International Journal of Mathematical Archive-5(7), 2014, 75-78
@IMA Available online through www.ijma.info ISSN 2229 - 5046

SOME REMARKS ON D-QUASI CONTRACTION ON CONE SYMMETRIC SPACE
Thokchom Chhatrajit Singh!* and Yumnam Rohen Singh?

12National Institute of Technology Manipur, Takyelpat, Pin-795004, Manipur, India.

(Received On: 11-07-14; Revised & Accepted On: 29-07-14)

ABSTRACT:
The present note introduces and proves some fixed point theorem of D-quasi contraction on cone symmetric space.
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1. INTRODUCTION AND PRELIMINARIES

Huang and Zhang [2] obtained a generalisation of metric space by introducing the concept of cone metric space. They
used an ordered Banach Space in place of set of real numbers in metric space. They also obtained some fixed point
theorems in this space for mappings satisfying various types of contractive conditions. In this work we introduce the
concept of fixed point theorem of D-quasi contraction on cone symmetric space.

Let E be a real Banach Space. A subset P of E is called a cone if
(i) P isclosed, nonempty and P+ {0}

(i) a, beR,a, b= 0,andx, ye P imply ax + bye P

(iii) Pn (=P) = {0}

Given a cone Pc E, we define the partial ordering < with respect to P by x< y if and only if y—xe P. We write X<y to
denote that x< y but x= y, while x<y will stand for y—xe int P (interior of P).

There are two kinds of cone. They are normal cone and non-normal cones. A cone Pc E is normal if there is a number
K> 0 such that for all x, yeP, 0 <x<y= |X|| <K]y|. In other words if x, <y, <z, and lim,_, x, =
limz—coznz=ximply limz—coyn=r.

The least positive number K satisfying ||x|| < K||y|| is called the normal constant of P. It is clear that K> 1.

Definition [1]: Let ((X, d) be metric space. Amap f : X — X with the property that for some constant A € (0,1)

and for every X,y € X,
d(fx, fy) < A.max{d(x,y),d(x, fx),d(y, fy),d(x, fy),d(y, fx)} is called a quasi- contraction.

Definition 1.1[2]: Let X be a nonempty set. Suppose the mapping d: Xx X — E satisfies
i) 0<d(x,y)forallx,ye X and d(x,y) =0 ifand only if x =y ;

i) d(x,y) =d(y,x) forall x, ye X;

i) d(x,y) <d(x,z) +d(z,y) Forallx,y, ze X.

Then d is called a cone metric on X, and (X, d) is called a cone metric space.

Definition 1.2[3]: Let X be a nonempty set. Suppose the mapping d: Xx X — E satisfies
i) 0<d(x,y)forallx,ye X and d(x,y) =0 ifand only if x =y ;

i) d(x,y) =d(y,x)forallx,yeX

Then d is called a cone symmetric on X and (X, d) is called a cone symmetric space.
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Definition 1.3 [3]: Let (X, d) be a cone symmetric space. We define a mapping D: X x X — Rsuch that
D(x,y) = Hd (X, y)|| forall x, y € X. Then D is called a symmetric metric on X if it satisfies the following conditions

i) 0< D(x,y) forall x,ye X and D(x,y) =0 ifand only if x =y ;
ii) D(x,y) =D(y,x)Forallx,yeX.
Then the ordered pair (X, D) is called the symmetric space associated with the cone symmetric space (X, d).

Remark 1.4 [3]: The symmetric space (X, D) is almost a metric space associated with the cone symmetric space (X, d)
if the cone (X, d) is a normal.

Definition 1.5 [3]: Let (X, d)be cone metric space. A map f : X — X with the property that for some constant
A €(0,1) and forevery X,y € X,
D(fx, fy) < A.max{D(x, y), D(x, fx), D(y, fy), D(x, fy), D(y, fx)} is called a D-quasi- contraction.

Note: If f: X — X andne N, we set
o(x;n) ={x, fx, f?x,..., f"x} And O(x;0) ={x, fx, f°x,..}

2. MAIN RESULTS

Lemma 2.1: Let (X, D) be a symmetric space associated with cone metric space (X, d) and let P be normal cone with
normal constant K >1. Let f : X — X be a D-quasi contraction. Then, there exists N, € N such that for every

n>n,,
a(0(x;n)) = max{ﬂD(x, f 'x)H,HD(f ', £Ix):1<1<na<i j<ng}
and

K
o(O(x; <max{———
(0(x;00)) < max{—

D(x, f"**x)|.AKa(O(x; no)),HD(x, t')):1<1<ng}.

Proof: Let N, € N be such that max{A™ K, A" K?} < 1. We choose i, j € N such thatn, <i < j <n. There exists
s, eC(f, f"'x, {1 ") suchthat D(f'x, f1x) < A.s,.

Moreover, there exists S, e {D(a,b):a,b € O(x;n)}such thats, < 1s,.

Hence, D(f'x, f 'x) < 1s, .

Then we can conclude that D(f'x, f 'x) < in"sno forsome s, e{D(a,b):a,beO(x;n)}.

Now, HD(f x, £ <av [s,, | <[s., [Ka©(xin,))

Sh,

Sn,

This proves that (O (X; ) = maxq\D(x, f 'x)H,HD(f ', £1x):1<1<nd<i, j<ng}

For 1<i< j<n,, D(f'x, fIx)< s,

For some s, €{D(a,b):a,b € O(x;n,)}. Hence, HD( £x, £ 1x)| <AKa(O(x;ny))

So, if (0(x;N)) :HD(f 'x, 1) for some 1<i < j < ny, then A(O(x; n)) < AKA(O(x; ny)

Also for some D(x, f'x) < K(D(x, f "™x)+ D(f™"x, f'x))
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This implies that HD(x, f'x)” < KHD(X, f”°+1x)H+;L”°K26(O(x; n)).

K

If 0(O(x;n)) :HD(x, f'x)”forsome N, <l <n,then 6(O(x;n)) Sl—ﬂ—”OKz

HD(X, £y

This completes the proof.

Theorem 2.2: Let (X, D) be a symmetric space associated with cone metric space (X, d) and let P be normal cone with
normal constant K >1. Suppose that f : X — X be a D-quasi contraction. Then f has a unique fixed point in X

and for any X € X , the iterative sequence { f "X} converges to the fixed point.

Proof: Let X be an arbitrary point of X . We shall prove that { f nX} is a Cauchy sequence. Then
D(f"x, f"*x)<As,,, wheres, ., e{D(f"x, f"*x),D(f"x, f"*x),D(f"x, f"?x)}.

Moreover, D(f"x, f"?x) < 4s, ,, for
Sy €{D(F"X, £75%), D(f"x, "°x), D(f "%, f"2x), D(f""x, f"°x),D(f"*x, f"°x)},

And D(f"*x, f"?x)<4s, ..,
Where s, , ., e{D(f"7x, f"?x),D(f "%, f"°x), D(f"?x, f"°x),D(f"x, f"*x)}.

so, D(f"x, f"x) < A%s®?

n,n-1?
2)
Where S\ ;is an element of ¢p(frx, £ ix), D(f "x, £"2x), D(f ", f "*x), D(f "*x, f "2x), D(f "*x, f "), D(f "?x, f "*x)}-

We continue in this way and after N —1steps we get
D(f"x, f"'%) < A"*s{" Y, where 2""s{" D is an element of U U, {D(f"Ix, f"'x)}.

n,n-1- n,n-1

Now, form > n, we have
D(f"x, f™x) < D(f"x, f"*x)+D(f"*x, f"?X)+,...,.+D(f "', f "X)

m-n-1

— Z D(f n+kX, f n+k+lX)
k

m—n-1

+k k
< ﬂ’n Srﬁi;ﬁ,mk'
k=0
Thus
m—-n-1 in
HD(f "X, me)H < KA Zﬁksrsiﬁ?lmk <K 1 A.G(O(X,oo)), and {f"Xx}is a Cauchy sequence. Thus, there
k0 -

exists y € X suchthat ye X lim___ f"x=y.

Now for each n € N, there exists
s, e{D(f"x,y),D(f"™x, f"x), D(fy, f"x), D(fy, y)}such that
D(y, fy) < K(D(y, f"x)+ D(f"x, fy)) < KD(y, f"'x)+ s, .
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We know that the elements of the sequence {S, }are of the form

D(f"x,y),D(f"x, f"x), D(fy, f"x)or D(fy,y). We now consider the sub sequences {s, ;},i =12,...,5 of
the sequence{S,}, such that for all elements of the sequence{s,;},i=12,...,5, are of the form
D(f"x,y), D(f"*x, f"x), D(fy, f"x)and D(fy,y), respectively. It is clear that lim =0,i=123
andlim s ;=D(y, fy),i=4,5.Then D(y, fy)=0ie fy=y.

n—w Sn,i

In order to prove the uniqueness of the fixed point, let us suppose that there exists z € X such that fz=2z. Then

D(z,y) =D(fz, fy)<AD(z,y)andso y = z.

Corollary 2.3: Let (X, D) be a symmetric space associated with cone metric space (X, d) and let P be normal cone with
normal constant K >1. Suppose that the mapping f:X — X satisfies the contractive condition

D(fx, fy) <AD(X,y) forall X,y e X where A4 €[0,1) is a constant. Then f has unique fixed pointin X and for

any X € X , the iterative sequence { f "X} converges to the fixed point.
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