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ABSTRACT

In this paper, we study about determinants, adjoint, inverse, a- characteristic equation, a-minimal polynomial and
a-eigenvalues of rectangular matrices. We also prove some enlightening results.

1. INTRODUCTION

Let V be al” — Banach algebra and m, n be positive integers. Denote by V,,,and I - the sets of mxn matrices

with entries from V and n x m matrices with entries from I" respectively. Let (xij ) (yij )e V., and (;/ji )e | RN

where A = (Xij )eVm,n.Then \

matrix multiplication and norm defined as above. The concept of « — characteristic equations has been generalized by
several authors [1], [2], [3], [5].In [3], define the product of rectangular matrices A and B of order mxn by

AB = AaB, for a fixed rectangular matrix ez . With this product, we have A? = AcA A® = Az(aA),

isa I',, , —Banach algebra with respect to matrix addition, scalar multiplication,

m,n

2. DEFINITIONS AND EXAMPLES

Definition 2.1: A determinant | A| for a rectangular matrix A (m <n)
Let J, be the set of integers {1,2,3,......,n}. Let the integers m, k _, (SR k . be such that
p
i m<n
i. k,eJ foralied and p=1 2,3, ........
P

i,k <k, <.... <k .
p P

Foranintegerd, 1<d < (n— m+1), define aset S, such that
Sq=1ed =ld. ko Ko, oo K )

p

If Nd:"’dC then the cardinal number of S is N .

m-1"
The set S, , 1<d <(n—m+1) will be ordered as follows. A set S, <S, whenever u <v. Moreover, the

elements e) and eJ will be placed in the order e < eg whenever ko <k, fors=2,3..m.

All the m-tuples, therefore, admit of the following order; namely
€ <€ <. <ey, <€ <. <y, <o <e ™ < <e
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Consider the matrix A = (aij ) ,m<n. Let Ag be a sub-matrix of order m x m of A whose columns conform to
n

mx

the ordering of integersin e7; 1< d < (n-m+1), 1< p<N,.

For an mxn(mSn), matrix A with real elements. Let Ag be defined as above, then the number

n—-m+1 Ny
Z Z det(Ag ) will be defined as the determinant of A and will be denoted by|A| )

d=1 p=1

Foranmxn (m > n), matrix A with real elements, |A| will be defined as ‘AT‘ where ‘AT‘ denotes the transpose

of matrix of A.

1 2 3 4 5
3 45 6 7
ie. d=12,34and N, =4, N,=3, N, =2, N, =1.Thesets S, S,, S;and S, contains the following
elements, namely

s, ={@2) @3) L4) @15)}
s, ={(2.3) (2.4) (2.5)}

S, =1{(3.4) 35)}

S, = {(41 5)}

There by the above definition, we have
1 23 45

|A|:‘34567
120 1L 31 4 L5 2312412584154 s
= + + + + + + + + +
3 4 35 |36 37 a5 146 |47 56577
= 42

Example: LetA:( j.Here m=2and n=5,501<d <(5-2+1)

Definition 2.2: Cofactors, Adjoints and Inverse of rectangular matrix
Let Abea mxn (m < n) rectangular matrix of ordermx n; then we have by definition that |A| is a linear

homogeneous function of the entries in the ith row of A. If C; denotes the coefficient of ;s i=12,3,.... ,n,
then we get the expression

|Al = a,,Ciy +8,,C;p +@3Ci5 + e +a,C

The coefficient Cy of a;; of the above expression is called the cofactor of a;; . Let E, F, G and H be the sub-matrices
of A of the order (i —1)<(j—1), (i—1)x(n—j), (m—i)x(n—j) and (m—i)=(j—1) respectively such

E : F
that o _| By, then the determinant of the sub-matrix M, of the order (m—1)=(n—1)
H G
E —F .
corresponds to the \g . — , the cofactor of 4., thatis ¢, = ||\/| | )
1 —H G 1J ij ij

A rectangular matrix A of order Mxn (m <n) is said to be non-singular if | A = O; otherwise it is said to be
singular.

If A is non-singular, then its inverse A™ is defined by A = %
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Definition 2.3: & —characteristic Equation, & —eigenvalue, & —eigenvector
Let us consider a rectangular matrix A_ (m # n), Then we consider a fixed rectangular matrix ¢, of the

opposite order of A. Then oA and Ac are both square matrices of order n and m respectively. If M < N, then oA
is the highest n™ order singular square matrix and A is the lowest m™ order square matrix forming their product.
Then the matrix oA— A1, and Ao — Al are called the left & —characteristic matrix and right & — characteristic

matrix of A respectively, where A is an indeterminate. Also the determinant |aA— Al | is a polynomial in A of
degree n, called the left & —characteristic polynomial of A and |Aa —Mm| is a polynomial in A of degree m,

called the right & —characteristic polynomial of A. That is, the characteristic polynomial of singular square matrix
oA is called the left o —characteristic polynomial of A and the characteristic polynomial of the square matrix Ao
is called the right & —characteristic polynomial of A. The equations |@A— Al [=0 and [Aa— Al |=0 are

called the left o —characteristic equation and right « —characteristic equation of A respectively. Then the
rectangular matrix A satisfies the left & —characteristic equation, and the left & —characteristic equation of A is
called the & —characteristic equation of A.

For, m>n the rectangular matrix A_  satisfies the right & —characteristic equation of A . So in this case, the equation
Aa - m| =0 s called the & —characteristic equation of A. The roots of the ¢ —characteristic equation of a

rectangular matrix A are called the & —eigenvalues of A

If A isan « —eigenvalue of rectangular matrix A of order Mx N (m < n), then the matrix oA— Al is singular.
The equation (A — Al )X = 0 then possesses a non-zero solution i.e. there exists a non-zero column vector X such

that AX = AX . A non-zero vector X satisfying this equation is called a « —characteristic vector or o —
eigenvector of A corresponding to the @ —eigenvalue A .

Definition 2.4: & —minimal polynomial

For a rectangular matrix A_ (m # n) over a field K, let J (A) denote the collection of all polynomial f (/1) for
which f (A): 0 (Note that J (A) is non empty, since the & —characteristic polynomial of A belongs to J (A) )- Let
m, (A) be the monic polynomial of minimal degree in J (A) . Then m, (A) is called the & —minimal polynomial
of A.

3. MAIN RESULTS

Theorem 3.1: Let A be a rectangular matrix of order MxN (m < n).
i 1fm=1,then [A/=ay +a, +a; +.... +a,
i, 1f m=n, then | Al =det(A)=det(A!)
iii. Ifany row of A is multiplied by c, then |A| is multiplied by c.

iv. If any two rows are identical, then |A| =0.

v.  The values of a determinant changes in sign only, if any two rows are interchanged.
vi. If each element in a row is an algebraic sum of two or more quantities, then the determinant can be expressed as
an algebraic sum of two or more determinants.

Proof: Proofs are straightforward and so omitted.

Theorem 3.2: If A is a rectangular matrix of order M X N (m < n), then
i A.Adj(A): ‘A‘ 1, where | is the unit matrix of order m.
ii. Adj(A).A = asingular matrix of order n.

Proof: Proofs are straightforward and so omitted.

© 2014, IIMA. All Rights Reserved 121



Md. Shahidul Islam Khan* /A Note On Rectangular Matrices/ IJMA- 5(3), March-2014.

Theorem 3.3: If Aisan M XN (m < n) rectangular matrix and & isan N XM rectangular matrix, then A is a zero
of its & —characteristic polynomial.

Proof: Since A is an MXxnN (m < n) rectangular matrix and & is an NXM rectangular matrix, so the & —
characteristic polynomial of A is of the form

AA) =Ml —al =a, 2" +a, A +a, A e g A

Let B(4) denote the classical adjoint of the matrix Al —caA. The elements of B(1) are cofactors of the matrix
Al — A and hence are polynomials in A of degree not exceeding n—1 .

Thus B(1)=B,, ;A" + B, ,A"% + ...+ B/™™" + B,A"™ where the B, are n-square matrices over K which
are independent on A . By the fundamental property of the adjoint

(Al —aA)B(1)=|Al — Al
(Al = aA)B, ;A" + By A" 2 4+ BI™ 4 By AT

n n-1 n-2 n-m
—(a, A" +a, A" +ay A" e+ ag Al

Removing parentheses and equating the coefficients of corresponding of 4

B,,=a,l
Bm—z - (aA)Bm—l = am—lI
Bm 3 (aA)Bm—Z - am—zl
B, — (¢A)B, =4I
—(aA)B, =4,
Multiplying the above matrix equations by A", A", A"%, ... , AT AN respectively.

A"'B, , =a, A"
Anile—Z — A" Bm—l = am—lAnil
AnizBm—fS - Anile—Z = a'm—l'A‘rF2

— A""MB, =a,A""
Adding the above matrix equations, we get
0=a,A"+a, A" +a, ,A"? +....+3,A""
In other words, A(A)=0. That A is a zero of its characteristic polynomial.

Theorem 3.4: Let Aand & be two rectangular matrices of order M X N and
nxm (m < n) respectively. If m_(1)= A" +¢, A" +¢,A" +.....+C, ;A is the & —minimal polynomial of
Aand B, = (aA)" +¢,(eA) ™ +c, (@A) +c,(aA) ™ +....+c, |, then — aAB, , =0.

Proof: Suppose m, (1) = A" +¢, A" +¢,A"? +.....+C, , 4. Consider the following matrices:
B, = I

B, = A+,

B, = (aA)* +c,aA+c,|
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B, = (aA)’ +¢,(aA)’ +c,aA+c,l

B, . =(cA) ™ +¢,(aA) 7 +c,(aA) +....+c, L]
B, =(aA) +¢,(eA) ™ +¢,(aA) 7 +c,(@A)° +.....+ ¢, |

Then B, =1

B, - aAB, =,

B, —aAB, =G, |

B, —aAB, =c,|

Br—l _aABr 2 =C, 1I

Thus —aAB, ; =c, | -B,
=c, | —[(aA) +c (@A) +c,(@A) 7 +c,(aA)  +......c, 1]
=—faA" +c,aA™ +C,aA"? +CoAC +......C, aA]
=—a(A"+¢ A" +C, AT+, AT g, L A)
=—am,(A)

=-a.0
=0
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