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ABSTRACT

In this article, we characterize the S*M integrable functions within the S*HK integrable functions in Banach space,
relativizing similar propositions in the real line case and generalizing classic results.
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1. INTRODUCTION AND PRELIMINARIES:
In this paper, we extend some relations between McShane integrals and Kurzweil- Henstock integrals, known for the

real case [2]. We apply the extension for Banach space. All the material pertains to the propositions on mean value or
so called "squeeze functions" that are characterized as the Vitali-Caratheodory propositions.

We consider functions f :/ — X where / C R is a compact interval, and X is a Banach space with the norm
-1 x - Based on the fact that respective definitions on Banach Space are well known if we consider e.g.: [1], [3], [4].

By 4 let the Lebesgue measure in R be denoted.

An interval I is a compact subinterval of R . A collection of intervals is called nonverlapping if their interiors are

disjoint. A partition P in I is a collection {(I Ht)ii=12,., r} ,where [|,...,1 are nonoverlapping subintervals

of I and ?,....,t, € I .Letacompactinterval I C R be given, we say that P is

(i) apartitionin I if J I,c1
(ii) a partition of [ if LJi:1 I.=1
(iii) a Perron partition (or K — partition ) if #,€ I,, i=1,...,r.

(iv) aM-partitionof [if t,e I, i=1,..,r.
Given f:I — X and partition P={(Ii,ti):i=1,...,r} in I , we set O'(f,P):Zf(ti),u(Ii) and call this
i=l1

number the Riemann sum, of f associated with P .

Given 0 : I — (0,4o0) , called a gauge, a partition P={(Il.,t,.):i=l,...,r} in [ is called J- fine if
Ic(t,=8@t),t,+0(,)) .i=12,..,r.

A function f : 1 — X is called - strongly measurable if there exists a sequence ( f, ), of simple functions such that

£S5 F@) ae.
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Definition: 1 A function f :I — X is said to be strongly measurable (or Bochner) integrable if there exists a

sequence (f, ), of simple functions such that

@ f,@®)— f(@), ae.

(i) J.fn converges in X for each measurable subset A of I .
A

In this case we put

B)[ f =lim] £,

Definition: 2 A function f:] — X is said to be McShane integrable, respectively Kurzweil- Henstock integrable,

(briefly McS- integrable, respectively KH-integrable) on [ , if there exists @€ X satisfying the following property:
given € > 0 there exists a gauge O on [ such that for each O — fine partion, respectively M-partition (K-partion),

PZ{(Il.,ti):iZI,...,r} of I, wehave
lo(f,P)-wll,<&

Denote: @=(M )If(t)d,u (= (KH)J.f(l‘)d,u yand M (KH ) denotes the set of all McShane (Kurzweil-
1 1

Henstock ) integrable functions.

Givenaset E C I we denote by ¥ its characteristic function (¥, () =1 forte E , y,(t) =0 otherwise).
A function f:I — X is called McShane (Kurzweil- Henstock ) integral over the set E C I if the function
S Xz 1 = X is McShane (Kurzweil- Henstock ) intergable.

In the case we Write.[f K= J.f .
1 E

2. EXTENSION OF VITALI-CARATHEODORY THEOREM ON BANACH SPACE:

Recall some basic results of the integration on Banach spaces that used for our main proposition. We mainly refer to [1]
Let Z denote the family of all compact subintervals J I . A function F :Z — X is said to be additive if

FUJuUL)=F(J)+F(L)
for any nonoverlapping J,L€ Z suchthat JULe Z.

Definition: 3 A function f :I — X is said to be strongly McShane integrable (Kurzweil-Henstock integrable) on [
if there is an additive function F :Z — X such that for every € > 0 there exists a gauge O on I such that

in FUHuI)-FU)I, <&

forevery & — fine M — partion ( K — partion ) P={(t,,J,):i=12,---,k} of I.

Definition: 4 A function f :I — X has the property S*M (S * HK ) if for every € >0 there is a gauge & on
I such that

Zl:nf(z,.)—f(sj)nx U, NL)<e

k
=1 j=1

forany O — fine M — partions ( K — partions ) P={(t;,J,):i=12,---,k}and Q:{(sj,Lj):j:1,2,~~-,l}
of I.
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Theorem: 5 [1]. A function f:I — X is Bochner integrable if and only if f has the property S*M or,

equivalently, if and only if f is strongly McShane integrable.

Lemma: 6 [1]. Assume that f:] — X is Bochner integrable and let € >0 be given. Then there is a gauge
0:1 — (0,4c0) and 7€ (0,€) such that the following statement holds.

If P={(H,,t,):m=12,---,r} is O— fine M —system ( K — system) for which

> u(H,)<n
m=1
then
DUfa )y u(H,)<e
m=1
MAIN RESULT:

Theorem: 7 Let f:1 — X f be a strongly measurable function. The following two statements are equivalent

(a) function f is S * M integrable on [
(b) there exists S * HK integrable functions g(x) and A(x) such that for every 77 >0

Il f(x)=[g(x)+O(h(x) = g ()]l <77 (1)

and for every £ >0

(KH)JIIh(x)—g(x)IIX<8 2)

Proof: Assume that £ > ( is given. Since function f is S * M integrable then it is Bochner integrable [1, p.146], for
which there is an T- Cauchy sequence (fq) ,q € N of simple functions which converges to f almost everywhere in I .

ie.

limwllfq(t)—f(t)llx=0 3

for almost all 1€ [ .

Let & > 0 be real number. Considering [3 p.9], function f is measurable if and only if function f has the separable
range a.e. on I so we can find aset V on I such that (V) < & and the range f (1 \V')is separable. Construct the

set {xn € f(U\V):ne N} which is dense everywherein  f(I\V) .Fixany k€ N and denote
1
Ef = {SE I\V:Il f(s)—x, < ;} =(I\V)N f'[R, (x))].
k

These sets are measurable. Since for every s€ I \V and for every k exists the natural number 7 such that

If(s)—x, l,<1/k,
then we get

0 k _
U E =1\V.
Construct the sequence of sets

BY=E'\(E' UE, U...UE})).
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We see that these sets are disjoint and

U B =1\V.
Construct now the function with countable range

d* ()= Y 7%, 1, (0401, (x)(ke N).
We get that for every s € I \V and every k

I (s)—d*(x)ll,<1/k,
it follows that

im0 o, =0

uniformly on /\'V . Since the set I \V is measurable and its measure is not greater than/ , then exists a number
n, € N such that for k > n,

oo

bl
> m(Bn)<k.

n=n; +1

Considering the neighborhood R, (X,) above mentioned, we construct R | (x,) C R, (x,).
k 2%k &

Lety and z, be elements of range f(I\V)such that |

X, = Vlly <1/2k and ¢ <1/2k and

x,=y,+6(z,—y,) where @ isreal number) <@ <1.Iteasy tosee that y, and z, are inner the Rl(x")
k

X, =2,

n

<
X

T

Z, =Y, Z,—X, X, =Vl <l/k.

Construct two measurable functions

gx)= i ynlB: (x)+0-1 (x) and h(x)= i zZ, 13: (x)+0-1 (x).

n=1
First, we prove the inequality (1) . We obtain:

| () =[g(s)+OCh(s)—g(s))|, <[ £ ()7,

every Bf ,n=1,.., n, and inequality may not hold for x¢& U

T

X, —[g(s)+e(h(s)—g(s))||X <1/ k+1/k=2/kfor

n,

* 1B: . Since the function f isS * M integrable,

then it is Bochner integrable by [1, p.146]. To show that g and A are S * M integrable we can prove that d* (x) is
S *M integrable.

Let p be anatural number p€ N . By (3) forevery x€ V and g > p we get Hf(x)— f, (x)HX <1/k

This inequality is satisfied for every B: .. It follows that for g > p

ld* 0= £, <[d* - £, )], +] £ - 1,5, <27

Observing the inequalities
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7 5, 1,0, mBH+ Y |1, mBH <

'xn

« m(B,’f) < i
n=1

< 2/kim(Bf)+inq(x)HX m(B)<B)|[|f], <

we obtain, by Lemma 1.4.1. [1, p.23], the function d k (x) is Bochner absolute integrable and satisfies the condition
S *M therefore also the S * HK condition.

To prove the inequality (2), we can solve the inequality for the Bochner integral and x€ I \V . We have that

B [ g0 =h(o)], dm="

SV n=1

1
=], m(B) < m(S).
_&
2(b-a)
For the second part of theorem, we suppose that (b) holds. Set f,(x) = g(x) +8(h(x) — g(x)).

1
The right side vanish to zero if for every[] € > 0 we choose the number k such that — <

By the condition, for every £ >0

Mfx)-filx)like

It follows that
[f @l <[£@, +f @)= A, <e+]g, +[AG) - g,

By the [1, p.2], if f is measurable then ”f”X is also measurable. By the [3], consequence 1.1.4., p.29], if the

function f(x) and g(x) are KH absolute integrable then they are Mcshane integrable. This implies ” f (x)”x is

Bochner integrable.
According [1], proposition 5.1.2., p. 135] we obtain that f(x)is S * M integrable.
Corollary: 8 (Theorem Vitaly- Carathedory) [2]

Let f be a function f : I — R, the following statements are equivalent

(a) f is M-integrable on 1 .
(b) f is absolutely KH-integrable on 1
(c) For every € > 0 Othere are absolutely KH-integrable functions g and / such that

gx)L f(x)<h(x) on I and (KH)J (h(x)—gx)<e

Proof: In the case where X = R, it is obvious that equality

f()=g(x)+0(h(x)-g(x)), (0=<<I)
implies

g(x) < f(x) S h(x).
For example, if @ =1/2 we have

G flo =D
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Lemma: 9 [1, p.133]. Assume that f :] — X is Bochner integrable and let £ >0 0. Then there is a gauge1[]

0:1 —(0,) and 7€ (0,€) such that the following statement holds.
If is an {(Hm,tm),m =1,2,3---r} HK —system (M —system) O — fine for which

S u(H,) <7
m=1

then

Zr:IIf(tm)IIX W(H )< €

Theorem: 10

Let f beafunction f:I — R, the following statements are equivalent:

(a) function f is S *M -integrable
(b) For every € > 0 [there are absolutely S * KH -integrable functions g and /A such that

f(x)=g(x)+P(x)h(x) where ¢(x):1 —{0,1} (1)

and

(KH)[IH (x)=g(x)lly <& @)

Proof: Let us choose a gauge O:I —]0,00[ as in Lemma 9 and77€]0,&/2[.Since function f is S * M

integrable then it is Bochner integrable and according to definition there exists a consequence of simple functions (fq )
with converge everywhere on I\Z g y7[v4 a) =0.. By the Egorov theorem, there exists a subsequence of this

sequence which is uniformly convergent for every X€ I\'V, when I © Z_  and & <7/4 This implies, that there

exist the measurable disjoint sets S, C I, such that U S, =V and

i=1

f(x)= ici.ls, (x).

Since function [ is Bochner integrable, it follows that below series is absolute convergent

in C,lly #(S)=(B)[Il ()l <+oo
i=1 14

We obtain

Suc, ﬂ(Si)<%

i=N+1

By the Lesbegue theorem there exists a closed set F} and open set G, such that
F,cS, G,

and (G \F)<e/2™".

We observe that for every i the equality holds

Iy (0) =1, () +(x)-1; (x) where @:1 — {0, 1} . According this equality, we construct the functions
© 2011, IJMA. All Rights Reserved 800
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gx) =2 C.1, (x)+0-1,,, (x)
i=l1
with U = JF, €V and
i=1

h(x) = ici ’10, () +0-1,,(x)

i=1
with T = UGi DV Reviewing the proof arguments of theorem 7, we conclude that these functions are Bochner

i=1
integrable and it follows that they are absolute KH-integrable.

In order to prove (2) we consider inclusion I\U c I\T UT \1.

Since

v =J6\(JF =\JG\F)
i=1 i=1 i=1

We get

m@\U)=m(J(G\F) <Y m(, \Fl.)<%

If above K-system of the set, / \U has been taken( ][] O -fine and satisfy

S m(H,) <> m(G\F) <

m=1

then we have

ill h(t)—g(t ), m(H, )<e

=l
This proves (2).

Second part of proof is the same as in Theorem 7.
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