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1. INTRODUCTION AND PRELIMINARIES 
 
Huang and Zhang [2] obtained a generalisation of metric space by introducing the concept of cone metric space. They 
used an ordered Banach Space in place of set of real numbers in metric space. They also obtained some fixed point 
theorems in this space for mappings satisfying various types of contractive conditions. In this work we introduce the 
concept of fixed point theorem of D-quasi contraction on cone symmetric space. 
 
Let E be a real Banach Space. A subset P of E is called a cone if  

(i) P is closed, nonempty and P≠ {0} 
(ii) a, bϵ 𝑅𝑅, a, b≥ 0, and x, yϵ 𝑃𝑃 imply ax + byϵ 𝑃𝑃 
(iii) P∩ (−𝑃𝑃) = {0} 
 
Given a cone P⊂ 𝐸𝐸, we define the partial ordering ≤ with respect to P by x≤ 𝑦𝑦 if and only if y−xϵ 𝑃𝑃. We write x<y to 
denote that x≤ 𝑦𝑦 but x≠ 𝑦𝑦, while x≪y will stand for y−xϵ int 𝑃𝑃 (interior of P). 
 
There are two kinds of cone. They are normal cone and non-normal cones. A cone P⊂ 𝐸𝐸 is normal if there is a number 
K> 0 such that for all x, yϵ 𝑃𝑃, 0 ≤ 𝑥𝑥 ≤ 𝑦𝑦 ⇒ ||x|| ≤ 𝐾𝐾||y||. In other words if 𝑥𝑥𝑛𝑛 ≤ 𝑦𝑦𝑛𝑛 ≤ 𝑧𝑧𝑛𝑛  and lim𝑛𝑛→∞ 𝑥𝑥𝑛𝑛 =
lim𝑛𝑛→∞𝑧𝑧𝑛𝑛=𝑥𝑥 imply lim𝑛𝑛→∞𝑦𝑦𝑛𝑛=𝑥𝑥.  
 
The least positive number K satisfying ||x|| ≤ 𝐾𝐾||y|| is called the normal constant of P. It is clear that K≥ 1. 
 
Definition [1]: Let ( ),( dX be metric space. A map XXf →: with the property that for some constant )1,0(∈λ
and for every ,, Xyx ∈  

)},(),,(),,(),,(),,(max{.),( fxydfyxdfyydfxxdyxdfyfxd λ≤  is called a quasi- contraction. 
 
Definition 1.1[2]: Let X be a nonempty set. Suppose the mapping d: X× 𝑋𝑋 → 𝐸𝐸 satisfies 
i) 0< 𝑑𝑑(𝑥𝑥, 𝑦𝑦) for all x, yϵ 𝑋𝑋 and d(x, y) =0 if and only if x = y ; 
ii) 𝑑𝑑(𝑥𝑥, 𝑦𝑦) = 𝑑𝑑(𝑦𝑦, 𝑥𝑥) for all x, yϵ 𝑋𝑋; 
iii) 𝑑𝑑(𝑥𝑥, 𝑦𝑦) ≤ 𝑑𝑑(𝑥𝑥, 𝑧𝑧) + 𝑑𝑑(𝑧𝑧, 𝑦𝑦) For all x, y, zϵ 𝑋𝑋. 
 
Then d is called a cone metric on X, and (X, d) is called a cone metric space. 
 
Definition 1.2[3]: Let X be a nonempty set. Suppose the mapping d: X× 𝑋𝑋 → 𝐸𝐸 satisfies 
i) 0< 𝑑𝑑(𝑥𝑥, 𝑦𝑦) for all x, yϵ 𝑋𝑋 and d(x, y) =0 if and only if x = y ; 
ii) 𝑑𝑑(𝑥𝑥, 𝑦𝑦) = 𝑑𝑑(𝑦𝑦, 𝑥𝑥) for all x, y ϵ 𝑋𝑋 
 
Then d is called a cone symmetric on 𝑋𝑋 and (X, d) is called a cone symmetric space. 
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Definition 1.3 [3]: Let (X, d) be a cone symmetric space. We define a mapping RXXD →×: such that 

),(),( yxdyxD =  for all x, y ϵ 𝑋𝑋. Then D is called a symmetric metric on 𝑋𝑋 if it satisfies the following conditions 

i) 0< 𝐷𝐷(𝑥𝑥, 𝑦𝑦) for all x, yϵ 𝑋𝑋 and D(x, y) =0 if and only if x = y ; 
ii) 𝐷𝐷(𝑥𝑥, 𝑦𝑦) = 𝐷𝐷(𝑦𝑦, 𝑥𝑥) For all x, y ϵ 𝑋𝑋. 
Then the ordered pair (X, D) is called the symmetric space associated with the cone symmetric space (X, d). 
 
Remark 1.4 [3]: The symmetric space (X, D) is almost a metric space associated with the cone symmetric space (X, d) 
if the cone (X, d) is a normal. 
 
Definition 1.5 [3]: Let ),( dX be cone metric space. A map XXf →: with the property that for some constant 

)1,0(∈λ and for every ,, Xyx ∈  
)},(),,(),,(),,(),,(max{.),( fxyDfyxDfyyDfxxDyxDfyfxD λ≤  is called a D-quasi- contraction. 

 
Note: If XXf →: and Nn∈ , we set 

},...,,,{);( 2 xfxffxxnxO n=  And ,...},,{);( 2xffxxxO =∞  
 

2. MAIN RESULTS 
 

Lemma 2.1: Let (X, D) be a symmetric space associated with cone metric space (X, d) and let P be normal cone with 
normal constant 1≥K . Let XXf →: be a D-quasi contraction. Then, there exists Nn ∈0 such that for every

0nn > , 

},1,1:),(,),(max{));(( 0njinlxfxfDxfxDnxO jil ≤≤≤≤=∂  

and  

}1:),()),;((,),(
1

max{));(( 00
1

2
0

0
nlxfxDnxOKxfxD

K
KxO ln

n ≤≤∂
−

≤∞∂ + λ
λ

. 

 
Proof: Let Nn ∈0 be such that max 1},{ 200 <KK nn λλ . We choose Nji ∈, such that njin ≤<<0 . There exists 

),,( 11
1

−−∈ ji fxffCs such that 1.),( sxfxfD ji λ≤ . 
 
Moreover, there exists )};(,:),({2 nxObabaDs ∈∈ such that 21 ss λ≤ .  
 
Hence, 2),( sxfxfD ji λ≤ . 
 
Then we can conclude that 

0

0),( n
nji sxfxfD λ≤ for some )};(,:),({

0
nxObabaDsn ∈∈ . 

 

Now, ));((.),( 000

0 nxOKssxfxfD nn
nji ∂<≤λ .  

 

This proves that },1,1:),(,),(max{));(( 0njinlxfxfDxfxDnxO jil ≤≤≤≤=∂
 

 
For 01 nji ≤<≤ , 1),( sxfxfD ji λ≤  
 

For some )};(,:),({ 01 nxObabaDs ∈∈ . Hence, ));((),( 0nxOKxfxfD ji ∂≤λ . 

 

So, if ),());(( xfxfDnxO ji=∂ , for some 01 nji ≤<≤ , then );(());(( 0nxOKnxO ∂≤∂ λ  

 
Also for some )),(),((),( 11 00 xfxfDxfxDKxfxD lnnl ++ +≤  
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This implies that ));((),(),( 21 00 nxOKxfxDKxfxD nnl ∂+≤ + λ . 

 

If ),());(( xfxDnxO l=∂ for some nln ≤<0 , then ),(
1

));(( 1
2

0

0
xfxD

K
KnxO n

n
+

−
≤∂

λ
. 

 
This completes the proof. 
 
Theorem 2.2: Let (X, D) be a symmetric space associated with cone metric space (X, d)  and let P be normal cone with 
normal constant 1≥K . Suppose that XXf →: be a D-quasi contraction. Then f has a unique fixed point in X
and for any Xx∈ , the iterative sequence }{ xf n converges to the fixed point. 
 
Proof: Let x be an arbitrary point of X . We shall prove that }{ xf n is a Cauchy sequence. Then  

1,
1 ),( −
− ≤ nn

nn sxfxfD λ  where )},(),,(),,({ 2121
1, xfxfDxfxfDxfxfDs nnnnnn

nn
−−−−

− ∈ . 
 
Moreover, ,2,

2 ),( −
− ≤ nn

nn sxfxfD λ for   

)},(),,(),,(),,(),,({ 32312131
2, xfxfDxfxfDxfxfDxfxfDxfxfDs nnnnnnnnnn

nn
−−−−−−−−

− ∈ , 
 
And ,2,1

21 ),( −−
−− ≤ nn

nn sxfxfD λ  
 
Where )}.,(),,(),,(),,({ 1323121

2,1 xfxfDxfxfDxfxfDxfxfDs nnnnnnnn
nn

−−−−−−−
−− ∈  

 
So, ,),( )2(

1,
21

−
− ≤ nn

nn sxfxfD λ  
 
Where )2(

1, −nns is an element of )},(),,(),,(),,(),,(),,({ 323121321 xfxfDxfxfDxfxfDxfxfDxfxfDxfxfD nnnnnnnnnnnn −−−−−−−−− . 
 

We continue in this way and after 1−n steps we get  
)1(
1,

11 ),( −
−

−− ≤ n
nn

nnn sxfxfD λ , where )1(
1,

1 −
−

− n
nn

n sλ is an element of )}.,({1
1
0 xfxfDUU injnn

ji
n
j

−−
+=

−
=  

 
Now, for nm > , we have  

),(,...,),(),(),( 1211 xfxfDxfxfDxfxfDxfxfD mmnnnnmn −+++ +++≤  

                          ∑
−−

=

+++=
1

0

1 ),(
nm

k

knkn xfxfD  

                          ∑
−−

=

+
+++

+≤
1

0

)(
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nm

k

kn
knkn

kn Sλ . 

 
Thus 

)),,((.
1

),(
1

0

)(
,1 ∞∂

−
≤≤ ∑

−−

=

+
+++ xOKSKxfxfD

nnm

k

kn
knkn

knmn

λ
λλλ and }{ xf n is a Cauchy sequence. Thus, there 

exists Xy∈ such that .lim yxfXy n
n =∈ ∞→  

 
Now for each ,Nn∈ there exists  

)},(),,(),,(),,({ 1 yfyDxffyDxfxfDyxfDs nnnn
n

+∈ such that  

n
nnn sxfyKDfyxfDxfyDKfyyD λ+≤+≤ +++ ),()),(),((),( 111 . 
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We know that the elements of the sequence }{ ns are of the form  

),(),,(),,( 1 xffyDxfxfDyxfD nnnn + or ),( yfyD . We now consider the sub sequences 5,...,2,1},{ , =is in  of 

the sequence }{ ns , such that for all elements of the sequence 5,...,2,1},{ , =is in , are of the form 

),(),,(),,( 1 xffyDxfxfDyxfD nnnn + and ),( yfyD , respectively. It is clear that 3,2,1,0lim , ==∞→ is inn

and 5,4),,(lim , ==∞→ ifyyDs inn .Then 0),( =fyyD i.e. yfy = .  
 
In order to prove the uniqueness of the fixed point, let us suppose that there exists Xz∈ such that zfz = . Then 

),(),(),( yzDfyfzDyzD λ≤= and so .zy =   
 
Corollary 2.3: Let (X, D) be a symmetric space associated with cone metric space (X, d) and let P be normal cone with 
normal constant 1≥K . Suppose that the mapping XXf →: satisfies the contractive condition 

),(),( yxDfyfxD λ≤  for all Xyx ∈, where )1,0[∈λ is a constant. Then f has unique fixed point in X and for 

any Xx∈ , the iterative sequence }{ xf n converges to the fixed point. 
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