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ABSTRACT

The object of this paper is to establish some new nonlinear retarded integral inequalities in two independent variables
which provide explicit bounds on unknown functions. The inequalities given here can be used as handy tools in the theory
of partial differential equations with time delays.
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1.INTRODUCTION

The integral inequalities involving functions of one and more than one independent variables which provide explicit
bounds on unknown functions play a fundamental role in the development of the theory of differential equations.

The Gronwall-Bellman inequality states that if u and f are nonnegative continuous functions on an interval [a, b]
satisfying

u(t) <c+ f. f(sHu(s)ds (1.1)
for some constant ¢ > 0, then

u(t) < cexp (J} f(s)ds), t €[ab] (1.2)

Inequality (1.2), provides an explicit bound on the unknown function and hence furnishes a handy tool in the study of
qualitative and quantitative properties of solution of differential and integral equation.

Due to its importance over the years many generalizations and analogous results of (1.1), have been established
(see,eg.,[1—14)).

In this paper, we establish some new integral inequalities involving functions of two independent variables. Our results
extend some results in [7] and [9].

2. MAIN RESULTS

Let R denotes the set of real numbers,R, = [0, ). Also, J; = [xy,X) and J, = [y,, Y)be the given subset of R;
A =], X],.D1z(x,v),D,z(x,y) be partial derivative of z with respective x and y respectively

Theorem: 2.1 Let u,a,c € C(A,R,), aand ¢ be nondecreasing in each variables, f;, h;, g; € C(A R,),i=1,2,...,nand let
a; € C1(J,,J;) be nondecreasing with «;(t) <t, i=1,2,..,n. and B; < C*(J,,J,) be nondecreasing with g;(t) <'t,
i=1,2,...,n. Suppose that ¢ > 0 isaconstantand ¢ € C(R,, R,) isanincreasing function with ¢ (o) = 00 and (u) is
a nondecreasing continuous function for u € R, with {(u) > 0 for u > 0. If

P(xy)) < aloy)+c(oy) T 1o [ [fi(s, ut (s, £)

a;(xp)

(w(u(s, t)) + f:z(m) f;i(}’O)hi (o, n)lp(u(a,n))dnda) + g;(s, )ul (s, t)]dtds 2.1)

forall (x,y) € A, then

Corresponding author: Jayashree Patil**
Vasantrao Naik Mahavidyalaya, Aurangabad 431003(M.S), India.
E-mail: jv.patil29@gmail.com
International Journal of Mathematical Archive- 5(3), March — 2014 124


http://www.ijma.info/�

Jayashree Patil** and D. B. Dhaigudez/ Integral Inequalities In Two Independent Variables For Retarded Equation /
IUMA- 5(3), March-2014.

u(xy) <@ HGTHOTH(P(k(x0,¥))

n @) BiO) s t (2.2)
+C(x! y) Zi:l a;(x0) fﬁi()’o) fi(sl t)(l + fai(xo) fﬁi()’o) hi (0' W)dnd(’)dtds)]}
forall (x,y) € [xo,x1] X [yo, ¥11,
where,
L rai(x) B
ko) = GaGun +een Y. [ [ gt odeds
i=1 ai(XO) ﬁi(yO)
d
G(T‘)Zfrrom, r=>ry>0 (23)
d
CD(T') = fTZWGS_l(S)))‘ r=ry > 0 (24)

when G~! and ®~! denote the inverse functions of G, ® and (x;,y;) € A is so chosen that

= e Bi) s t
D(k(xg,y)) + c(x, y)Zf f fi(s,)(1 +f J- h;(o,m1)dndo)dtds € Dom(®~1)
i=1 ~@i(x0) “Bi(yo) a;(x0) “Bi(yo)

Proof: Suppose that a(x,y) > 0. Fixing numbers ¥ and y with xy) <x <x and y, <y <y, define a positive
function z(x,y) as,

2(6Y) = a(®) +cE P Ty [ [y o [fils, ut (s, £) X @ (u(s, 0)

a;(x0)

07 s B B0 M0, 1)) dnd0) + gi(s, E)u (s, )] deds 29
Then z(x,y) > 0, z(xy,y) = z(x,y,) = a(x,¥) and (2.1) can be restated

u(x,y) < 7' (z(x, ) (2.6)

clearly, z(x,y) is continuous nondecreasing function for all x € J;, y € J, and
(B
Diz(x,y) = c(X,7) Z f [fi (a; (x), hHut (a; (x), t) X (P (u(e;(x), 1))

i=1 ﬁi (yO)
+ 0 13 o (@MW (0, 0))dndo) + gi( (x), O (e (x), )] a; ()t

a;(xo)

Using (2.6) in above inequality,we deduce
1, (Bi)

Dy2(,y) < cED0 G Y. f [fi(a: (@), 1)
i=1 Bi(vo)

X (e (), ) + [0 [5 0 b (o, M (u(o,m))dndo) + gy (a;(x), )]e; (x)dt (2.7)
Using the monotonicity of ¢~ and z, we deduce

(o™ (z(x, ¥)]? = [0 (2(x0, ¥o)]? = [¢ 7! (aCx, ¥))]* > 0
From the definition of G and (2.7), we have

Dyz(x,y)
() = Ei e T
= (FiO)
<c@ny [ If@mo

i=1 Bi(yo)
X (@), ) + [0 [; o (@ mpulo,n)dndo) + gi(a(x), O] (x)dt (2.8)

Keeping y fixed in (2.8) and integrating from x, to x, x € J; and making change of variable on right-hand side, we
have

G(z(xy) < G@@EF) + @) T [0 [y [fils,6) X (W(u(s, 1))

a;(xo)

15 ey Sty i (0 M (w0, M) dndo) + gy (s, )] deds
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i) B i) B
G(z(x,Y) < G@@ V) + ¢V Bl [y oy g, on 9:(5 DAtds By [0 [0 gi(s, )dtds

+e@ ) By [0 [ 1fi(s,6) % (uls, )

a;(xo) YBi(¥o)
S t
05 o T3 o B (@ Mo, M) dndo)] dtds (2.9)

Now, define a function k(x,y) by
a;(x) B ()
ky) = G@ER +e@ Y. [ 9:(s. Odeds

=7 “ai(x0) “Bi(vo)
+e @) D [ [ 1fi(s, 0, ) + I3 s Jy s a0, (u(o,m))dndo)] dtds

a;(xo)

Then
ai(x) Bi()
k(x0,) = G@E) +cE7) ). 9:(s, dtds
i1 Yai(x0) “Bi(yo)
and (2.9) can be restated as
z(x,y) < G [k(x,y)] (2.10)

We know u(x,y) < ¢~ 1(z(x,y)) < ¢ (G (k(x,))), also ¥ is nondecreasing, we obtained
Plu(o,m] < Plo~ (z(a,mM)] < Plo~" (2(a; (), )] < Yo~ (G (k(s, )]
for o € [a;(to), a;(t)]and 1 € [B;(to), B ()]

It is easy to observe that k(x,y) is continuous nondecreasing function for all x € J;,y € J,.
Dy (k(x, ) = c@F) Tiy [y [file(),6) x @lp~ (2(e; (), 0))
+ 0 [ o hi(@ MW (o, ) dndo) dt]a (x)de

Dy(kx,7)) < ¢G3) ¥y (6 k(). 0)))
+ 2 [y i@, 0 x U+ 10 [ (o m)dnda)]e(x)de

From definition of & and using the monotonicity of ¢~1,1, G~! and k, we deduce
d _ Di(kxy)
ox (Cb(k(x, 3/))) =

P (qo‘l (671 (k. J’))))

< CEN T fy il (e, ) X (L+ 100 [1 - hi(o,mdndo)]e(x)dt (211)

Integrating the inequality in (2.11) from x, to x and making change of variable on right-hand side, we deduce

D) i) s t
D(k(x,y)) < P(k(xg,¥)) + c(x, i)Zf [fi(s,t) X (1[ f h;(o,n)dndo)]dtds
=1 Jai(x0) 7Bi(o) (x0) B (o)

Using (2.6), (2.10) and above inequality, we get

- - a;(x) By s
u(6,y) < o7 HGT O @Kk (20, 3)) + CCEI) Tim [ ) o i A+ [ Ty Thi(o,m)dnda)]deds)])
(2.12)
Taking x = X,y = ¥ in the inequality (2.12), since X and ¥ are arbitrary, we get required inequality. If a(x,y) = 0,
we carry out the above procedure with ¢ > 0 instead of a(x,y) and subsequently letting € — 0. Hence proof is
completed.

Remark:(1) If we put h;(o,1) = 0 in above theorem, we get Theorem 2.1 in [9]
3. APPLICATION

In this section we show that our one of the result is useful in proving global existence of the solution of certain non-linear
partial integrodifferential equation with time delay. Consider the nonlinear integrodifferential equation involving several
retarded arguments,
Dy (@(z(x,y))D1z(x,y)) = F(x,y,2(x = L1 (%), y = my(¥)),, 2(x — L, (%), y — m, (),

fxo fy Hi(x,y,5,t,2(s = Li(s), t =my(8)), -, =+ 2(s — [, (s), t —=m, ()))dtds)  (3.1)
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with the initial boundary conditions
o(z(x,¥0)) = e1(x), @(z(x0,¥)) = e2(¥), e1(xo) = e2(yp) =0

where F € C(A X R" X R,R),H; € C(A X A X R",R),e; € C*(J;,R)e; € C1(J,,R) and [; € C1(Jy,]1),m; € C1(J5,)2)
such that 0 < (1)) (x) < 1,0 < (m)' () < L,1;(x0) = %0,m; (%) = Yo, i = L+,

The following theorem deals with a boundedness on the solution of the problem (3.1)

Theorem: 3.1 Assume that F: A X R™ X R — R is a continuous function for which there exists continuous nonnegative
functions f;(x,y), g;(x,y);i = 1,--- n such that

|FCx, y,un, e uy, v)| < Xy [ |74 G ) @ (Jue] + [vD) + g: (e v) w3 3.2)

and the function H;:A x A X R™ —» R is a continuous function for which there exist continuous nonnegative function
hi(x,¥),i = 1,++,n such that

[H: (6, y, 5,8, Uy, up - up)| < Xy hy (6 Y)W () 3.3)

ler(x) + e, (V)| < a(x,y) 34)

and

where a(x,y) € C(A, R,) is nondecreasing in each variables, p > g > 0 are constants and ¥ (u) is a nondecreasing
continuous function for u € R with ¥ (u) > 0 for u > 0. Let

M; = max

— N, =
xg/p 1=1i(0) '

L =12, 35
ey n (3.5)

if z(x,y) is any solution of problem (3.1) with the initial boundary condition, then

|2Ce Y| < @ HGTH @™ (K (x0, 7))

n=1

+fo—li(x) J-y—mi(y) o) (1+f5 J‘t ( )h—i(¢,y)dyd¢)d’rd0)]}>
2 ), x yo—m;(¥o

i 0—m;i(y0) “yo—m;(yo) 0—Li(x0)
for all(x, y) € [xg,x1] X [Vo, y1], where ¢, G, ® are as in Theorem 2.1 and

x=li(x) ry-m;i(y)
J’ gi(o,7)dtdo.

yo—m;(yo)

ko) = [GlaGe N+ Y. |
i=1

x0—l;(x0)

fi = fi(o + Li(s), T + m;(£))M;N;

hi = gi(p + 1,(E),y + m;()IM;N;
gi = hi(a + 1;(s), T + m;())M;N;
O-!S'(i)'f E]1'T't:%77 E]Z'

Proof: It is easy to see that the solution z(x,y) of problem (3.1) with the initial boundary condition satisfies the
equivalent integral equation

x ry
9(2(67)) = e () + es(y) + f f F(5,6,2(5 = (), £ = my(E)) 25 — by (5), £ = ma (6)),

X0 “Yo

[0 HiGs, 6.6m,2(6 = L(©),n = ma@)) - 2(E = L,(§),n = my ()))dndé)dtds (36)
Using (3.2), (3.3), (3.4), (3.5) and making change of variable on right hand side of the above inequality, we have
o)l =awn+Y [ [ oo
z(x, < ) z(o,T (o, T
=1 Jxo~1;j(x0) xg—m;(yo)
x @20 DD [ o) R (@, VIY(I2($, v))dvd) + Gi(0,7)|2(0,7)|"]drdo 37)

x0—m;(Yo)

T

fi = fi(o + li(s), T + m;(t))M;N;,

h; = hi(¢ + [;(§),v + m;(m)M;N;,
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9i = 9i(0 + 1i(s), T + m(O)M;N;,

0,s,¢,§ €Ji,T,t,v,n € J,.

Now, immediate application of the inequality established in Theorem 2.1 to the inequality (3.7) yields the result.
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