S,(P,Q)in[s]}.

Therefore (2.20) and (2.21) can be written as the followings:

[Asm (a.8)=S, (P,Q)}—m[A% (a.8)-S,, (P’Q)} 20
ad M| A (a.8)-8, (P.Q)]-| A, («./)-5,(P.Q)]>0
or | A, (@B)-3,(P.Q)|zm| A (a.p)-S,(P.Q)]

and M[A% (0{,,3)—34,52(P,Q)}Z['A‘sﬂ (aiﬁ)_S@(P’Q)]

(2.22) and (2.23), together give the result (2.4).
3. NEW DIVERGENCE MEASURES AND PROPERTIES:
In this section, we shall derive some new divergence measures, for this:

Let ¢ : (0, o) — R (set of real no.) be a function defined as

p() =4, (t):tiz_l, Vte(0,00) and ¢, (1) =0

© 2014, I/MA. All Rights Reserved
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! 2 14
and ¢ (t)= 5 ¢ (1) = (32)

Since ¢, (t)>0Vte(0,00)and ¢ (1) =0, therefore ¢ (t) is convex and normalized function respectively.

Now, put @ (t) in (1.1) and (1.2) and put ¢1' (t) in (2.5) and (2.6), we get the following new divergence measures.

l, (P.Q)-S, (P.Q)=1S(P,Q)= Iz:: @ (3:; (erql_z(qql)z_ n)

>0VP,Qel’,, (3.3)

C qi(pi+5qi)(pi _Qi)2

Es, (P.Q)-S, (P.Q)=ES(P,Q)=> : >0VP,Qerl, (3.4)
" i=1 (pi+qi)
SQ(P,Q):J*(P,Q):Zn:qi(p‘+3q‘)(q2‘_p‘)20VP,Qan (3.5)
i=1 (pi+qi)
A, (a,ﬂ):%(ﬂ_a) (a3 ;Saﬂ+ﬁ’ ),O<a31£ﬁ<oo,a¢ﬂ (3.6)
[0

Here, measures IS(P,Q), ES(P,Q) and J*(P,Q) are non- negative and convex in the pair of probability
distribution P, Q € I'yand 1S (P,Q) =0, ES(P,Q),=0J"(P,Q)=0iff p,=q, Vi=123..,n.

Since IS(P,Q) #* IS(Q, P), ES(P,Q) #* ES(Q, P) and J*(P,Q) # J*(Q, P)
Therefore IS (P,Q), ES(P,Q) and J° (P,Q) are non- symmetric divergence measures.
4, BOUNDS OF NEW DIVERGENCE MEASURES

Now in this section, we shall obtain bounds of IS (P, Q) ES ( P, Q)and J (P, Q) in terms of other divergences
by using theorem 2.2,

Proposition 4: Let P,Q eI, 0<a <1< B<ow,a# B and S>-2(S€ R),thenwe have:

%[Ws (P.Q)-9,(Q.P)]<IS(P.Q)< a56+2 [v.(P.Q)-9,(Q.P)] (4.1)
(7. (P.0) -0, (Q.P)] < ES(P.Q) < [ (P.Q) -2, (Q.P)] w2
Sl A, @) -0, QP <A (@f) -3 (P.O)< 5 A, (ap)-@P)] @3

where v, (P,Q), 2, (P,Q), 7. (P.Q), 1S (P,Q), ES(P,Q), 3" (P,Q), A, (@, 8) and A, (a,3) are
given by (1.3), (1.4), (1.5), (3.3), (3.4), (3.5), (3.6) and (4.9) respectively.

Proof: let us consider
#,(t)=[s(s-1)] [t -1],s#0,L,te(0,0),¢4,(1)=0and scR (4.4)

© 2014, I/MA. All Rights Reserved 80



K. C. Jain*' and Praphull Chhabrd’ / On a Difference of Generalized f- Divergences / IJMA- 5(3), March-2014.

and g (t)=(s-1) t%, s=Lland ¢ (t)=t"? >0Vt>0and seR. (4.5)
Since ¢2" (t) >0Vte (O, oo) and ¢, (1) =0, therefore ¢, (t) is convex and normalized function respectively.

Now, put ¢, ( ) in (1.1) and (1.2) and put ¢2 (t) in (2.5) and (2.6), we get the followings:

%(P,Q):;qi@(qﬂ;]:[s(s 1]1[Zn:p.5%1_ } v, (P.Q),s#0,1 (4.6)

i=1

s, (P.Q)= Z ¢2[ T J [s(s- 1]{n qi[piz;q%js—l}ﬂs(Q,P),s;tO,l @)

=1 i=1 i

£, (P.Q)=Y P ;Qi ¢2’(p‘ +Qij{(s_251)1]n (p —qi)(1+ﬂ:js_l =7, (P.Q)s#1  (48)

i1 2q; i1 0;
! 1 1 s-1
A, (a,ﬂ)=%(ﬂ—a)[¢z (B)-¢, (a )J G 4(ﬁ a)[/i's' —a*t s %1 (4.9)
Now, let us consider the following function.
c o fO_ e
((t)= te(0,0)and seR (4.10)

= ¢2”( ) ts+2 !
Where ¢(t) and ¢, (t)are given by 3.2 and 4.5 respectively.

6 2

and  f/(t)=- (SS: ) Se

t (4.11)

, <0,if s>-2
We can check that, T, (t) = )

>0,if s<-2
i.e. fS (t) is monotonically decreasing in S > —2 and monotonically increasing in S < —2.
Therefore, atS > —2 , we have
M = max¢l—(): max f (t)=f,(a)= 62 and (4.12)
te(a, ) ¢2rr (t) te(a,f) 0{5+
14 t

m= min ¢1—()= min f (t)=f (8)= 0 (4.13)

te(a,f) ¢2" (t) te(a, ) ﬂ5+2
The inequalities 4.1, 4.2 and 4.3 are obtained by using (3.3), (3.4), (3.5), (3.6), (4.6), (4.7), (4.8), (4.9), (4.12) and
(4.13) in (2.2), (2.3) and (2.4).
Now, we shall consider some special casesat S=0,s=1and s=2.
Result 4.1 (at s=0).
Let P,Qel',,0<a <1< f <o, a#f and S=0, then we have:
6 6
F[K (Q.P)-F(Q,P)]<IS(P,Q)< ?[K (Q.P)-F(Q,P)] (4.14)
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%:EA(F%Q)— F(Q P)} <ES(P.Q)= %EA(P,Q)— F(Q P)} (4.15)
%%%— F(Q P)} <A, (@f)-I(P.Q)< “EE% F(Q P)} (416)

Proof: Put s=0 in (4.6), (4.7), (4.8) and (4.9), we get the followings:

(2@, ()= tim[s(s-2))* | S pat 1| Tateg L|-k(@r)  en

i=1

0, (Q.P)=limQ, (Q,P)=1lim[s(s - 1]1[nlql(p-%qiq)51]

:Zn:qi log (pzij =F(Q,P) (4.18)
” p+a ) _< q
0 P == i M : I = i I
w(P.Q)=-3(n-a) BL] - Sa-p) S
n .2 ad )—2 p.a n n
(9’ +pa)-2pa 0 S 2P% 1 (po)-La(ro) w19)
i1 p; +0; i-1 i1 P +G; 2
__ (a1 1]_1(f-a)
A, (a.p)= 2 |3 2l 1 ap (4.20)

Put (4.17), (4.18), (4.19) and (4.20) in (4.1), (4.2) and (4.3) at s=0, and get the results (4.14), (4.15) and (4.16).

Result 4.2 (at s=1).

Let P,Qel,,0<a <1< B <o, a# f and S =1, then we have:

[K(P.Q)-6(Q.P)]<15(P.Q)< 5[K(P.0)-6(Q.P)] 42y
%[F(Q,P)Js ES(P,Q)s%[F(Q,P)] (4.22)
3 -ayog £)-0(0p)|< A, (@)1 (P.0)< 5 25-ayion £]-6(@p) | o

Proof: Put s=1 in (4.6), (4.7), (4.8) and (4.9), we get the followings:

i (P.Q) =l (P.Q)=lim[s(s-1]"| S /e -1 3
0,(Q,P)=1limQ, (Q,P)=lim[s(s-1)]" I:Zq (MJ 1}

=) 20;

Zn:[ P+ q'jlog[ p;;q } G(Q.P) (4.25)

log (qﬂj =K(P.Q) (4.24)
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: | (s-1) 7 e N

i=1 i

—Z Iog( pzqiq'j:%JR(P,Q): F(Q.P)+G(Q,P) (4.26)
A, (a.8)=lim (5—1)‘14(13—0!)[ﬂs—1_a5—1}:%(ﬂ—a)log(gJ (4.27)

Put (4.24), (4.25), (4.26) and (4.27) in (4.1), (4.2) and (4.3) at s=1, and get the results (4.21), (4.22) and (4.23).

Result 4.3 (at s=2).

Let P,Qel',,0<a <1< f <o, a# 3 and S =2, then we have:

*(P.Q)]<18(P.Q)< 24 |7 (P.Q)] (4.28)
424 [#°(P.Q)]<ES(P.Q)< 424 (2 (P.Q)] (4.29)
5| (8= 32 (P.Q)| <A, (@f)-0 (P.Q) 53| (5-a) -3 7 (PQ)| w0

Proof: Put s=2 in (4.6), (4 7), (4.8) and (4.9), we get the followings:

S R

1 i i=1 qi

, (Q.P) %lzq ( p.zglq. j 1} Z%h(p 4+qq ) _ pl

%L"l(pi:‘)zl 7 (P.Q) “3)
2 (=235 -a) 2 - H ey S(n-a) 2 -4 S 2

= Pt NS
A, (a.f)= (ﬂ;a)(ﬂ—a) =%(ﬂ—a)2 (4.34)

Put (4.31), (4.32), (4.33) and (4.34) in (4.1), (4.2) and (4.3) at s=2, and get the results (4.28), (4.29) and (4.30).

5. RELATION AMONG IS(P,Q),J"(P,Q)and R,(P,Q)

yzﬂ/xny,yzo(A.M > G.M) (5.1)

Since,
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ie. (x+ y)2 > 4xy (5.2)
put X=p, and Y =, in (5.2), we get
(pi +; )2 >4p,q (5.3)
Proposition 5: Let (P, Q)el"nxl"n then we have the following relations:
IS (P, Q)< R (Q, P)— . (Q, P) R,(Q.P) (5.4)
. 3
J'(P,Q)<=R,(Q,P) (5.5)
. 1
I (P.Q)+1S(P.Q) <SR, (Q P)+ R, (Q.P) (56)
3[J;(P.Q)+A(P,Q)]+41S(P,Q)<R,(Q,P)+2R,(Q,P) (5.7)
where, IS(P,Q) and J*(P,Q) are given by (3.3) and (3.5) respectively.
p.2
Proof: multiply (5.3) by ' and sumoverall i =1,2,3...,n, we get
qi3 (3pi +qi)(qi - pi)
$__Pipra) g dap
=g ( 3p.+q)(qi—pi) = a4’ (3p+a)(a-p)
or : qi3(3pi+qi)(qi—pi)< 2 q°(3p +4)(a - )
i=1 pi2 ( P t0 )2 = 4pi3qi
g g g
or —_ = —
22 ad e ek
or IS(P,Q)SER3 (Q,P)—%R (Q P)+ R, (Q P) Hence the relation (5.4)
3 1 1
or —R, (Q, P)S—R3 (Q, P)+ZR4 (Q, P)— IS(P,Q) (5.8)
Again, multiply (5.3) by and sumoverall i =1,2,3...,n, we get
q; (3qi + pi)(qi - pi)
2
3 (Pi+a) .3 4p,q
= 0, (30 + P ) (i —p) o (3a+p)(a-p)
n 3 n 3 =D
N g (3a + pi) (g — py) <Zq. g+ p)(% - )
= (p+q) 4pq;
1 n 1 n n n
or Z ——Zqi——zpi {'-'Zp. =24 =1}
o P 293 443 =) =
© 2014, I/MA. All Rights Reserved 84
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or J(P,Q)+ R,(Q,P) (5.9)

-l>|o.>
4>Ioo

From (5.9), we can easily see that

J(P,Q)< % R, (Q, P). Hence the relation (5.5)

Now, by taking (5.4) and (5.8) together, we get
3

I (PQ)= 2R (QP)<ZR(QP)+ R, (QP)-IS(P.Q) 5.10)
By taking first and third part of the relation (5.10), we get the inequalities (5.6).
Now J;(P,Q)+A(P,Q)<R,(Q,P) 4] (5.11)
By taking (5.8) and (5.11) together we get

230 (PQ)+2A(P.Q) <R (QUP) S 2R, (QP) + 7R (QP)-IS(P.Q) 5.12)

By taking first and third part of the relation (5.12), we get

79:(P.Q)+7A(P.Q)+15(P.Q) < SR, (Q.P)+ 3R, (QP)
3[J; (P.Q)+A(P,Q)]+41s( PQ)<R( P)+2R,(Q,P). Hence the relation (5.7)

where, A(P Q) Arithmetic mean divergence = Z Pt > il =1.
i=1

Note 1: K(F’,Q),;(2 (P,Q), F(P,Q),G(P,Q),A(P,Q),JR (P,Q),a n R, (P,Q) have been taken from
(1.6), (1.7), (1.8), (1.9), (1.11), (1.12) and (1.8) respectively in result 4.1, 4.2 and 4.3 and proposition 5.

Note 2: In result 4.1 and 4.2, limits have been evaluated by using L’ Hospital Rule.

Note 3: For S <—2, the function fS (t) is increasing (discussed in proof of proposition 4), so we get the following

inequalities:

210 (PR)-, (@P)J<15(PQ) ﬂmwm 0. (@P)] 2

aiz I:TS(P,Q) .(Q,P ]<Es P,Q)< a I:z' P,Q)- s(Q,P)] (B)
6

7 A, (@)-2(QP)|< A (a.8)-3(P.Q)<

FalA en-a@r] o

{We are omitting the proof and special cases of these inequalities at different values of “s”.}
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