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ABSTRACT
The purpose of this paper is to introduce the concept of w-distance in Cone G-metric space and then we prove some
fixed point theorems for weakly contractive, weakly Caristi type mappings using the concept of w-distance. Also we
provide example in support of our theorem.
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INTRODUCTION

In 1963, Gahler [3, 4] introduced the concept of 2-metric space akin to the metric space (X, d). But different authors
have proved that there is no relation between these two functions. For instance, Ha et al. in [5] showed that 2-metric
need not be continuous function. Further there is no easy relationship between the results obtained in the two settings.
Motivated by the measure of nearness between two or more objects with respect to a specific property or characteristic,
also called the parameter of nearness, Bapure Dhage in1992 introduced in his Ph.D. thesis a new class of generalized
metric space called D-metric space [1, 2]. He claimed that D-metrics provide a generalization of ordinary metric
functions and presented several fixed point results. Recently, Zead Mustafa and Brailey Sims [9, 10] introduced a new
structure of generalized metric spaces, which are called G-metric spaces as generalization of metric space (X, d), to
develop and introduce a new fixed point theory for a various mappings in this new structure and demonstrated that most
of the claims concerning the fundamental topological structure of D-metric space by Dhage [1, 2] are incorrect.

Guang and Xian [6] generalized the concept of metric spaces, replacing the set of real numbers by an ordered Banach
space defining in this way a cone metric space. The metric space with w-distance was introduced by Osama Kada,
Tomonari Suzuki, Wataru Takahashi, and Naoki Shioji [6, 7, 11]. H. Lakzian and F. Arabyani [8] composed these
concepts together and introduced cone metric space with w-distance and proved few fixed point theorems. Motivated
by G-metric space and Cone metric space, we define the notion of w-distance cone G-metric space and then prove
common fixed point theorems for weakly contractive and weakly Caristi type mappings using w-distance in this newly
defined space.

DEFINITIONS AND PRELIMINARIES

Definition: 1.1[6] Let E be a real Banach space and P a subset of E. P is called a cone if and only if
(i) Pisclosed, non-empty and P = {0};
(if) ax + by € P for all x, y € P and non-negative real numbers a, b;

(ii))p N (-P) = {0}.

For a given cone P < E, we can define a partial ordering < with respect to P by x <y if and only if y-x e P. x <y will

stand for x <y and x # y, while x <<y will stand for y-x € int P, where int P denotes the interior of P. The cone P is
called normal if there is a number M >0 such that for all x, ye E, 0 < x <y implies

[x] < Mily].
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The least positive number satisfying above is called the normal constant of P ([1]). The cone P is called regular if every

increasing sequence which is bounded above is convergent. That is, if {Xn }m is a sequence such that x; <x,< ... <y

for some ye E, then there is x € E such that IimrHOO”xn - X|| =0. Equivalently the cone P is regular if and only if
every decreasing sequence which is bounded below is convergent.

Lemma: 1.1. [6] Every regular cone is normal.
Throughout, we denote by E, a Banach space, P a cone in E with int P # ¢ and < partially ordering with respect to P.

Definition: 1.2. Let X be a nonempty set, and let G: Xx Xx X — E be a function satisfying:
(G1) G(x,y,2)=0ifx=y=1z

(G2) 0<G(x, X, y); for all x, y € X, with X #y,

(G3) G(x, X, ¥) <G(x,V,2), forall x,y,ze Xwithz#y,

(G4) G(x,Y,2) =G(X, z,y) = G(Y, z, X) = ...., (symmetry in all three variables), and

(G5) G(x,v¥,2) £ G(x,a,a)+G(aY,z),forall x,y, z,ae X, (rectangle inequality).

Then the function G is called a generalized metric, or, more specifically a cone G-metric on X, and the pair (X, G) is a
cone G-metric space. A cone G-metric space is generalization of G-metric space [22]. We use the following proposition
in cone G- metric space same as in G-metric space.

We use following proposition in Cone G-metric space.

Proposition: 1.1([9]) Let (X, G) be a G-metric space. Then for any X, y, z and a € X it follows that:

(1) fG(x,y,2)=0,thenx =y =z

(2) G(x,y,2) < G(X X Y)+G(X X, 2),

(3) G(x,y,y) = G(y, X, x),

4) G(x,y,2) £G(x a2 +G(a, Y, 2)

(5) G(x,y,2) < 2/3.(G(x,Y, a) +G(x, a, z) +G(a, Y, 2)),
(6) G(x,Y,2) < (G(x a,a) +G(y, a, a) +G(z, a, a))

Example: 1.1 LetE=R% P ={(x, y) € E:x,y>0}, X = Rand G: X xXx X — E defined by
G(x, Yy, z) = (x-yl+ |y— Z|+|Z - X|, o [|x=yl+ |y— Z|+|Z - X|]) where o > 0 is constant. Then (X, G) is a cone
G- metric space.

Solution:
() G(x,y,2)=0

IF (x—yl+ |y — 2| +[z = X[, alx-yl+ |y — 2| +[z = X[1)

If (x-yl+ |y — 2| +|z = X| =0 and afjx~yI+ |y — 2| +|z— X|1=0

Ifx=y=z.
(i) G(x, %, y) = (x—x+ X = Y|+|y = X|, aflx—xI+ [x = y|+|y = X[1)>0

= (2]x—y|. 2alx-y])>0.

(iii) G(x, X, y) <G(x, Y, 2), forallx,y, ze Xwithz#y,
This is clearly true.
(iv) G(X, ¥, 2) = G(X, 2, ) = G(Y, 2, X) = ..., (Symmetry in all the three variables)
(V) G(x,y.2) < G(x, a8) +G(a Y 2),

G(x,a,8) + G(a, Y, 2) = (x-a| + [a—a|+|a— X, allx-al+ |[a—a] +]a—X[1)

+ (jayl+ |y — 2| +|z— 8], aflayi+ |y — 7| +|z - a]1)

© 2014, IIMA. All Rights Reserved 284



Seema Mehra, Anju Panwar* and Renu Chugh/
Common Fixed Point Theorems in Cone G- Metric Space with w- distance / IIMA- 5(3), March-2014.

G(x, a,8) + G(a, y, 2) = (x-al+|a — X, allx-al+|a— X 1) + (a~yl+ |y — 2| +|z - a| . afla~yl+ |y — 2| +|z— 8| ])

G(x, Y, z) = (x-yl+ |y—z|+|z —X|,(x[|x—y|+ |y— Z|+|Z—X|])
= (k-a+ayl+ [y —z|+[z—a+a—X, afxarayl+ |y —Z|+[z—a+a-x)
< (cal+la-y| + [y —2z|+[z—al+[a- x|, a el +[a=y|+ [y - 2] +[z—a|+[a- x|}
Therefore, G(X, Yy, 2) < G(x, a, a) + G(a, Y, 2)

Definition: 1.3 Let X be a cone G- metric space with metric G. Then a mapping p: X X Xx X— E is called w-distance
on X if it satisfies the following:

@ p(x,y,z) = 0forall x,y, ze X,

(b) p(x,y, z)<p(x,a a) +pay z)forallx,y,z,a eX

(¢) p(x, y, .) = E is lower semi-continuous for all x e X.

(d) for any 0<< q, there exists 0 << [ such that p(X, a, a)<< B and p(a, y, z) << B imply G(X, Y, z) << o, where o, p € E.

Lemma: 1.2 Let X be a cone G-metric space with metric G, let p be a w—distance on X and let f be a function from X
into E that 0 < f(x) for any xe X.

Then a function q from X x X x X into E given by q(x, y, z) = f(x) +f(y) + p(X, y, z) for each (X, y, z) € X x X xX is
also a w—distance.

Proof:
Max,y,z) = 0.

(ii) Forevery x,y, z,a € X, q(x, ¥, z) = f(x) +f(y) +p(x, y, 2)
<f0)+f(@)+p(x, a, a)+f(y)+f(a)+p(a, y, 2),
=q(x,a a) +qy 2).
(iii) It is obvious that the function f is lower semi-continuous.
(iv) Let a € E with 0 << o be fixed then since p is w—distance on X, there exists € E with 0 << such that
p(x, a, a) << B, q(a, y, 2)<< B imply G(X, y, z) <<a. So assume
q(x, a, a) << B, q(a, y, z) << B we have p(x, a, a) < f(x)+f(a)+p(x, a, a) = q(x, a, a)<< P,
p(a,y. 2) < f(@)+f(y)+p(a, v, 2) = q(a, y, 2)<< B. So p(x, a, ) << B, p(a, y, z) <<f and it imply G(x, y, z) << a.
Example: 1.2 Let X = R be a cone G-metric space with metric G defined by G(X, y, z) = (|x-y|+ |y— Z|+|Z - X|)

Y x,y, z€R. Then a function p: R®* — [0, oo) defined by p(x, y, z) = |y - Z| for all X, y, ze R is a w- distance on R.

Solution:

(a) Clearly, p(x,y,z) = 0forall x,y, ze X,

(b) Clearly, p(x,y, .) — E is lower semi-continuous for all x € X.
©) p(x,y, ) <p(x, a a)+p@y,z)forallx,y,z,a eX

As p(x, Y, 2) =|y—z| , p(X, &, a) =|a—a|and p(a,y, z) =|y—z|

Therefore, we have above inequality.
a
(d) for any 0<< a, put f = E there exists 0 << B such that p(x, a, a)<< f and p(a,y,z) << B imply G(X, Y, z) << a,

where a, B € E.

If p(x, a, ) << B and p(a, y, 2) << B, then [a — a| << B (by remark 1.5), |y — z| << B, this implies G(x, y, z) << p+B = a

© 2014, IIMA. All Rights Reserved 285



Seema Mehra, Anju Panwar* and Renu Chugh/
Common Fixed Point Theorems in Cone G- Metric Space with w- distance / IIMA- 5(3), March-2014.

Definition: 1.4 Let X be a cone G-metric space with metric G, let p be a w—distance on X, xe X and {x,} a sequence
in X, then

(@) {xn} is called a p-Cauchy sequence whenever for every a € E, 0 << q, there is a positive integer N such that, for all
m, n, =N, p(Xn, Xm, X) << 0.

(b) A sequence {x,} in X is called a p-convergent to a point x € X whenever for every a € E, 0 << q, there is a positive
integer N such that, for all n > N, p(X, Xn, Xm)<< o. Note that by lower semi-continuous p, for all n>N,

P(Xn, Xn, X)<< a. We denote this by 1im X, =xorx, —>X.

(c) (X, G) is a complete cone G-metric space with w-distance if every Cauchy sequence is p-convergent.
Lemma: 1.3[6] There is not normal cone with normal constant M<1.

Proposition: 1.1[6] For each k>1, there is a normal cone with normal constant M>k. H. Lakzian and F. Arabyani [8]
introduced cone metric space with w-distance and proved the following fixed point theorems:

Theorem: 1.1 Let (X, d) be a cone metric space with w-distance p on X and the mapping T: X — X. Suppose that there
exist re [0, 1) such that
p(Tx, TX) < rp(x, TX),

for every x e X and that
inf{p(x,y) + p(x, Tx): x€ X}>0,

for every ye X with y# Ty. Then there is z € X such that z= Tz. Moreover, if P is a normal cone with normal constant
M and v =Tv then p(v, v)=0.

Theorem: 1.2 Let (X, d) be a complete cone metric space with w-distance p. Let P be a normal cone on X. Suppose a
mapping T: X — X satisfy the contractive condition

p(Tx, Ty) < kp(x, y)
for all x, ye X, where ke [0 ,1) is a constant. Then, T has a unique fixed point in X. For each x € X, the iterative

sequence {T " (X)},., converges to the fixed point.

Now, we generalize the Theorems 1.1 and 1.2. to Cone G-metric space in the form of following:

Theorem: 1.3 Let X be a complete cone G- metric space with metric G, ‘p” a w-distance on X and T a mapping from
X into itself. Suppose that there exist r e [0, 1) such that

p(TX, T2, T3x) < rp(x,Tx,T%),

for every x e X and that
inf{p(x, X, z) + p(x, T, T°X): x € X}>0,

for every ze X with z# Tz. Then there is we X such that w= Tw. Moreover, if P is a normal cone with normal
constant M and v =Tv then p(v, v, v)=0.

Proof: Let ue X and define u,= T"u for any n€ N. Then we have, for any ne N,

p(Un. Un+1, un+2) <r p(un-1. Un, Un+1) <r [p(un—l: Un, Un) + p(un’ Un, un+1)]
< r [p(una, Un, Un)] +r[ P(Un, Uns, Uns2)]

Because p(Up, Un, Uns1) < P(Un, Uneg, Unso) (1.3.1)

p(Un, Un+1, Un+2) < 0 [P(Un.1, U, Un)]

r
Where (1—=qj andg<1,since0<r<1
—-r

Hence (1.3.1) becomes

P(Un, Up, Une1) < g[P(Un.1, Uy, Up)]
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So if m>n
p(un’ Un, Um) S p(un’ Un, un+1) + p(un+1’ Un+1, un+2) + p(un+2: Un+2, un+3) + . + p(Um-1, Um-l, Um)
<@ +q™ .. +9™)p(Uo, Uy, Uy)
n
< I oy u ).
1-q

Thus {u,} is a cauchy sequence because if let @ € E with 0<<«a be given, choose S €E with 0<< f such that

n
a+ Nﬁ(O)gP where in it Nﬂ(O) ={ye X: ||y||<ﬂ}, also choose a natural number N; such that (1q ]
-q

P(Uo, ur, u) € N 4 (0) for all n> Ny

n

Then (1q j p(Uy , Uy, Uy) << ¢ for all n> N;. Thus p(uy, Up, Uy) < (1q
—q

therefore {u,} is a cauchy sequence in X. Since X is complete, {u,} converges to some point w € X. Let neN be
fixed. Then since {un,} converges to w and p(u,, ., .) is lower semi-continuous, we have,

jp(uo. U, ) << a for all n>m,

n

P(Un, Up, W) < iminfp(uy, Uy Um) < (1(1 j p(Uo , Uy , Uy).

Assume that w= Tw. Then by hypothesis we have,

0 <inf{p(x, X, w) + p(x, Tx, T) : xe X}

IA

inf {p(ul’h Un, W) + p(ul’h Un+1, Un+2) -nhe N}

IN

inf {p(Un, Un, W) + g [P(Un.1, Un, Un)]: NE N}

n

q

IA

inf { P(Uo, Uy, ug) +"p(Uo, Uy, Uy): neN}

1

n

q
1-q

IN

inf { P(Uo, Uz, U) +9"P(Uo, Us, U): NEN}
=0.

This is a contradiction.

Therefore w = Tw. If v = Tv we have,

p(v, v, V) = p( Tv, T, T3) < rp(v, Tv,TA) =rp(v, v, V).

So p(v, v, v) < r“p(v, v, v) where k is a natural number. Since P is the normal cone, there exist M >0 such that,
Ip(v,v,v)[| < mrp(v,v,v).

Let k is a natural number such that M r* <1. So || p(v,v, V)|| =0, therefore p(v, v, v)=0.

Example: 1.3 Let X = R be a cone G-metric space with metric G defined by G(x, y, z) = (|x-y|+ |y— Z|+|Z - X|)

V X, y, z€R. Then a function p: R® — [0,00) defined by p(x, y, 2) = |y - Z| for all X, y, ze R is a w- distance on R.
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Define a function T: R — R as follows:

Tx=x/2, for all xeR,

Clearly, function p: R® — [O, oo) defined by p(x, y, 2) = |y - Z| for all X, y, ze R is a w- distance on R.

then p( Tx, T2, T°x) = ‘TZX—TSX‘: X _X_|X
4 8| |8

X X X

X, Tx, )= [Tx =T 2x/ =|= - 2| =| =

P : ‘ ‘ 2 4| |4

1
Therefore, we have p(Tx, T2, T3x) < > p(X, TX,T%X).

Thus all the conditions of Theorem 1.3 are satisfied and 0 is a fixed point of T.

Theorem: 1.4 Let X be a complete cone G- metric space with metric G, ‘p’ a w-distance on X. Let P be a normal cone
on X. Suppose T is a mapping from X into itself satisfying the contractive condition

p(Tx, Ty, Tz) < kp(X, Y, 2)

for all X, y, z € X, where ke [0, 1) is a constant. Then, T has a unique fixed point in X. For each x € X, the iterative

sequence {T " (X)},., converges to the fixed point.

Proof: For each x,& X and n>1, set x; = TXp and X1 = TX, = T™X,.

Then
P(Xn+1, Xn, Xn) = P(TXn, TXn1, TXn1) S KP(Xn, Xn-1, Xn-1)

< KP(Xnets X2, Xn2) < . < K" pxq, Xo , Xo)-

So for n>m,
p(an Xm Xm) < P(Xn, Xn-1s Xn-l) + p(Xn-l’ Xn-2 Xn-2) + p(xm+1’ Xm, Xm)

< K™K+ K™ (X, Xo , Xo)-

Let ¢ € E with 0<< c be given. Choose a natural number N; such that,

(15 kJ P(X1 , Xo, Xo) << C

for all m>N;. Thus, p(X, , Xm , Xm ) << ¢ for all n>m. Therefore {Xn}nZl is a cauchy sequence in X. Since X is a
complete space, there exist X € X such that x, — X" as n—> 00 . Choose a natural number N, such that p(x,, X", )<<

C . C
— and p(x, Xn, Xn) <<E for all n > N,. Hence,

p(TX", X', X)) < p(TX, T TXa) + P(TXn, X ,X)
<k p(X*! Xn s Xn) + P(Xns1, X 1X*)
< p(X*’ Xn Xn) + p(Xn+1, X*. X*)

C C
<< — + —
2 2

:C,
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- c c - . C
forall n > N,. Thus, p (Tx*x, x )<< —, forallm > 1. So,—- p(Tx*, x,x)e P, forallm>1. Since — — 0
m m

m

(as m—> 00) and P is closed, - p (Tx*, x', X) € P. But p(Tx*, x’, X') € P. In the same way p(x’, x*, Tx') = 0, and so

X =x.
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