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ABSTRACT

Some necessary and sufficient conditions for an Almost Distributive Lattice (ADL) to become a quasi-complemented

ADL in topological and algebraic terms are proved. Characterization of quasi-complemented Almost Distributive
Lattice in terms of prime ideals and minimal prime ideals are established.
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1. INTRODUCTION

The concept of an Almost Distributive Lattice (ADL) was introduced by Swamy U M and Rao G C, as a common
abstraction of existing lattice theoretic and ring theoretic generalizations of Boolean algebra. The class of ADLs with
pseudo-complementation was introduced in [4], and it was observed that an ADL can have more than one pseudo-
complementation unlike in the case distributive lattice. The concept of quasi-complemented Almost Distributive
Lattices was introduced in [3] and proved that a uniquely quasi-complemented ADL is a pseudo-complemented ADL.
Also, it was proved that an ADL L is quasi-complemented ADL if and only if every prime ideal in L is maximal.

In this paper, we characterize the quasi-complemented ADLs are both algebraically and topologically in terms of their
prime ideals and minimal prime ideals with hull-kernel topology and dual hull-kernel topology.

2. PRELIMINARIES
In this section, we recall the definitions and certain properties Almost Distributive Lattice are taken from [4].

Definition: 2.1 An algebra of type (L,v,A,0 of type (2, 2, 0) is called an Almost Distributive Lattice (ADL), if it
satisfies the following axioms:

@D (avb)ac=(anb)v(bac)
(2) an(bvc)=(anb)v(anc)
(3) (avb)ab=b

(4) (avb)ra=a

(5) av(aab)=a

(6) OAna=0 foralla,b,celL
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A non-empty subset | of an ADL L is called an ideal (filter) of Lif avbel (anbel)and, anxel (xanael)for
anya,bel andxel.Iflisanideal of Land a,beL,then anbel <baael . ThesetI(L) of all ideals of L isa
complete distributive lattice under set inclusion with the least element (0] and the greatest element L in which, for any
1,3, 1N Jis the infimum of I, J and the supremum is given by 1vJ ={iv j/iel,je J}. LetS be a non-empty subset

n
of an ADL L. Then the set (S] = {(V) AXIxel,sjeSandne Z*} is the smallest ideal of L containing S.
i=1

For anyael,(al={aax/xeL}is the principal ideal generated by a. Similarly, aeL,(a]={aax/xelL}is the

principal filter generated by a. The set PI (L) of all principal ideals of L is a sub lattice of I (L). A proper ideal P of L is
said to be a prime if forany x,y €L, x /|y € P implies eitherx EP ory € P . A proper ideal M of L is said to be a
maximal ideal if it is not contained in any proper ideal of L. For any subset S of an ADL L, we define
S={x €LI/x Na=0,foralla €1}. Then S”is an ideal and is called the annihilator ideal of S. For x € L, (x]* is
called an annulet of L.

An elementa € L is called a dense if (a]* = (0] and set of all dense elements in L is denoted by D. Then D is a filter,
whenever D is non-empty. An ADL L with 0 is called a *<ADL if to each x € L, there exists y € L such that
[X1™ = [y]"~ An ADL L with 0 is a *ADL if and only if to each x € L, there exists y & L such that x /1 y =0 and
x V' y & D. Every #ADL possesses a dense element. For any x, y € L, define x <y if and only if x = x/y or
equivalently, x 'y =y, then <is a partial ordering on L, in which 0 is the least element. An element m is maximal in
(L, S ifand only if m A x = x, for all x € L. We don’t know, so far, whether \/is associative in an ADL or not. In this
paper L denotes ADL with maximal element in which v is associative.

Lemma: 2.2 The set I(L) of all ideals of L is complete pseudo-complemented distributive lattice with least element
{0}, and greatest element L in which for any I, J €1(L) where | AJ = I ' J is infimum of I and J and the supemum

is given by | vJ ={i/\j/ie|andjeJ}.

Lemma: 2.3 Let L be an ADL, Define a relation 6 = {(X, y)eLxL/ [X]* = [y]*} . Then 0 is a congruence relation on L.

If L is a bounded distributive lattice and X is the set of all prime ideals of L, then the hull-kernel topology z',f( on X is
a topology on X for which {Xa lae L} is a basis, where for anyaeL, X, = { peX/ag P} . In this topology, for any

subset F of X the closure F = {Q e X/ ﬂ Pc Q} . The dual hull-kernel topology rcf on X is the topology for which
peF

{hy (@)/aeL} isabasewherehy (A)={pe X /Ac P} Forany Ac L, write hy (A)={pe X /ac P}anditcan be
observe thathy (A)= N hy (a).
acA

All these concepts can be analogously defined in case of ADLs also. Let L be an ADL and S (M) denote the set of all
prime ideals (minimal prime ideals) of L and also m (I (L)) denote the space of minimal prime ideals in I(L). The

hull-kernel topology on S is denoted by rﬁ . In this topology for any a & L, the corresponding basic open sets is denoted
by S,. We write T:]VI for topology on M induced by z’ﬁ. In this topology, the basic open sets are {M,/a & L} where M,

= M NS,. The dual hull-kernel topology on S (M) is denoted by Tj (TCIIVI ) In this topology, for any a & L, the basic

open sets are denoted by hy(a)(hy (a)). For a prime ideal P of I(L), C(P)= U{J € I(L)/J € P}, Q is a prime ideal in L,
7(Q) = {J € I(L)J < Q}. Itis easy to see that C(P), 7(Q) are prime ideals in L and I(L) respectively.

Theorem: 2.4 Let P be a prime ideal of an ADL L. Then P is a minimal prime ideal if and only if for each x & P, there
exists y ¢ P suchthatx Ay=0

Lemma: 2.5 A prime ideal P of an ADL L is minimal if and only if for each x €P implies [x]* zP.
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Lemma: 2.6 For any x, y, z €L, we have the following:
[1] Mc=hy ([x])

[2] hw (x) = hw ([XI7)

B8] XI" € ]" ®hu(x) < hw(y)

[4] XI" € yI" @M, & M

[5] [2]*=[x]"N[y]" © hw (2) = hu (x) N hw ()

6] XI™=[y]" < hm (x) = hw (y)

Lemma: 2.7[2] Let L be an ADL such that C(P)eM, for each pe m(I(L)). Then the mapping ¢ :m(I(L))—>M defined by
¢ (P) = C(P) for each p & m(I(L)) is an onto continuous closed mapping.

Theorem: 2.8 Foranyideal linL, My = N M, =N M

xel xel (]

Theorem: 2.9 [2] Let L be an ADL. Then the following are equivalent:
(1) M is compact, Hausdorff and extremally disconnected space.

(2) The space M and m (I (L)) are homeomorphic.

(3) "€ Ay(L), foreachJ €1 (L)

3. ON PRIME IDEAL CHARACTERIZATION OF QUASI-COMPLEMENTED ALMOST DISTRIBUTIVE
LATTICES

In this section, we characterize the quasi-complemented ADL in terms of hull - kernel topology and dual hull-kernel
topology. Recall that an Almost Distributive Lattice L with O is called quasi-complemented if for each x € L, there is
an elementy € L such that x /1 y=0and x /'y is a maximal. Here y is called a quasi-complement of x.

Theorem: 3.1 Let L be an ADL with maximal element m in which every dense element is maximal. Then L is quasi-
complemented ADL if and only if for each x & L, there exists y & L such that M, = hy (y).

Proof: Suppose L is quasi-complemented ADL. We have every quasi-complemented ADL is a * ADL. Let x € L.
Then there exists y €L such that [x]*=[y]*. Therefore hy (X]') =hy ([y]" ) and hence lemma 2.6, hy, ([x]) = hy; (¥)-
Thus M, =hy (y). Conversely, suppose that for each x € L, there exists y e L such that M, = hy, (y). we shall prove

that L is quasi complemented ADL. Since M, =hy (), hy ([x]*)=hM ([y]**). Hence by lemma 2.6, we get

[X1" = [y]"™ Therefore x /| y =0 and x \/y is dense. It follows that x| y = 0 and x /'y is a maximal. Thus L is quasi-
complemented ADL.

Theorem: 3.2 Let L be an ADL with maximal element m in which every dense element is maximal. Then L is quasi-
complemented ADL if and only if M is compact in the hull-kernel topology.

Proof: Suppose L is quasi-complemented ADL. Then for each x € L there exists y &€ L such that M, = hy (y) and
hence M, is a basic closed set in M. Let {M,/x & A} be a family of closed sets in M with finite intersection property for

n
some AS L. LetFbe afilter in L generated by A. Then for any X, Xy,.....X, € A, N1 M, =¢ andhenceM M, # ¢
i=1

A X
i=1

n
It follows that A x; = 0. Therefore 0 ¢ F and hence F is a proper filter of L. It follows that F is contained in a maximal
i=1

filter say K of L. Therefore L-M is minimal prime ideal of L. Letxe A. Thenx ¢ L—K . Therefore L-K € M, for
allxeA.HenceL-Ke N M,,weget N M, #¢.Thus M is compact in hull-kernel topology.

XeA XeA

Conversely suppose M is compact in the hull-kernel topology on M and x € L. Then hy (x) being a closed subset of M,

is compact. If p e hy, (x), then x € P . Hence by lemma 2.5 hy,; (x) nhy ([x]*) =¢.Sothat hyy ()N N hy ) =4¢.
te[x]
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that MXqu.zMand MXqu-zMX X.=M0=¢. Therefore MX|=hM(x) and MX:hM(x').Hence
N

v ([X]) = hy (%) = M =hy (XT).By lemma 2.6, we get [x]~ =[x ] . It follows that x Ay =0 and xv y is dense.

Thus xAy=0 and xvy isamaximal and hence L is quasi-complemented ADL.

Hence, from the above theorem 3.1 and 3.2, we have the following

Corollary: 3.3 Let L be an ADL with maximal element m in which every dense element is maximal. Then the following
are equivalent:

(1) L is quasi-complemented ADL

(2) ‘L'hM = ‘L'dM

(3) M is compact in hull-kernel topology.

Next, we give an algebraic characterization of quasi-complemented ADL. First, we need the following

Lemma: 3.4 Let L be an ADL with maximal element m. Then M, =M and Mg = ¢.

Proof: Suppose m is maximal element in L. Clearly M, < M. Conversely suppose P e M .Then P = Land hence
m ¢ P.Therefore P e M,,. Hence M,, =M and clearly Mg = ¢ since every ideal contains 0.

Theorem: 3.5 Let L be an ADL with maximal element m in which every dense element is maximal. Then L is quasi-
complemented ADL if and only if B = {M v I xe L} is a Boolean algebra under the operations wand M.

Proof: Suppose L is quasi- complemented ADL. It can be easily seen that B is a Boolean algebra under the
operations wand m. Conversely, suppose that B is a Boolean algebra. Let x € L. Then there exist X e L such that and

MXUMX- =M, and hence MX K =M, and MX ; =M. It follows that xAX =0and xv X is dense. Hence XA X =0
A \Y%

and xv x is maximal. Thus L is quasi-complemented ADL.

Recall that, the relation 6 on an ADL L, defined by (x, y) €8 < [x]* = [y]* is a congruence relation on L and hence L|0
of all congruence classes, is bounded distributive lattice under the induced operations on L. Now, we give another
characterization of quasi-complemented ADL, if first we need the following lemma.

Lemma: 3.6 Let L be an ADL with maximal element. Then we have the following:
(1) 1fmy|6, my|0 are two maximal elements in L|6, then mq|6 = m,|0
(2) Ifdisdense elementin L, then d|@ =m|6, for all maximal element m in L

Proof: Lett € my|6. Then (t, m;) € 8 implies [t]* = [m,]* = {0}. Therefore [t]* = [m,]* and hence (t, m,) € 6. Thus my|6
£ m,|6. Similarly m,|& € my|6. Hence m,|@ = m,|0. Obviously d|§ =m|6, for all maximal element min L

It can be easily see that the elements 0|6 and m|é are bounds of L|6 and hence L|6 is a bounded distributive lattice.

Theorem: 3.7 Let L be an ADL with maximal element m in which every dense element is maximal. Then L is quasi-
complemented ADL if and only if L|0 is a Boolean algebra

Proof: Suppose L is a quasi-complemented ADL in which every dense element is maximal. Define f: B — L|@ by f(M)
=x|@, for each x €L. Let M, , M, €B. Then My, =M, & [X]*=[y]* € (X, y) €0 < X|0 =y|0 < f(M,) = f(M,). Hence f
is well-defined and one-one. Clearly f is an onto and hence f is a homomorphism. Also, f(Mg) = 0|6 and f(M,,) = m|é.
Thus f is an isomorphism. Therefore L|6 is a Boolean algebra

Conversely, suppose that L| is a Boolean algebra. Let x € L. Then there exists x |0 € L|6 such that x| A x|0 = O|¢? and
x|0 vx|0 = m|9 It follows that (x 4 x)|0 = 0]6 and (x |/x)|0 m|6. Therefore [x Ax]*=[0]*= L and hence x A x = 0.
Clearly x VX is dense. It follows that hypothesis x 4 x = 0 and x VX is a maximal. Hence L is quasi-complemented
ADL.
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Therefore from the above theorem 3.5 and 3.7, we have the following.

Corollary: 3.8 Let L be an ADL with maximal element m in which every dense element is maximal. Then the following
are equivalent:

(i) L is quasi-complemented ADL

(i) B={M,/x €L} is a Boolean algebra

(iif) L|O is a Boolean algebra

Recall that for a prime ideal P of I (L), C (P) = (J €1(L)/J €P}is a prime ideal in L.

Theorem: 3.9 Let L be an ADL with maximal element m in which every dense element is maximal. Then L is quasi-
complemented ADL if and only if C(P) € M, for each P e m(I(L)).

Proof: Suppose L is quasi-complemented ADL and Pem(I(L)).Clearly C(P) is a prime ideal in L. Let x € C(P). Then
x e J.Therefore (x]cJ and hence (x]eP. Since L is quasi-complemented ADL, there exists x e L such that
XxAX =0 and xv X is maximal. But (x]v(x']=(XV x']= L and (x]v(x']e P, since P is maximal prime ideal in
I(L), it follows that (x'] ¢ P . Hence X ¢ P.Thus for each x e C(P), Hence there exists X ¢ C(P) such that x A X =0.

(by lemma 2.5), C(P) is a minimal prime ideal of L. Hence C(P)e M, for each P& m(I(L)). Conversely assume the

condition. We have the mapping ¢: m(I(L)) — M defined by ¢(P) = C(P), for each P& m(I(L)) is onto continues and
closed since by lemma 2.7. Therefore M is a compact. It follows that, by theorem 3.2, L is quasi-complemented ADL.

Recall that the set Ay(L) of all annulets of an ADL L forms a distributive lattice under the binary operations v and A
defined by [x]* v [y]* = [x vy]*and [x]* A [y]* =[x A Y] for any [X]* [y]* € Ao(L).

Theorem: 3.10 Let L be an ADL with maximal element m in which every dense element is maximal. Then J** € A (L),
for each J € I(L) if and only if L is quasi-complemented ADL and for eachQ € M , there exists unique P &€ m(I(L))
such that C(P)=Q.

Proof: Suppose J** € Ay (L), for eachJ e I(L). Letxe L. Then we have [x]** € Ay(L). It follows that, there exist
x eL such that [x]** :[x']*. Hence xAX =0 and Xv X is maximal. Thus L is quasi-complemented ADL. Now, let
QeM and PR,P,em(l(L)such that C(P)=C(P,)=Q.Let JeP.Then J el(L)and J~J" =(0].Since
R em(l(L)),J e Pl,J* ¢ B, (by lemma 2.5). Again, since J e I(L),J* € Ay(L) . Hence there exist y € L such that
3= (y]*'Again, since B em(l(L)),J e Pl,J** € B. Therefore (y]** ePR, and hence (y]JePR.It follows that

yeC(R)=C(P,)and hence (y]eP,.Therefore [y] P,,since P, is a minimal prime ideal. Hence Ve P,.
Therefore J € P, and hence B, ¢ P,. Hence B, = P,, since Py, P, are minimal prime ideals. Therefore for eachQ e M ,
there exist unique P em(I(L)) such that C(P)=Q.

Conversely, suppose L is Quasi-complimented ADL and for each Q € M, there exist unique P& m(I(L)) such that
C(P)=Q. By lemma 2.7, we have there exists a mapping ¢: m(l(L)) — M defined ¢ (P) = C(P) is a homeomorphism.

LetJ € I(L). Then hy, (J*) is a both open and closed set in M. Hence M —hy, (J*) is compact (being closed subset of

* n n
compact space M is compact). Therefore M —hy, (J ) = UM a = M, Now, put y=\/a;
i=1

Then M —hy (37) =My =hy ([y]) =My —hy ([y]"). Hence hy [31" = hy ([y]™). It follows that 3™ € Ay (L).

Corollary: 3.11 Let L be an ADL with maximal element m in which dense element is maximal. Then the following are
(1) Mis compact, Hausdor/f and extremally disconnected space.

(2) The space M and m (I (L)) are homeomorphic.
(3)J= €Ay (L), foreach J €1 (L)
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Further any of the above conditions implies that L is quasi-complemented ADL

Theorem: 3.12 Let L be an ADL with maximal element m in which every dense element is maximal. Then the following
are equivalent:
(1) L is quasi-complemented ADL
) m"=1"
(3) M is compact in hull-kernel topology
4) B={M,/x €L}, N, U)is aBoolean algebra.
(5) L|@ is Boolean Lattice , where @ is the congruence relation on L and defined by
0={(xy) eLxL/[x]"=[y]'}
(6) C (P) €M, for each P em (I(L)).
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