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ABSTRACT 

The present paper concerns with the study of the upper bound for the complex wave velocity of an unstable 

perturbation wave of an inviscid heterogeneous parallel shear flows. We have obtained a necessary condition of 

instability of the flow which leads to the reduction of Howard’s {1} semi circle for the bound of the complex wave 

velocity 
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INTRODUCTION: 

 

The fundamental governing of instability of inviscid parallel shear flow confined within two rigid horizontal boundaries 

in the concept of linear stability theory is the Taylor Goldstein equation is given by 
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with the boundary condition     ( ) ( ) 021 == zwzw                                                            (2) 

Where D =  
dz

d
  z  is real independent variable such that 

21 zzz ≤≤  , )(zw  is the z  dependence of stream 

function perturbation and stand for dependent variable, )(zU is basic velocity field, ir iccc +=  is the complex wave 

velocity such that 
rc  and ic are respectively the real and imaginary part of c  which is constant , 

2
k  is the square 

wave number which is constant and satisfy the inequality ∞<< 20 k , 
dz

d
z

ρ

ρ
β

1
)( −=   denotes the non-

homogeneity field and is non negative everywhere in the flow domain and ρ  denotes the density field. 

 

The requirement of non trivial solution of equation ( 1 ) satisfying equation ( 2 ) posses a double eigen value problem 

for 
rc  and ic  for prescribed value of  

2
k   and the flow unstable if such solution exist for which the imaginary part 

ic  of c  is greater than zero. 
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Howard’s {1} have proved that the phase velocity 
rc  and the amplification factor 0>ic  must lie in the upper half of 

the ir cc - plane bounded by the semi circle 
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where aU =min
 and bU =max . 

 

Theorem:  A necessary condition for the existence of non-trivial non-singular solution ),( cw  of the double eigen-

value problem for 
rc  and ic , for given )(zU ,  ρ  and 

2
k  and described by equations (1) and (2) with 

],[0)( 21

"
zzzUUU s ∈∀≥−  and  0>ic  is that 
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provided  β  vanishes at the point of inflexion ],[ 21 zzzz s ∈=   and  
βg

UUU s )(" −
 remains well defined 

],[ 21 zzz ∈∀  . 

 

Proof: Multiplying equation (1) by complex conjugate of w   i.e. 
*

w   throughout and integrating the resulting 

equation over the range of z  using boundary conditions (2), we have 
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Equating real and imaginary parts of equation (5), we have 
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From equation (6), we have 
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where aU =min
, bU =max  and 

2

ba
U s

+
=

 
 

[ ] ( )

0
22

2

1

2

1

2

1

2

22

4

2

4

22''
222

≤
��

�
�
�

��

�
�
�

−�
�

�
�
�

� +
−−�

�

�
�
�

� −

−
−

−

−
++�








z

z

ir

z

z

is

z

z

dzc
ba

c
ab

cU

wg

dz
cU

cwUUU
dzwkDw

β

 
 

[ ] ( )
01

22

2

1

2

1

''
2

22

4

2

222
≤

�
�
�

	





�

�

�
�
�

�
�
� −

+−�
�

�
�
�

� +
−−�

�

�
�
�

� −

−
−+� 

 dz

g

UUU
c

ba
c

ab

cU

wg
dzwkDw

z

z

s

ir

z

z
β

β

 
 

∃�  a point ( )21 , zzzz p ∈= such that 

 



1
Riyaz Ahmad Khan et al. / Bound for the complex wave velocity of an unstable perturbation wave of an inviscid 

heterogeneous parallel shear flows / IJMA- 2(6), June-2011, Page: 880-883 

© 2011, IJMA. All Rights Reserved                                                                                                                                                     883  

0min
)(

1
22 ],[

"

2

22

21

≥�
�

	


�

� −
+−�

�

�
�
�

� +
−−�

�

�
�
�

� −

zz

s

ir
g

UUU
c

ba
c

ab

β
 

 
2

],[

"

2

2

2
min

)(
1

2 21

�
�

�
�
�

� −
≤�

�

	


�

� −
++�

�

�
�
�

� +
−

ab

g

UUU
c

ba
c

zz

s

ir
β

                                                                       (8) 

 

Hence prove the theorem. 

 

REFERENCES: 

 

[1] HOWARD, L. N. 1961 Note on a paper of  Jhon Miles, J. Fluid Mech. 10, 509- 512. 

 

[2] BANERJEE M. B., SHANDIL R.G. and JAIN R.K. 2008 New eigen value bounds for the Taylor-Goldstein 

equation (private communication). 

 

[3] BANERJEE M. B., BANERJEE A. and MISHRA K.K. 2004 On the problem of moments, Ganita 55(1), 95-101. 

 

[4] BANARJEE M. B., GUPTA J.R. and SHANDIL R.G. 2002 A generalized biharmonic equation and its application 

to hydrodynamic instability, Sadhana , 27(3) , 309-351. 

 

[5] BANARJEE M. B., GUPTA J.R. and SUBBIAH M.  1988 On reducing Howard semi-circle for heterogeneous 

shear flows , J. Math. Anal. And Applins, 129 . 

 

[6] BANARJEE M. B., GUPTA J.R. and SUBBIAH M.  1987 A modified instability criterion for heterogeneous shear 

flows , Indian J. Pure Appl. Math. , 18, 371-375. 

 

[7] BANARJEE M.B., SHANDIL R.G. and GUPTA J.R. 1978 On further reducing Howard’s semi circle, Jour. Math. 

Phy. Sci. , 12 , 1-17. 

 

[8] BANARJEE M. B., GUPTA J.R. and GUPTA S.K. 1974 On reducing Howard’s semi circle , Jour. Math. Phy. Sci. , 

5 , 478-484. 

 

[9] CHANDRASHEKHAR S 1961 Hydrodynamic and Hydromagnetic Stability, Oxfors Clarendon Press. 

 

[10] DRAZIN, P. G. and REID, W. H. 1981 Hydrodynamic Stability, Cambridge University Press. 

 

[11] HICKERNEL F. J. 1985 An upper bound on the growth rate of a linear instability in a homogeneous shear flow, 

Studies App. Math. 72, 87-93. 

 

[12] KOCHAR, G. T. & JAIN, R. K. 1983 Stability of stratified shear flows, J. Math. Anal. Appl., 96 , 269-282. 

 

[13] KOCHAR, G. T. and JAIN, R. K. 1979 Note on Howard’s semicircle theorem, J. Fluid Mech., 91, 489-491. 

 

[14] LIN, C. C. 1955 The theory of hydrodynamic stability, Cambridge University Press. 

 

[15] MILES, J. W. 1961 On the stability of heterogeneous shear flows, J. Fluid Mech., 10, 456-508. 

 

[16] RAYLEIGH, J. W. S. 1916 On the convective current in a horizontal layer of fluid when the higher temperature is 

on the underside, Philos. Mag.,  32, 529-546. 

 

[17] RAYLEIGH, J. W. S. 1880 On the stability or instability of certain fluid motion, Proc. Lond. Math. Soc., 9, 57-70. 

 

[18] SUN LIANG 2007 General stability criterion for inviscid parallel flow, Eur. J. Phys. 28, 889-895. 

 

[19] SYNGE J.L. 1933 The stability of heterogeneous liquid, Trans. Roy. Soc. Can.,   27, 1-18. 

 

[20] TAYLOR G. I.  1931 Effect of variation in density on the stability of superposed streams of fluid, Proc. Roy. Soc. 

Lond. A, 132, 499-523. 

************* 


