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ABSTRACT

In this paper we give the formula of numbers of Sylow subgroups of alternating simple groups. This partially solves a

problem posed by Jiping Zhang.
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1. INTRODUCTION AND LEMMAS:
The structure of normalizer of Sylow 2-subgroup of symmetric groups .S is studied by P. Hall (see Lemma 4 of [1], or

[2]), he proved that Sylow 2-subgroup is self-normalized. The study in the numbers of Sylow subgroups (also called the
Sylow numbers) is due to Professor Jiping Zhang [5]. He proved a conjecture of Huppert's. Then he put forward a
problem in the end of his paper [5]. determine the number of Sylow p -subgroup of finite simple groups. In this paper

we give the formula of Sylow numbers of the alternating simple group A

n?’

which partially solves above Zhang's
problem. Let Q2 ={1,2,3,...,n}, S() or S, be symmetric group on £ and P, be a Sylow p -subgroup of

symmetric group S, . Then| B, I=(n!) , = P’ where s(n) = {ﬁ} + |:i2} + {i}} +... .
4 p r

Suppose that 7 = arpr + aHpr_l +..+aqp+a, is the p -adic expansion of the number n , in which
0<a,<p-1,i=0,1,...,r and a, #0.1In the following paper, the number p isalways a prime. We will prove:
Theorem: The number of Sylow p -subgroup of the alternating group A (n=6) is

n!
s(n) ay+2ay+.4ra, "
a,\a/l..a !p” (p-1)"
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Next we will cite some lemmas.

Lemma: 1 Let X ={1,2,...,p}, Y= {1,2,...,t,il,i2,...,ip_,} and X NY ={1,2,...,t} withl<r<p-1.
Suppose that a@,b are p -cycleson X andY , respectively. Then the group <a,b> isnota p -group.

Proof: Suppose that <a,b> isa p -group. Clearly, it is a transitive permutation on the set X MY , and its degree n
isl XNYI|l=2p—t. Sincel <t < p—1, we havel<n<2p. On the other hand, the degree of <a,b> is a
multiple of p since itisa p -group. In fact, we only need to choose a subgroup P of <a,b> whose kernel is 1
and order is maximal, then 7 =| <a,b> : P|.So that p | n, which contradicts the facts that p <n <2p.

Lemma: 2 The normalizer of Sylow p -subgroup of the symmetric group S » (p=5) is the Frobenius
growp”Z :Z, .

Proof: Let Z = <(123...p)> is a Sylow p -subgroup of §,. Choose an elementb = (12435687......). It is
easy to check that(123...p)" € Z,, and hence Zp :<a,b> < Ns/, (Zp). On the other hand, S, has (p—-D!
elements with order p exactly, so the number of subgroups of order pin S, is (p— 2)!. Obviously, the number
1S, : NSP (Z,)1of Sylow p -subgroups is also (p—2)!8, thus| NSF (Z,)1= p(p—1). Therefore, Ns,, (Z,) is

a Frobenius group with order p(p —1).

2. Proof of Theorem: Denote by A)]B the wreath product of A and B, in which B regarded as a

Tlcomes M copies

permutation group. Denote by = GA G Xk E’, G o= CIGV 16

It is known that the Sylow p -subgroup Pp, of Sp,_ is Z;r (see 1.6.19 in [4]). Of course, it is a transitive

group with degree P*” . If G actsonthe set A and X C A, then N  stands for the global stabilizer of subset

X inG . We will use the following steps to complete the proof of the Theorem.

Step: 11f n=p", then Vs, (D) =27 Z; ).
Let X={L2,...,p"} ., X,={pi-D+Lpi-D)+2,..,p@i-1)+p} ., where 1<i<p™ . Set

D={X1,X2,...,Xp,_,}.Then
S(X)p = (S(X1) X S(X2) X +++ X S(Xpr1)) t Syret = S 2 Sprr.

Clearly, S(X), mustincludea Sylow p -subgroup Pp, of S(X).

LetK, =S§(X,), 1<i< p ", and K= K, . The class of subgroups conjugate to K in S(X) referred to as
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the set of the fundamental subgroups in S(X ) . Set
A= Funs(x)(Pp,): {K'lxe S(X),K”" F\Pp, € Syl,(K")}.
By the definition of A, we have{K,|1<i< p '} A. Suppose that there exists an element g€ S(X) such

that K* € A, and K* # K, for eachi. Now we let K* := S(g(X,)). of course g(X,)# K, for eachi. By the

definition of A, we know that K* M pr € Syl,(S(X)). Then there exists a Sylow p -subgroup P of K ¢ such
that P < Ppr . Without loss of generality, we can assume thata = (123...p)e KNP, then(a, P> < Pp, . Suppose
that X, Ng(X,)# for somei, and set| X, Ng(X,)l=¢, where ISt < p—1. Then we can assume
that g (X ) = {1, 2,...,t,il,i2,...,ipft}. By the Lemma 1, for any p -cycle b ong(X,), we have <a,b> is not a
p -group. Then such P does not exist, contradicts. So X, Ng(X,)=& for any i , that
is gX)NX=g(X,)N (Ufil_l X,)=@ .,which  contradicts the fact that K*<S(X)

Thus {K,11<i< p"™'} =A . Moreover, by the definition of A, we know that K* ﬁPp,, € Syl ,(K") for
any K'e A. If ge NS(X)(PP,) , ie., Pp,g = Pp, , then K™ ﬁPp, € Syl,(K™), and hence K®eA.
Thusge N

s<x>(A) , then

Nsx)(Ppr) £ Nsx)(A) = S(X)p = Sp 1 Spr-1.

Without loss of generality, we suppose that P,," isa Sylow p -subgroup of SplSpr=1. of course, Now we
Neixy(For) = ."\'_3,,;_-’,:?:._, {Ps]. denote by 1= Spl Spr=1, A 1= 5;;:'_: ;
P .
A:ZSp ,B:=Sp,_, , PAZPp,ﬁA,PBZPp,,mB . Since G=A:B , we have Ny(F)=

Nga(P Al A)=Ng(P A/ A= NG(P )/ AONG(P, )= Ng(P,)/N,(P,), sothat

e [ —
N, (Pp, )=N, (Pp, ): N, (P;) . In the sequel, we determine the structure of N, (Pp, ) . Obviously, Fyr = zﬁ -

=1l — i lrem1
Zpl z-“ z-“ ' Z?’ "Choose an element X = (X, X,, ..., X ;De N, (Pp, ), then we have g*€ Pp,

o € er“" -

for any element g =(g,, &, 8 180) € Pp, , where That is

- EERN =1 —1 o E % ;):":- : lrm1
g5 = (T7 17100, T3 GaTose, "+ Tpoms Gpr=1 T(pr=1)20: o) € T

Since g, can be chosen randomly, we can get X, € N (Z,) if we choose g, =1, and
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i -1
hence X, = X - Furthermore, £ ‘;"‘ is a transitive group with degree ps(p ) , then for any
pairs i, j € {1,2,...,pH} , there exists an element S0 £ Z;;"' such that i“=j , and
hence x, = x, =...= X Conversely, if x = ()cl,xz,...,xp,,l ;1) and x, € NSP (Zp) , thenx e NA(PP,.) . Thus

N (P )=2":Z, Sowe have N,(P,)=N,(P):N,(B)= (Z!" :Z,,): Ny(P,). Therefore,
NSP' (Pp, )= (ZII:H : Zp_l) : NSI,_I (Pp,,, ). By the induction for  , we can obtain _\'_Q_F, e = ng“ . Z};‘_._ ,
Step: 2If n=a,p" +k,then Ng, (F,) = Ng, (Pp) % (Ng . (Fpr 118, ) here 0<k < p.
LetQ={123,...n}. X, = {pi_l,pi_I +1,...,pi_] +p =1} in which 1<i<qg, and X,=Q\U X,. Set
D ={X0’X1,X2,...,XpH }. Then

S()p = S(Xp) x ((S(X1) x S(Xz) X -+~ X §(Xgr-1)) 1 Sa,) =2 S X (Spr ! Sor).
Clearly, S(2), includesa Sylow p -subgroup P of S(Q).Denoteby K, :=S(X,), 1<i<a,,andK =K.
Set A= Fung, (P)={K"lxe S(Q),K" NP, e Syl (K")}.
In this case, A is a maximal set of pair-wise commuting fundamental subgroups of K inS e It is clear
that{ K, 11<i < P '} C A If there exists an element g € S(Q) suchthat K€ A and K*® # K, foreachi.
Denote by K* := §(g(X,)). Obviously, g(X,)# K, for eachi. Since K* M Pp, € Syl,(S(£2))., then there is a
Sylow p -subgroup P of K* such that P< P . Now we can assume that a=(123..p) € KNP ,
then<a,P> < P . Suppose that X, Ng(X,)#QD for some i, and setl X, N g(X,)I=t, where 1<t< p—1.
Without loss of generality, we can assume that g(X,)={L,2,...,t, §,i,,...,i, ,}. Similarly, for any p -cycle b
on g(X,), we have <a,b> is not a p -group by Lemma 1. Then such P does not exist, contradicts. So
X, Ng(X,)=D for anyi, then g(X,) < X,, which contradicts the fact that | g(X,)I> X, |. Therefore,
{K,11<i< p""'}=A.Then

Ngy(Pn) € Ngiy(A) = 5(Q)p = S x (Spr 1 5g,)-

We can assume that P, is a chosen Sylow p -subgroup of Itis Sk % (Sp Sz, ). obvious that

Nsa)(Pn) = Ngox(8ri8a,)(Fn)-
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It is easy to see that Pn = Pk XP:," 50 N syidin} = N £y :._Pk;. ® [N | Pp.- } i 5,-,:_
Step: 3 Now we continue to decompose k into the suma,  p'~ +k,, in which 0 <k, < p’™'§. Next we repeat to

decompose k, , and so on. At last we can get the p -adic expansion arpr + ar_lpH +..+ap+a, by r steps.
Using the induction for 7 by the conclusions of step 1 and 2, we can obtain the result of the normalizer for general 71 :
Nso(Pa) = ((ZF : Z5_1)150.) X (22" 1 Z2-1 8 ares ) X+ X ((Zp : Zp—1)1S21) X Sap-

-

In the case of p =2 ,itisnot hard to see | Ny (P)I=l P, | since a, =0or 1,
then S has a self-normalized Sylow 2-subgroup. Sincel S :A |=2, we have the Sylow p -number of S is

same as the one of A for p>2.1If p=2, we use the result of Kondrat'ev’s [3]: A has a self-normalized
Sylow 2-subgroup for n>6.
So the number of Sylow p -subgroups of the alternating group A (1 > 6) is

n!
s(n) a+2ay+..4ra,
a,\al..a !p”(p-1)""""
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