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ABSTRACT
In this paper we introduce dg interior, dg closure and study some of its properties.
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1. INTRODUCTION

Levine [6] introduced generalized closed sets in topology as a generalization of closed sets. Many authors like Arya
et al [2], Balachandran et.al [3], Bhattacharya et al [4], Arokiarani[1], Ganambal[5], Malghan[7] and Nagaveni[8] have
worked on generalized closed sets. Palaniappan et al [9] introduced regular & generalized beta (ag) closed sets and
worked on them. In this paper, g interior, ag closure are introduced and their properties are investigated.

Throughout this paper X denote the topological space (X, t) on which no separation axioms are assumed unless
otherwise stated.

2. PRELIMINARIES

Definition: 2.1 A subset A of a topological space X is called

1) A pre openset if A< intcl A and a preclosed set if cl int A c A.

2) A regular open set if A =int cl A and a regular closed set if A =cl int A.
3) Aaopensetif Acintclint Aanda o closed set if cl int cl AcA.

The intersection of all o closed subsets of X containing A is called the a closure of A and is denoted by acl A. acl A is
a o closed set.

Definition: 2.2A subset A of a topological space X is called a & generalized closed set (dg—closed set) if int cl int AcU
whenever AcU and U is open in X.

The complement of dg closed set in X is g open in X.

The intersection of all ag closed sets in X containing A is called & generalized closure of A and is denoted by dg cl A.
In general ag cl A is not g closed.

The union of all ag open sets contained in A is denoted by dg int A. In general ag int A is not Gg open.
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In what follows we assume that X is a topological space in which arbitrary intersections of dg closed sets of X be dag
closed in X. Then &g cl A will be a ag closed set in X and ag int A will be a dg open set in X, for AcX.

Definition: 2.3 Let X be a topological space and let x € X. A subset N of X is said to be a ag neighbourhood of x if
and only if there exists a dg open set G such that x€G CN

Definition: 2.4 Let X be a topological space and A < X. A point x € X is called a g limit point of X if and only if
every dg neighbourhood of x contains point of A other than x. The set of all ag limit points of A is called the dag
derived set of A and shall be denoted by Dgq (A).

Thus x will be a ag limit point of A if and only if (N-{x}) N A = ¢, for every dg neighbourhood N of x.

Definition: 2.5 Let A be a sub set of a topological space X and let x € X. Then x is called an ag adherent point of A if
and only if every ag neighbourhood of x contains point of A. The set of all ag adherent points of A is called the dg
adherence of A and shall be denoted by dg Adh A.

Definition: 2.6 A point X is said to be an dag isolated point of a subset A of a topological space X if and only if xeA
but is not a ag limit point of A. That is, there exists some g neighbourhood N of x such that N contains no point of A
other than x. A dg closed set which has no dg isolated points is said to be dg perfect.

Remarks: 2.7 An dg adherent point is either ag limit point or ag isolated point.
3. Properties of ag Limit Points
Theorem: 3.1 A set is dg closed in X if and only if it contains all its ag limit pts.

Proof: Let A be dg closed in X. Then A’ is ag open. For each xeA’, there exists g neighbourhood Nx of x such that
NxC A" ANA'= ¢ implies Nx contains no point of A. So, x is not a ag limit point of A. A’ contains no ag limit point of
A. Hence Dgg (A) c A

Conversely, let Dgg (A) = A. Let xe A’. Since xeA, xg Dgq (A). Therefore, there exises some dg neighbourhood Nx of
x such that NX1A=¢. So NxcA’. Hence A’ contains a ag neighbourhood of each of its points. That is A’ is g open.
So Ais ag closed.

Theorem: 3.2 Let X be a topological space and AcX. Then A= Dgq (A) if and only if A is dg perfect.

Proof: Let A be ag perfect. Then A has no dg isolated point. xe A =X is not an dg isolated point=X is a ag limit point.
= Ac Dyg (A)

Since A is dg closed, Dyg (A) € A
Hence A= Dgy(A)

Conversely, let A= Dy (A). Let xeX. xeX —A implies xgA. That is xg Dgg (A). This implies there exists dg
neighbourhood N of x such that NeX-A. X-A contains a g neighbourhood of each of its points. So, X-A is 6g open.
That is, A is ag closed. Let ye A. So 'y € Dyq (A). Hence y is a ag limit point of A. This implies y is not an dg isolated
point of A. That is, no point of A is an dg isolated point of A. A is a g closed set having no dg isolated point. Hence A
is g perfect.

Let X be any discrete topological space and AcX. If xeX, {x} is dg open which contains no point of {x} other than x.
So x is not a ag limit point of A. Hence D4 (A) = .

Let X be any indiscrete topological space. Let AcX containing two or more points. XxeA is a ag limit point of A, since
the only dg open set containing x is X, which contains all points of A, other than x. Hence Dg(A)=X.

Theorem: 3.3  Let A and B be subsets of a topological space X. Then
i) Dag (0)=0
ii) Ac B = Dgqg (A) < Dy (B)
iii) Dgg (ANB) < Dyg (A) N Dgg (B)
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iV) Dgg (AU B)=Dgg (A) U Dgg (B)

Proof:
i) ¢@isclosed. So Dgg (9) = @. But ¢ < Dyg (¢). Hence Dyg (¢) = .
i) Letpe Dy
(A). Every ag neighbourhood of p contains a point of A, other than p. Since Ac B, every ag neighbourhood of
p contains a point of B, other than p. Hence p is a dg limit point of B. S0, Dsg (A) < Dgg
(B). ANB < A. Hence Dgg (ANB) < Dyg (A). Similarly, Dgg (ANB) < Dyg (B).
iii) ANB c A. Hence Ddg (ANB) < Ddg (A). Similarly, Dag (ANB) c Ddg (B). So DAg (ANB) < Ddg (A) N Ddg (B).
iv) A c AU B. Hence Dy (A) < Dgg (A U B). Similarly, Dgg(B) < Dgg (A U B).
So D&g (A) U D&g (B) c Ddg (A UB)
To prove the other way, we prove the contra positive.
X & D&g (A) U Ddg (B) = X¢& D&g (A U B)

If Xg Dgg (A) U Dgg (B), then X & Dgq (A) and X Dgg (B). That is, x is neither a ag limit point of A nor a ég limit point
of B. Hence, there exist g neighbourhoods N; and N, of x such that (N; - {x}) N A=¢and (N,-{x} )N B = o.
N=N; N N is a dg neighbourhood of x which contains no point of A U B other than (possibly) x. So it follows that x ¢
Dgg (A U B) as required.

Theorem: 3.4 6g cl A= A U Dgg (A)

Proof: Let us prove A U Dy, (A) is dg closed. That is, (A U Dgg (A))” = A’ N D 44 (A) is 6g open. Letx e A’ N D 4
(A). Thenx € A’ and x € D’ ag (A). So x ¢ Aand X ¢ Dgg (A). That is, x is not a &g limit point of A. Hence, there
exists a ag ne!ghbourhood N, of x which contains no point of A. Hence N, = D’ ag (A). But Nyc A’. So Ny c A’ N D
ag (A) A’ N D 4 (A) contains a dg neighbourhood of each of its points and hence dg open. We now show that ag cl A
=AU Dgg (A). AU Dgg (A) isadg closed set containing A.

Hence dg cl A < A U Dgg (A). dgcl A is rgp closed. Hence Dgg (A) = A. But Ac ag cl A
So Dag (A) c ag cl A

Hence A U Dgg (A) < dg cl A. This completes the proof.

Theorem: 3.5 g cl A = dg Adh A.

Proof: x € og Adh A < every og neighbourhood of x intersects A & x € A or every oy neighbourhood of x intersects
A in a point other than X <> X € A or Xe Dgg (A) & X € AU Dyy (A) = x € dgcl A.

Theorem: 3.6 Let X be a topological space and let G be an ag open subset of X and A < X. Then G is disjoint from A
if and only if G is disjoint from the ag closure of A.

Proof: LetGNagclA=o.
AsAcdgclA,GNA=o¢.

Conversely, let GN A=¢. Letx e GNagcl A
ag cl A=A U Dgg (A). Hence x e Dyg(A).

As G is dg neighbourhood of x, it intersects A, a contradiction. This completes the proof.
4. PROPERTIES OF g CLOSURE

Theorem: 4.1  Let X be a topological space and A and B be subsets of X.
i) dgclo=0
ii) AcdgclA.
iii) AcB=agclAcdgclB
iv) agcl (AuB)= dgclAu agclB.
v) dgcl(ANB)c dggclAN dgclB.
vi) agcl(aggcl A)=dgcl A
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Proof:

i) Since ¢ is dg closed, dgcl o = ¢

ii) By definition of ag cl A, Ac ég cl A.

iii) Ac B c dgcl B. Hence ag cl A < ég cl B.

ivy AcAuUB.Hencedgcl Acag cl (AuB)
Similarly 6g cl B < g cl (A U B)
SoagclAvu dgclBcdagecel (AuB)
ag cl Au dagcl Bis a dg closed set containing A U B.
Hence 6g cl (Auw B)c dgcl Au ag cl B.This completes the proof.

v) ANBc A, ANBcB
Hence ag cl (ANB) c g cl AN ag cl B.

vi) ag cl A is ag closed.
Hence dg cl (ag cl A) = dg cl A.

5. g interior points and ag interior of a set

Definition: 5.1 Let X be a topological space and AcX. A point xe A is said to be dag interior point of A if and only if A
is a ag neighbourhood of x. That is, there exists an dg open set G such that x € G < A. The set of all ag interior points
of Ais called the ag interior A and is denoted by dg int A.

Theorem: 5.2 agint A=u {G: G is g open, G c A}

Proof: xe ag int A < Ais a ag neighbourhood of x. < there exists an g open set G suchthatx e Gc Ao x e U{
G:G is ag open, Gc A}. Thus A=uU {G: G is dg open, Gc A}

Theorem: 5.3 Let X be a topological space and Ac X. Then
i) dgint Aisdgopen
ii) agint Ais the largest ag open set contained in A.

Proof:

i) Let xe dg int A. So there exists a dg open set G such that xe G A. Since G is dg open, it is a ag neighbourhood of
each of its points. So A is also a dg neighbourhood of each of the points of G. It follows that every point of G is a ag
interior point of A. Hence G c dg int A. ag int A contains a g neighbourhood of each of its points. Hence dg int A is
&g open.

ii) Let G be any dag open set such that G cA. Let xe G. A is ag neighbourhood of x. Therefore x € ag int A. Hence
G c agint A. So dg int A is the largest g open set contained in A.

Remark: 5.4 If X be any discrete topological space, then every subset of X coincides with its ag interior.

Theorem: 5.5 Let X be a topological space. Then dg int A equals the set of all points of A which are not ag limit points
of A’

Proof: Let xeA, which is not a ag limit point of A’ Then, there exists a dg neighbourhood N of x, which contains no
point of A’. So N < A. This implies A is also g neighbourhood of x. Hence x € ag int A. Let X € dag int A. Since dg
int A is ag open, ag int A is a ag neighbourhood of x. Also dg int A contains no point of A’. It follows x is not a dg
limit point of A’. Thus no point of dg int A can be a ég limit point of A’. So dg int A consists precisely those points of
A which are not ag limit points of A’.

6. Properties of ag interior

Theorem: 6.1 Let X be a topological space and let A,B be subsets of X
i) dgint X=X, dag inte=¢
ii) dgintAc A
iii) AcB=dagintAcagintB
iv) dgint (ANB)=dgint AN dgintB
v) agint A u dgint B < agint (AUB)
vi) agint (agint A) =agint A

© 2014, IJIMA. All Rights Reserved 225



v, Senthilkumaran, 2R, Krishnakumar and *’Y, Palaniappan/
dg Interior and dg Closure in Topological Spaces/ IIMA- 5(3), March-2014.

Proof:

i) obvious

ii) obvious

iii) Letx e agint A. Ais a dg neighbourhood of x. As Ac B, B is a dg neighbourhood of x.
This implies xe ag int B.
Hence dg int A c dg int B.

iv) ANBcA, ANBcB.
Hence dg int (ANB) c dg int AN éag int B.
Letx € g int AN ag int B.
X e dgintAand x € 4gintB
A and B are ag neighbourhoods of x. Hence ANB is a dg neighbourhood of x.
So xe ag int (ANB).
Therefore ag int AN &g int B < ag int (ANB). This complets the proof.

v) AcAuB,BcAUB
Hence ag int AU dg int Bc ag int (AuB).

vi) ag int A is ag open.
Hence ag int (ag int A) = ag int A.
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