International Journal of Mathematical Archive-5(3), 2014, 271-275
@gm Available online through www.ijma.info ISSN 2229 = 5046

ON A NEW NONLINEAR RETARDED INEQUALITIES APPLICABLE
TO CERTAIN RETARDED PARTIAL INTEGRODIFFERENTIAL EQUATIONS

Jayashree Patil*! and D. B. Dhaigude?

lvasantrao Naik Mahavidyalaya, Aurangabad 431003, (M.S.), India
Department of mathematics, Dr. Babasaheb Ambedkar Marathwada University, Aurangabad (M.S.) India

(Received on: 02-03-14; Revised & Accepted on: 15-03-14)

ABSTRACT

In this article a two dimensional nonlinear retarded integral inequalities which can be used as ready and powerful tool
in the analysis of class of integrodiffrerntial equations is presented. Application of nonlinear retarded inequality is also
presented.
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1. INTRODUCTION

The celebrated Gronwall-Bellman [4,10] inequality states that if « and f are nonnegative continuous functions on an
interval [a, b] satisfying

u(t) < c+ [ f(s)u(s)ds )
for some constant ¢ = 0, then
u(t) < c exp ([} f(s)ds), t €[a,b] @)

Inequality (1), provides an explicit bound on the unknown function and hence furnishes a handy tool in the study of
qualitative and quantitative properties of solution of differential and integral equations, it has become one of the very few
classic and most influential results in the theory and applications of inequalities. Due to its fundamental importance many
generalizations and analogous results of (1), have been established.Such inequalities are in general known as
Gronwall-Bellman type inequalities in the literature[see 1-3,5-8,11-15,].

The aim of the paper is to extend results which proved by Kim [9] to obtain a new generalizations some formal famous
inequalities, which can be used as handy tools to study qualitative as well as quantitative properties of solutions of some
nonlinear partial integrodifferential equations.

2 MAIN RESULTS

Let R denotes the set of real numbers,R, = [0,2). Also, J; = [xy,X) and J, = [y,,Y) be the given subset of
RA =], X J,.D,z(x,y),D,z(x,y) be partial derivative of z with respective x and y respectively.

Theorem: 2.1 Let u,a,c € C(A, R,),a and ¢ be nondecreasing in each variables f;, g;,h; € C(A R,),i = 1,--,n and
let a; € C'(J;,J;) be nondecreasing with «;(t) <t,i=1,n and B; € C'(J,,J,) be nondecreasing with
B:(t) <t i=1,-,n. Suppose p > q > 0 are constants ¢ € C(R,,R,) isan increasing function with ¢ (o) = co and
Y (u) is a nondecreasing continuous function for u € R with y(u) > 0 for u > 0. If

DL rai(x)
uP(x,y) < a(x,y) +c(x, y)z f [fi(s, Dul (s, t) (W (u(ls, 1)

=1 “@i(x0)

S t . . q
15w S5y 1 (@)ANdG) + gi(s, ) (s, )] deds 3)
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forall (x,y) € A, then
1
t

u(,y) < [G7 (G (ki (o, 1)) + cCo ) Biy [ [3 ) s, A+ [ o fy o hi(o,m)dndo)deds)=i (4)

a;(xo)
for all x € [xg,x1] X [Vo,y1], Where
ai(x) rBi(y)

Loy g:(s, O)dtds
i1 Y@i(x0) “Bi(yo)

ki (0, y) = [aCe )] 7+

T ds
G =[ —— rzn>o
o p(s70)

Gi! denotes the inverse function of G; and (x;,y;) € A is chosen so that

ai(x) rBi(y) s t
GG +een Yy [ [ eoa+ | [ hemdndodids € bom(Gr
a;(x0) “Bi(vo) (x0) “Bi(vo)

Proof: Let us first assume that a(x,y) > 0. Fixing any number X and ¥ with x, <x < x and y, <y <y, define a
positive function z(x,y) as right hand side of (3). Then

ai(x) rBi(y)
2(6,y) = a(%,3) + ¢(% 7) f ., fﬁ UZCLIICLITTIEE
i=1 ~%ilXo Yo

13 e S0y (@A) + gy (s, O)ut (s, D)) deds

Then z(x,y) > 0, z(xy,y) = z(x,y,) = a(x,¥) and (3) can be restated
1

u(x,y) < [z(x, )] (5)
clearly, z(x,y) is continuous nondecreasing function forall x € J;, y € J, and
L B
Diz(x,y) =c(%¥) Z f [; (s (x), DU (@; (x), ) (W (u(@; (%), 1))
i=1 Bi(vo)
a;(x) ,
[ hGo e mdnda) + g, out @, 0 (e
ai(x0) YBi(o)
Using (5), we deduce
g (B a(x) rt
Piry) <c@NEEIP Y. [ @@ oea@@n+[ [ wenpuemndds)
= /B o) a;(x0) Y B:i(v0)
+g;(a;(x), )] (x)dt

Using the monotonicity of z(t), we deduce

D B we) ot
%«(x y)z fﬁ A 000, 0) + f , L (e m)dndo)
z(x,y)JP i 0o 220> 28:%0

+g; (ail(x). t)]a; (x)dt ©

Keeplng y fixed and mtegratmg inequality (6) from x, to x and maklng change of variables, we get

27 wy) S @EINT +LeE ) T [0 [ 5,0 W (s, )

a;(xo)

13 o Sty O M (@ m)dnda) + g,(s, O)ldeds @)
Now, define a function kq(x,y) by

 pa p—gq o [U® B
ki(a,y) =(ax,y)r + C(x,y)z f f gi(s, t)dtds
p =i Jay(x0) B o)
t

+Ele® ) T, “ ff i OWE (5,0) + 7 o S ) (@MW (0,m))dndo)deds

a;(x0)
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Then, (7) can be restated as
[z(x, y)]" < [ky (x, )P~ (8)

1 1
We know, u(x,y) < [z(x,¥)]? < [ki(x,y)]P—¢ and since i is nondecreasing,

1

Ylu(o,m] < Y[z (o,m] < l/)[kaq(S' t)] for o € [a;(tp), a;(D)].and 7 € [B;(to), Bi (1)]

a;i(x) rB:i(¥)
c(a? 37) f f gi(s,t)dtds
a;(x0) VBi(yo)

k(oY) < @EF) 7 +p

1
+ELe(%,7) By "‘f'(") f,f((y{f) 5, @K, (5, 1)

a;(xo)

03 oy Ity B (@ WU (o, m))dndo)deds

Here, we observe that k(x,y) is a continuous nondecreasing function for all x € J;,y € J, and
— 1, (B 1
q __ _ ¢ -
@) ). f [file (), @ (k;’ "G, t))
i=1 Bivo)

p
Diki(x,y) <

ai(x) rt 1
+ f f by (o, M (kI (o, m))dndo)]a’, (x)de
a;(x0) 7Bi(vo)

Diks(x,y) < =L e(@ WK, T o (), 0+ 100 [ k(e mydndo)]e (x)de ©)

Using monotonicity of k; and i, we have

_ Y ¢D)
Dlay) P45 | @), + |
ll)(k;’_q(x,y)) p i=1 “Bivo) a;(xo)

a;(x)

f hy(o,m)dndo)]al (x)dt
Bio)

From the definition of G; and Keeping y fixed in (9) and integrating from x, to x and making change of variables, we
have

G1 (k1 (x,)) < Gy (ks (o, 1)) + 2D Zy [0 [y P (5,6) A+ 7 o fy oy i (0om)dndo)]deds— (10)

a;(xo)
Using (8),(10) in (5), we have

() < (GG, (ky (o, ) + 2 ;

q S IR 16)) s t 1
ca@ny [ [ ireoa+r| [ hmddoydedsi
im1 Jai(x0) “Bi (o) a;(x0) 'Bi(yo)

Taking x = X,y = ¥ in the above inequality since X and y are arbitrary, we get required inequality.
Remark: (1) If we put h;(a,n) = 0 in above Theorem , we get corollary 2.2 in [9]
3 APPLICATION TO PARTIALINTEGRODIFFERENTIAL EQUATIONS

In this section we show that our one of the result is useful in proving global existence of the solution of certain non-linear
partial integrodifferential equation with time delay. Consider the nonlinear integrodifferential equation involving several
retarded arguments,

Dy (2" (1, y)D1z(x,¥)) = F(x,y,2(x — L (x),y —my (1)), 2(x — L, (x), y = m, (1)),
fxO fy H;(x,y,5,t,z(s — 1;(5), t = my(£)), z(s — L, (s),t — m, (t)))dtds) (11)
with the initial boundary conditions

zP (x,y0) = e1(x), zP(x0,¥) = e2(¥), e1(xp) =ey(¥p) =0

where p > 1 is constant, F € C(A X R® X R,R),H; € C(A X A X R*,R),e; € C'(J;,R)e, € C*(J,,R

and I; € C'(J1,J1), m; € C'(J,,J,) such that

0< () () <1,0<m) ) <1L(x)=x,m©o) =yo,i = 1,1
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The following theorem deals with a boundedness on the solution of the problem (11)

Theorem: 3.1 Assume that F: A X R™ X R — R is a continuous function for which there exists continuous nonnegative
functions f;(x,y), g;(x,y);i = 1, n such that

|F (g, g, uy, v)| < Xy [ |74 G ) @ (el + [vD) + g: (e v) w3 (12)

and the function H;:A X A x R™ — R is a continuous function for which there exist continuous nonnegative function
h;(x,y),i = 1,-+,n such that

IHa(x,y. S, 6, Up, Up - )| S Xy By (6, Y)Y (s ) (13)
an
ler(x) + e (V)| < a(x,y) (14)

where a(x,y) € C(A, R,) is nondecreasing in each variables, p > g > 0 are constants and ¥ (u) is a nondecreasing
continuous function for u € R with ¥(u) > 0 for u > 0. Let

1 1
M' = PET N = 1] | = 1l21”.l 15
R T M T ey ! " (15)

if z(x, y)is any solution of problem (11) with the initial boundary condition, then

x=li(x) y-mi(y) _
12Ge )] = (657 [610ks (20, 7)) + (p = q)Z I I 2

1
A+ 13 o ooty T (@) dydp)dedo] o=
forall (x,y) € [xg,x1] X [Vo, 1], Where G isin Theorem 2.1 and

yo—m;(Yo)

x—l;(x) J‘y—mi()’)

ko) = [aGu)] 7 + (- q)z | 9i(o,)drdo.

x0—li(x0) Yyo—m;(¥o)

fi = fi(e + 1;(s), T + m; () M, N,

hi = gi(¢ + L(E),y + mu@m)M;N;
g; = hi(o + 1;(s), T+ m(t))M;N;

Proof: It is easy to see that the solution z(x,y) of problem (11) with the initial boundary condition satisfies the
equivalent integral equation

() = e,(x) + e,(0) +p f f F(s,,2(5 = 1y(), £ — my (), 2(s — Ly (), € — mp (),

X0 Yo

fxo fy0 Hi(s,t,§,m,2(§ = 11 (§),n —my(m), =+, 2(§ = 1, (§),n — m, (n)))dndS)dtds (16)
using (12),(13),(14),(15) and making change of variable we have
x=li(x)  ry-mi(y) _
127 (e, )] < aey) + pz [ weoren

x0—li(x0) Yx0—m;(¥o)

X U+ 7y s o oo Bl B2V + Ti(o, Dl2(o, D) dedo (17)

-m;(yo)
fi = f.(o + 1,(s), T + m;(t))M;N,,

hi = hi (¢ + 1;(€), v + my(m)M; N,

gi = 9i(0 + [;(s), T + m(£))M;N;,

o,s,¢,¢§ €], T,t,v,n € J,.

Now, applying Theorem 2.1 to above inequality, we get
|z(x, y)| = {6 [G, (k1 (%0, 7))

. q)z [ fenas [

x0—1i(x0) Yyo—m;(yo) x0—L;(x0)

f T (b, v)dydd)drdo]y—

yo—m;(o)
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