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ABSTRACT

A graph G with p vertices and q edges is said to be an one modulo three harmonic mean graph if there is a function ¢
from the vertex set of G to {1, 3,4, ...,3q — 2, 3q} with ¢ is one-one and ¢ induces a bijection ¢* from the edge set of G

to {1, 4, ..., 3q — 2}, where ¢* (e = uv) = [i‘f:;‘i‘:((?) or l;‘?:;‘i:?g] and the function ¢ is called as an one modulo three

harmonic mean labeling of G. In this paper, we investicate one modulo three harmonic mean labeling of some graphs.
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1. INTRODUCTION

We begin with simple, finite, connected and undirected graph G(V, E) with p vertices and g edges. For a detailed
survey of graph labeling we refer toGallian[1]. For all other standared terminology and notations we follow Harary [2].
V. Swaminathan and C. Sekar introduce the concept of an one modulo three graceful labeling in [3]. S. Somasundaram
and R. Ponraj introduced mean labeling of graphs in [4]. S. Somasundaram and S.S Sandhya introduced the concept of
harmonic mean labeling in [5] and studied their behavior in [7], [8] and [9]. C. David Raj, S.S Sandhya and C.
Jayasekaran introduced the concept of an one modulo three harmonic mean graphs in [6]. In this paper, we investigate
one modulo three harmonic mean labeling of some graphs.

We will provide brief summary of definitions and other information which are necessary for the present investigation.

Definition: 1.1 A graph G is said to be an one modulo three harmonic mean graph if there is a function ¢ from the
vertex set of G to {1,3,4,6,...,3q — 2,3q} with ¢ is one-one and ¢ induces a bijection ¢* from the edge set of G to

{1, 4, ..., 39 — 2}, where ¢* (e = uv) = [:?zf;liz((?)] or l;(g;ﬁz((?) and the function ¢ is called as an one modulo three

harmonic mean labeling of G.

Definition: 1.2 The corona G;©OG, of two graphs G; and G, is defined as the graph G obtained by taking one copy of
G1(which has p; vertices) and p; copies of G, and then joining the i" vertex of G to every vertices in the i"" copy of G,.

Definition: 1.3 The graph P,®OKj is called Comb.
Definition: 1.4 The graph C,©Kj is called crown.

Definition: 1.5 The product P, x P, is called a planar grid and C, x P, is called a prism. The product P, x P, is called a
ladder, and it is denoted by L,,.

Definition: 1.6 Let u and v be two distinct vertices of a graph G. A new graph G; is constructed by identifying (fusing)
two vertices u and v by a single vertex x is such that every edge which was incident with either u or v in G is now
incident with x in G;.
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Remark: 1.7 If G is an one modulo three harmonic mean graph, then 1 must be a label of one of the vertices of G,
since an edge must get the label 1.

2. MAIN RESULTS
Theorem: 2.1 nPy, is an one modulo three harmonic mean Graph.
Proof: Let v 1Vi 5...Vi m be the i"P,,of NP, 1<i<n.ThenV = {vij/ 1<i<n, 1 <j<m}is the vertex set and
E={viVijn/l<i<n, 1<j<m-1}isthe edge set of nPy,. Define a function ¢: V(G) — {1, 3,4, 6, ...,3q -2, 30} by
o(vi D) =1 0(vy) =3(-1),2<j<m-1;
o(vi) =3(m-1)(-1)+3(-1),2<i<n, 1<j<m-1,
o(WVim) =3im-3(+1)+1,1<i<n
Then ¢ induces a bijective function ¢*: E(G) — {1,4, 7, ..., 3q — 2}, where
O (Vi Vi j+1) =3(M-1)(i-1)+3(j-1)+1,1<i<n, 1 <j<m-1.

Thus ¢ provides an one modulo three harmonic mean labeling for nP,,. Hence nP,, is an one modulo three harmonic
mean graph.

Example: 2.2 An one modulo three harmonic mean labeling of 4P is shown in figure 2.1.

Figure: 2.1
Theorem: 2.3 The graph P,®Kj is an one modulo three harmonic mean graph.

Proof: Let P, be the path uju,...u,. Let X;, yi, z; be the vertices of it copy of K5 which are adjacent to the vertex u; of
P, 1<i<n. The resultant graph is P,®K; whose edge set is E = {UjUjs1 / 1< i < n — 13U{uix;, Ui, Uizi / 1<i<n}.
Define a function ¢: V(P,®OK3) — {1,3,4,6, ..., 30— 2, 3q} by

o(u1) = 7; 9(uz) = 18; o(uz) = 30; @(u)) =12i- 8,4 <i<n;

o(x1) = 15 9(x2) = 10; @(xi) =12(1-1)-3,3<i<4;

o(x) =12(i-1)-2,5<i<n;

o(y)= 3;0(y)=12(i-1)+3, 2<i<n;

0(z1) =6; ¢(z) =121 -5,2<1<3; 9(z) =121 - 3,4 <i<n.

Then ¢ induces a bijective function ¢*: E(P,OK3) — {1, 4,7, ..., 3q - 2}, where
o*(Uiljs) =121 - 2,1<i<n-1;
e*(ux)) =12(i-1)+1,1<i<m
o (uiy) =12(i-1)+4,1<i<nm
o*(Uuz)) =12(i-1)+7,1<i<n.

In the view of the above labeling pattern, ¢ provides an one modulo three harmonic mean labeling for P,®Ks. Hence
P.®K3 is an one modulo three harmonic mean graph.

Example: 2.4 An one modulo three harmonic mean labeling of P¢®K is given in figure 2.2.

3 13 27 30 i
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Figure: 2.2
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Theorem: 2.5 A graph obtained by identifying the central vertex of K, , at each pendent vertex of a comb P,OK; is an
one modulo three harmonic mean graph.

Proof: Let P, be the path u;u,...u,. Let v; be a vertex adjacent to u;, 1 <i < n. The resultant graph is P,©OKj. Let x;, wj,
yi be the vertices of i copy of Ky , with w; is the central vertex. Identify the vertex w; with v;, 1 <i<n. We get the
required graph G whose edge set is E = {Ujui+1 / 1< i < n — 1}u{uyv;, VviX;, viy; / 1< i < n}. Define a function

¢: V(G) — {1,3,4,6, ...,3q-2, 39} by

o(u) =7, 0(w) =12(i-1)+6; 2<i<3;0(y)=12(i-1)+4,4<i<n;

(V1) = 6; (v2) = 19; @(vi) =121 - 3;3<i<4; (v)) =12i-3,5<i<n;

o(x1) = 15 9(x2) = 9; 0(x3) = 21; @(xq) = 31; (x;) = 12(i- 1) -6,5<i<n;

o(y1) =3; 0(y2) = 13; o(yi)) =12(i-1),3<i<n.

Then ¢ induces a bijective function ¢*: E(G) — {1,4, 7, ..., 3q — 2}, where
(p*(UiVi) =12i-5,1<i<n;
o*(Uilis) =121 - 2,1<i<n-1;
e*(vix)) =12(i-1)+1,1<i<nm
o (viyi)) =12(i-1)+4,1<i<nm

In the view of the above labeling pattern, ¢ provides an one modulo three harmonic mean labeling for G. Hence G is an
one modulo three harmonic mean graph.

Example: 2.6 An one modulo three harmonic mean labeling of G when n =7 is given in figure 2.3.

24 3 36 42

Figure: 2.3
Theorem: 2.7 The graph C,®K3 is an one modulo three harmonic mean graph.
Proof: Let C, be the cycle uju,...uu;. Let X;, Vi, i be the vertices of i copy of K5 which are adjacent to the vertex u;
of C,,, 1 <i<n. The resultant graph is C,®K 3 whose edge set is E = {Ujljs1, UsUr / 1< 1 <n — 1FU{uix;, Uiyi, Uizi / 1<i<
n}.
Case-1.n=3.

One modulo three harmonic mean labeling of C;®K 5 is shown in figure 2.4.

Figure: 2.4

Case-2.n>4.
Define a function ¢: V(C,OK3) — {1,3,4,6, ...,3q—-2, 3q} by
o(ug) =7; o(up) =21; o(u;) =12i - 5,3 <i<n;
o(x) =12i-11,1<i<m
o(y) =3; ¢(y) =12i-6,2<i<n;
0(z1) = 6; 0(z) = 12i,2 <i<n.
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Then ¢ induces a bijective function ¢*: E(C,®K3) — {1, 4, ..., 3q - 2}, where
0*(Uslp) = 10; @*(Uilig) = 12i + 1, 2<i<n—1; ¢*(UUpy) = 13;
o (uxy) = 1; o*(uix;)) = 12i - 8,2 <i<n;
¢ (uyD) =4; @ (Uiy;) = 12i - 5,2 <i<n;
0*(U121) =7; 0*(uizy) =12i—- 2,2 <i<n.

In the view of the above labeling pattern, ¢ provides an one modulo three harmonic mean labeling for C,®K3. Hence
C.®K3 is an one modulo three harmonic mean graph.

Example: 2.8 An one modulo three harmonic mean labeling of Cs®Kj5 is given in figure 2.5.

Figure: 2.5

Theorem: 2.9 A graph obtained by attaching K; 3 at each vertex of a cycle C, is an one modulo three harmonic mean
graph.

Proof: Let C, be the cycle uju,...uyu;. Let v;, X, Vi, Z; be the vertices of i copy of K 3 in which v; is the central vertex.
Identify z; with u;, 1 <i <n. Let the resultant graph be G.

Case-1.n=3.
An one modulo three harmonic mean labeling of G when n = 3 is shown in figure 2.6.

Figure: 2.6

Case: 2.n>4.
Define a function ¢: V(G) — {1, 3,4, 6, ...,3q -2, 3q} by
o(u)) =7; o(u) =21; o(u;) =12i - 5,3 <i<n;
o(v1) = 6; 9(v2) = 24; o(v3) = 37; @(vi) = 12i , 4 <i<n;
o(x1) = 1; 9(x2) = 125 0(x3) = 22; ¢(x;) = 12(1- 1) -3,4<i<n;
o(y) =4 0(y2) = 16; 0(y)) =12(1-1) +3,3<i<n.
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Then ¢ induces a bijective function ¢*: E(G) — {1, 4, ..., 3q — 2}, where
0*(Usup) = 10; o*(Uilisy) = 12i + 1, 2 <i<n-1; ¢*(unuy) = 13;
0" (Uv1) = 7; 0*(UgV2) = 22; @*(Uivi) = 12i - 2,3 <i<n;
0*(vix)) = 1; o*(vix;)) =12(i—1) + 4,2 <i<n;
0" (Vayr) = 4; 97(Vay2) = 19; *(viyi) = 12i -5, 3<i<n.

Thus ¢ provides an one modulo three harmonic mean labeling for G. Hence G is an one modulo three harmonic mean
graph.

Example: 2.10 An one modulo three harmonic mean labeling of G, when n = 7 is shown in figure 2.7.

Figure: 2.7

Theorem: 2.11 L,®OK; is an one modulo three harmonic mean graph.

Proof: Let uju,...u,, V1Vy...V, be two paths of equal length. Join u; and v; 1 <i < n. The resultant graph is L,. Add two
new vertices X;, y; and join these with u; and v; respectively, 1< i < n. The resultant graph is L,®K;. Define a function
o:V(L.OK) — {1,3, 4,6,...,30-2,3q} by

o(u) =7;0(u2) =215 @(u) =15(i-1) +3,3<i<n;

o(x))=1;0(x) =15(-1)-2,2<i<n;

o(v1) = 9; 9(v2) =22; o(vi) =15(1—1) + 6,3 <i<n;

o(y1) =3; 0(y2) = 16; o(y)) =15(i-1) +9,3<i<n.

Then ¢ induces a bijective function ¢*: E(L,OK;) — {1,4, 7, ..., 3q — 2}, where
¢*(ujljs) =15i—-5,1<i<n-1;
@*(uix;)) = 15i — 14, 1 <i<n;
(p*(UiVi) =15i-8,1<i<2; (p*(UiVi) =15i-11,3<i<n;
@ (ViVis) =15i-2,1<i<n-1,
(p*(Viyi) =15i - 11, 1<i<2.
(p*(Viyi) =15i - 8, 3<i<n.

In the view of the above labeling pattern, ¢ provides an one modulo three harmonic mean labeling for L,®K;. Hence
L,®K{ is an one modulo three harmonic mean graph.

Example: 2.12 An one modulo three harmonic mean labeling for Lg®K; is given in figure 2.8.

lgu; 134 284 43, 38 73 88y 103 xs
L L& 51 46 61 T8 o1 106
o CEP 33l a3 63 78 o3| 108],
B T K] 0 E5] ] 0= 00 ;
- 1 34 40 &4 ™ o4 100
ok, 22 36 51 66 a1 96 111].
E] 2 3 3 73 103
s ! s 2 37 * 52 : 57 2 i o7 112
3%y 16¢  30& 54 69 g% 0o® 114y
Figure: 2.8
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3. CONCLUSION
As all graphs are not an one modulo three harmonic mean graphs, it is very interesting to investigate graphs which
admits an one modulo three harmonic mean graphs. It is possible to investigate similar results for several other graphs
in the context of different labeling techniques.
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