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ABSTRACT

The aim of this paper is to introduce and study two new classes of spaces, called A,-compact and A,-connected spaces.
Some basic properties of these spaces are studied by utilizing A,-open set.
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1. INTRODUCTION:

A-open sets is recently introduced by the authors [4] and studied A,-Ty, A,-T; and A,-T, spaces, A,-homeomorphisms
and variants of continuity related to this concept in [4,5,6]. In this paper, we introduce two new classes of topological
spaces called A,-compact and A,-connected spaces. To define and investigate these spaces, we use A,-open sets.

Throughout the paper, (X, 7 ) (or simply X) will always denote a topological space. For a subset S of a topological
space X, S is called regular-open if S = Int ¢l S. Then the complement S° (= X-S) of a regular-open set S is called the
regular-closed set. The family of all regular-open sets (resp. regular-closed sets) in (X, 7 ) will be denoted by RO(X, 7 )
(resp. RC(X, 7 )). A subset S of a topological space (X, 7 ) is called A,-set [4] if S = A«(S) where A(S) = N{G/Ge
RO(X, 7 ) and S € G}. The collection of all A,-sets in (X, 7 ) is denoted by A(X, 7).

2. PRELIMINARIES:

Throught this paper, we adopt the notations and terminology of [4]. Let A be a subset of a space (X, 7 ). Then A is
called a A,-closed set if A = SNC where S is a A;-set and C is a closed set. The complement of a A,-closed set is called
A-open. The collection of all A;-open (resp. A,-closed) sets in (X, 7 ) is denoted by A, O(X, 7T ) (resp. A; C(X,7)).
Also note that every open set is A,-open; arbitrary union of A;-open sets is A;-open and arbitrary intersection of A,-
closed sets is A;-closed. A point x€ X is called a A,-cluster point of A if for every A,-open set U containing x, ANU #
@. The set of all A,-cluster points of A is called the A,-closure of A and it is denoted by A,-cl(A). Then A,-cl(A) is the
intersection of A,-closed sets containing A and it is the smallest A,-closed set containing A. Also A is A,-closed if and
only if A = A;-cl(A). The union of A.-open sets contained in A is called A-interior of A and it is denoted by A-int(A).
Also A is A-open if and only if A = A-int(A) and A-cl(X-A) = X-(A-int(A)).

Before we entering into our work, we recall the following definitions.
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Definition: 2.1 A function f: X — Y is called

(i) A,-continuous [5]if (V) is a A-open set in X for each open set Vin Y.

(il) A,-irresolute [5]if f'(V) is a A-open set in X for each A,-open set Vin Y.
(iii) A;-open [6] if the image of each open set in X is a A;-open setin Y.

@iv) Ar*—open [6] if the image of each A;-open set in X is a A;-open setin Y.

(v) A-closed [6] if the image of each closed set in X is a A,-closed set in Y.

(vi) A,"-closed [6] if the image of each A,-closed set in X is a A,-closed setin Y.

3. A,-COMPACT SPACES:
In this section, we introduce and study a class of compact space called A,-compact space in topological spaces.

Definition: 3.1 A collection {A;: i€ I} of A,-open sets in a topological space (X, 7 ) is called a A,-open cover of a
subset Bof X if BC U {A;:ie I}.

Definition: 3.2 A topological space (X, 7 ) is called A,-compact if every A;-open cover of X has a finite subcover.

Definition: 3.3 A subset B of a topological space (X, 7 ) is said to be A,-compact relative to X if for every collection
{A; : i€ I} of A,-open subsets of X such that BC U {A;:i€ I}, 3 a finite subset Iy of I such that BC U {A; : i€ Iy}.

Definition: 3.4 A subset B of a topological space (X, 7 ) is said to be A,-compact if B is A,-compact as the subspace of
X.

Theorem: 3.5 Every A,-closed subset of a A,-compact space X is A,-compact relative to X.

Proof: Let A be a A,-closed subset of a A-compact space X. Then A® is A-open in X. Let {G ,: & €I} be any A

open cover of A. Then {G ,: & €1} U A is a A-open cover of X. Since X is A,-compact, it has a finite subcover, say

{Gj, Gs... G,}. If this subcover contains A°, we discard it. Otherwise leave the subcover as it is. Thus we have obtained
a finite A;-open subcover of A and so A is A,-compact relative to X.

Theorem: 3.6 Let f be an A -irresolute surjective function from a topological space X onto a topological space Y. If X
is A,-compact, then Y is A,-compact.

Proof: Let {A; : i€ I} be a A;-open cover of Y. Then {f Ay :ie I} is a A-open cover of X since f is A-irresolute.
Since X is A;-compact, X has a finite subcover, say {f(AD, f'(A,)... f'(Ay)}. Since f is onto, {Ay, A,... A,} is a finite

subcover of Y and hence Y is A,-compact.

Theorem: 3.7 Let f be an A-irresolute bijective function from a topological space X onto a topological space Y. If f is
A,*-open and Y is A,-compact, then X is A,-compact.

Proof: Let {A;: i€ I} be a A;-open cover of X. Since f is Ar*-open, {f(A;) : i€ I} is a A-open cover of Y. Since Y is A,-
compact, Y has a finite subcover, say {f(A)), f(A,), ..., f(A,)}. Since f is A-irresolute, {f"(f (AY)), f"(f(Az)), N
l(f(An))} is a finite subcover of X. That is,{ A}, A,, ..., A,} is a finite subcover of X. Hence X is A,-compact.

Theorem: 3.8 A topological space X is A-compact if and only if for every family {F ,: & €I} of A,-closed sets

with finite intersection property, N F , # @.
ael

Proof: Necessity: Let X be a A,-compact space and suppose that {F ,: & €I} be a family of A,-closed subsets of X

with finite intersection property such that N F = @.
ael

Let us consider the A,-opensets U, ,=X-F .

Then U{U,: @€l}=U{X-F :a€l}=X-N{F, :ax€l}=X-0=X.
Hence {U ,: & €1} is a A-open cover of X.

© 2011, IJMA. All Rights Reserved 808



M. J. Jeyanthi*, 2S. Pious Missier and °P. Thangavelu / On A,-compact and A,-connected spaces /IIMA- 2(6), June-2011,
Page: 807-812

Since X is A,-compact, it has a finite subcover {U , : @, € Iy} where Iy= {1,2,...,n}.
ThenX=U{U, & €lh} = U{X-F,  :q,€ly} =X-N{F, :Q €ly)}.

Hence N (F , : @, € I} = @, which is a contradiction. Thus, if the family {F ,: & € I} of A,-closed sets with finite

intersection property, then N F _ # @.
ael

Sufficiency: Suppose that for every family {F ,: & € I} of Ar-closed sets with finite intersection property, M F , #
ael

@.Let {U,: & €1} be a A-open cover of X.
ThenX=U{U,: @ €I}.Now,@=X- U{U_: @€l}=N{X-U_ : del}.
Hence {X-U ,: & €1} is a family of A,-closed sets with an empty intersection.

By the hypothesis, I a finite subset {(X-U, :@,€ly}suchthat N{X-U_,:@, €} =0.Hence X=X- N{ X-
U, €l =U{X-X-U,):q €ly} =U{U, : €}.

This shows that {U , : &; € Iy} is a finite subcover of X and hence X is A-compact.

Theorem: 3.9 For any topological space X, the following properties are equivalent:

(1) X is A,-compact
(ii) Every proper A,-closed set is A,-compact relative to X.

Proof: (i) — (ii) By Theorem 3.5, it is obvious.

(ii) — (i) Let {V ,: & €1} be a A-open cover of X. Then XC U {V ,: X €1}.
We choose and fix one &, € L

Then X-V % is a proper A,-closed subset of X and X-V a S UV, 2el-{a,}}.
Therefore {V ,: & € I-{ &, }} is a A-open cover of X-V @

By the hypothesis, 3 a finite subset I, of I-{ @, } such that X-V P {(V,: €]}
Therefore X C U {V : & €1,U { ¢, }}. Hence X is A-compact.

Theorem: 3.10 If a function f : X — Y is A,-irresolute and a subset B of X is A,-compact relative to X, then the image
f(B) is A-compact relative to Y.

Proof: Let {A; : i€ I} be a family of A,-open subsets of Y such that f(B) € U {A;: i€ I}. Then BC U {f 1Ay :ie
I}. By using assumption, 3 a finite subset I, of I such that

BC U {f'(A) : 1€ I;}. Then we have f(B) C U {A; : i€ I,}.

This shows that f(B) is A;-compact relative to Y.

Theorem: 3.11 Every A,-continuous image of a A,-compact space is compact.

Proof: Let f: X — Y be a A;-continuous function from a A,-compact space X onto a topological space Y. Let {A; : i€
I} be an open cover of Y. Since f is A;-continuous, {f TA): ie I} is a A;-open cover of X. Since X is A,-compact, it
has a finite subcover, say {£(AD, £ (Ay)... £ '(Ap)}. Since f is onto, {Aj, As... Ay} is an open cover of Y and hence Y

is compact.

Theorem: 3.12 If f: X — Y is a A, -closed surjective function such that for each ye Y, 'l(y)} is A,-compact relative
to X and Y is A,-compact, then X is A,-compact.
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Proof: Let {U ,: & €1} be a A-open cover of X. Then X = U U, .

ael
For each y€ Y, {f '(y)} is A,-compact relative to X.

Then 3 a finite subset I, of I such that {f’l(y)} cU{U,: xel).
Take Uy= U{U,: & €1y} and Vy =Y - f(X-U,).

Then Uy is A;-open and so X-Uy is A;-closed. Since f is A, -closed, f(X-U,) is A-closed in Y.
Hence Y - f(X-Uy) is A;-open and hence Vy is A-openin Y. Now, f ‘l(y) € U,.

That is, f 'l(y)E X-Uy. That implies f(f "(y))E f(X-Uy). Since f is onto, y¢ f(X-Uy) and
hence ye Y - f(X-Uy) = V,. Also V, =Y - f(X-U,).

That implies f "'(V,) = f (Y- f(X-U,)) = f (Y) - f "(f(X-U,)) = X - f '(f(X-U,)) (since f is onto) < X-(X-U,) = U,.
Thus V, is a A;-open set in Y containing y such that f ’](Vy) C U,. Hence {V, : y€ Y} is a A,-open cover of Y. Since Y
Yo s Vy . }. Thatis, Y = U { Vyl, :i=1,2,...,n}. Therefore X = f~
') =f"'(U{ Vy, ii=12..0)) = U { f'l(Vyl,) fi= 120 C U Uy ti= 12,00} = U{U,: €L, i=
1,2,...,n}. This shows that X is A,-compact.

is A,-compact, it has a finite subcover, say {V, . vV

4. A,-CONNECTED SPACES:
In this section, we introduce a new class of connected space called A,-connected space and prove some of its properties.

Definition: 4.1 A topological space X is said to be A,-connected if there does not exist a pair A, B of non-empty
disjoint A,-open subsets of X such that X = AU B, otherwise X is called A,-disconnected. In this case, the pair (A, B)
is called a A;-disconnection of X. A subset A of a space X is A,-connected if it is A,-connected as a subspace.

Theorem: 4.2 For a topological space X, the following are equivalent:

(i) X is A-connected
(ii) The only subsets of X which are both A;-open and A,-closed are the sets X and @
(iii) Each A,-continuous function of X into a discrete space Y with atleast two points is a constant function

Proof: (1) — (2) Let U be a both A;-open and A,-closed subset of X. Then X-U is both A-open and A,-closed. Since X
is A,-connected and X is the disjoint union of A,-open sets U and X-U, one of these must be empty. Hence either U = @
or U= X. (2) — (1) Suppose that X is A,-disconnected. Then X = AU B where A and B are nonempty A;-open sets
such that AN B = @. Since B = X-A is A-open, A is both A-open and A,-closed. Hence by (2), A =@ or X. That is,
either A = @ or B = @, which is a contradiction. Therefore X is A,-connected. (2)— (3) Let f: X — Y be a A,-
continuous function from a topological space X into a discrete topological space Y. For each ye Y, {y} is both open
and closed in Y since Y is a discrete topological space. Since f is A,-continuous, f '(y) is both A,-open and A,-closed in
X. Hence X is covered by A,-open and A,-closed covering {f '(y): y€ Y}. By (2), f '(y) = @ or X for each y€ Y. If -
'(y) = @ for each y€ Y, then f fails to be a map. Hence 3 only one point y€ Y such that f '(y) = X which shows that f
is a constant function. (3) — (2) Let U be both A,-open and A,-closed in X. Suppose U# @. Let f: X — Y be a A;-
continuous function from a topological space X into a discrete topological space Y defined by f (U) = {y} and f(X-U) =
{w} where y,we€ Y and y # w. By (3), f is constant. Hence U = X.

Theorem: 4.3 Every A,-connected space is connected.

Proof: Let X be a A,-connected space. If possible, let X be not connected. Then X can be written as X = AU B where
A and B are disjoint nonempty open sets in X. Since every open set is A-open, X = AU B where A and B are disjoint
nonempty A,-open sets in X. Therefore X is A,-disconnected. This is a contradiction. Hence X is connected.

Remark: 4.4 The following example shows that the converse of the above theorem need not be true.

Example: 4.5 Let X = {a,b,c,d} and T = {X,0,{a},{b,c},{a,b,c}}. Then A,OX, 7T ) = {X,0,
{a},{a,d},{b,c},{a,b,c},{b,c,d}}. Here (X, 7)) is connected but A,-disconnected since X = {a,d} U {b,c} where {a,d}

and {b,c} are two disjoint nonempty A,-open sets in X.

Definition: 4.6 Let (X, 7 ) be a topological space and A be a subset of X. Then we define the A,-frontier of A by A,-
Fr(A) = A ~cl(A)\ A -int(A) = A-cl(A) N A-cl(X-A).

Next, we characterize A,-connectedness interms of A -frontier.
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Theorem: 4.7 A space X is A,-connected if and only if every non-empty proper subset of X has a non-empty A,-
frontier.

Proof: Suppose that X is A,-connected and A be a proper non-empty subset of X. If possible, let A,-Fr(A) = @. Then
Arcl(A) N A-cl(X-A) = 0.

This implies that A,-cl(A) C X-(A-cl(X-A)) = X-(X-A-int(A)) = A-int(A). This shows that A.-int(A) = A = A-cl(A)
and hence A is both A;-open and A,-closed. Then by Theorem 4.2, X is A,-disconnected. This contradiction proves that
A has a non-empty A,-frontier.

Conversely, suppose that X is A,-disconnected. Then X can be written as X = AU B where A and B are two non-empty
disjoint A,-open subsets of X. Since B = X-A is A-open, A is both A-open and A,-closed. Hence A = A-int(A) and A
= A~cl(A). Now we have

A-Fr(A) = A-cl(A)N A-cl(X-A) = AN X-A-int(A)) = AN(X-A) = @. So A has empty A,-frontier. By this
contradiction, X is A,-connected.

Definition: 4.8 Let (X, 7 ) be a topological space and A be a subspace of X.Then the class of A;-open sets in A is
defined in a natural way as: A,O(A,ta) = { AMO: 0€ A,O(X,7T) } where A,O(X, 7 ) is the class of A;-open sets in X.
That is, G is A;-open in A if and only if G = A M O, where O is A,-open in X.

Theorem: 4.9 Let (A, B) be a A,-disconnection of a space X and C be a A;-connected subspace of X. Then C is
contained in A or in B.

Proof: Suppose that C is neither contained in A nor in B. Since (A, B) is a A,-disconnection of a space X, X =AUB
where A and B are non-empty disjoint A,-open subsets of X. Then C M A and C M B are both non-empty A,-open sets
of C such that (CNA)N(CMNB) = @ and (CNA)U(CMNB) = C. This gives that (CMNA, CNB) is a A-
disconnection of C. Hence C is A,-disconnected. This contradiction proves the theorem.

Theorem: 4.10 Let X = U {X,]} , where each X, is A-connected and M {X,} # @. Then X is A,-connected.
ael ael

Proof: Suppose that X is A,-disconnected and (A, B) is a A,-disconnection of X. Since each X, is A,-connected, by
Theorem 4.9, X, C A or X, ©B. Since N {X,} # @, all X, are contained in A or in B. This gives that XC A or X C
ael

B. If XC A, then B =@ or if X C B, then A = @. This contradiction proves that X is A,-connected.

Theorem: 4.11 A space X is A,-connected if and only if for every pair of points x, y in X, there is a A;-connected
subset of X which contains both x and y.

Proof: Necessity: Since the A,-connected space X itself contain these two points, it is obvious. Sufficiency: Suppose
that for any two points x and y of X, there is a A-connected subspace Cy , of X such that x, y€ Cy . Let a€ X be a
fixed point and {C, « : x€ X} be a class of all A,-connected subspace of X which contain the points a and x. Then X =

U {C.x} and N {C, } # @ . Therefore by Theorem 4.10, X is A,-connected.
xeX xeX

Theorem: 4.12 If f : X — Y is a A;-continuous surjective function and X is A,-connected, then Y is connected.

Proof: Suppose that Y is not connected. Then Y can be written as Y = AU B where A and B are disjoint nonempty
open sets in Y. Since f is A,-continuous, f'(A) and £'(B) are A-open in X. Since f is onto, X= £ (Y)=f (AU B)=f"
'(A) U (B). Thus, X = f'(A) U £ '(B) where £ '(A) and f'(B) are nonempty A;-open sets in X such that AN
'(B) = @. Therefore X

is A,-disconnected, which is a contradiction. Hence Y is connected.

Theorem: 4.13 If f : X — Y is a A,-irresolute surjective function and X is A;-connected, then Y is A,-connected.
Proof: Suppose that Y is A,-disconnected. Then Y can be written as Y = AU B where A and B are disjoint nonempty
A-open sets in Y. Since f is A-irresolute, (A) and f'(B) are A-open in X. Since f is onto, (A) and f!(B) are
nonempty subsets of X and X = f!(Y). Thus, X = f '(A) U f'(B) where f'(A) and f'(B) are disjoint nonempty A,-

open sets in X. Hence X is A,-disconnected, which is a contradiction. Therefore Y is A;-connected.

Theorem: 4.14 If f : X > Y is a Ar*—open bijective function and Y is A,-connected, then X is A,-connected.
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Proof: Suppose that X is A;-disconnected. Then X can be written as X = AU B where A and B are disjoint nonempty

A-open subsets of X. Since f'is A,*-open, f(A) and f (B) are A,-open in Y. Also f (A) and f (B) are nonempty subsets of
Y. Since f is injective,

f(A)NfB)=f(ANB)=1f(@)= @. Since fis onto, f(X) = Y. Thus, Y = f(X) = f (AU B) = f (A) U f(B)

where f(A) and f(B) are disjoint nonempty A-open sets in Y and so Y is A,-disconnected. This is a contradiction.
Hence X is A.-connected.

Theorem: 4.15If f : X — Y is a A;-open bijective function and Y is A,-connected, then X is connected.

Proof: Suppose that X is not connected. Then X = AU B where A and B are disjoint nonempty open sets in X. Since f
is A;-open, f (A) and f (B) are A,-open in Y. Since f is bijective, f(A) N f(B) = ¢ and f(X) = Y. Therefore Y = f(A) U
f(B) where f(A) and f(B) are disjoint nonempty A,-open sets in Y. Hence Y is A,-disconnected, which is a
contradiction.

Hence X is connected.
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