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ABSTRACT

It is known that in a Boolean algebra, every prime ideal is maximal. It is under investigation that whether every prime
ideal is maximal in a C-algebra. In this paper we discuss an important example of a C-algebra namely CX containing
sufficiently many prime and maximal ideals and in which every prime ideal is maximal ideal.
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INTRODUCTION:

In [1] Fernando Guzman and Craig C. Squier introduced the variety of C-algebras as the variety generated by the three
element algebra C = {T, F, U} with the operations A, V and of type (2, 2,1), which is the algebraic form of the three
valued conditional logic. They proved that C and the two element Boolean algebra B = {T, F} are the only subdirectly
irreducible C-algebras and that the variety of C-algebras is a minimal cover of the variety of Boolean algebras. In [4] U.
M. Swamy et. al., have worked on three valued logic and introduced the concept of the Centre B(A) of a C-algebra A
and proved that the centre of a C-algebra is a Boolean algebra. Later in [2], [3] S. Kalesha Vali et.al. Introduced the
notion of an ideal, prime and maximal ideal of a C-algebra and discussed various properties of these. In [3] there is an
open problem "whether every prime ideal is maximal in a C-algebra?". The answer is still under investigation. In the
way of investigation we come across an example C*, which contain sufficiently many prime ideals and maximal ideals
and in which every prime ideal is maximal ideal.

1. C-ALGEBRA:

In this section we recall the definition of a C-algebra and some results from [1], [4] and [5]. Let us start with the
definition of a C-algebra.

Definition 1.1: [1] By a C-algebra we mean an algebra of type (2, 2, 1) with binary operations A and V and unary
operation ' satisfying the following identities.

() x"=x Q) (xAy)'=x'Vy'
BxANYANzZ=x ANH A2 @ xAlyVvz) = (xANYy)V (x A z2)
SxVvyY)YANz=xxANZ)V (X'ANY A Z) ©6) xV(xANy) =x

MDAV (yAx)=(yAx)V(xAy).
Example 1.2: [1] The three element algebra C= {T, F, U} with the operations given by the following

Tables are a C-algebra.

X | X
A|T|F|U V|T|F|U
T|T|F|U T |T|T|T T |F
F|F|F|F F|T|F|U F|T
UulU|U|U U |U|U|U Ulu
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Note 1.3: [1] The identities 1.1(1), 1.1(2) imply that the variety of C-algebras satisfies all the dual statements of 1.1(2)
to 1.1(7). A and V are not commutative in C. The ordinary distributive law of A over V fails in C. Every Boolean
algebra is a C-algebra.

Now we recall some results on C-algebra collected from [1], [4] and [5].

Lemma 1.4: Every C-algebra satisfies the following identities:

D xANx=x 2) x ANx"'=x"Nx

B)x Ay Ax=xANYy @D xANxXANy =xANXx'
G)xAy=CxVy)Ax G)xAy=xA@Vx)
MHxANy=xANK'VYy) @xAYyAx"=xAy AY'

@ (xvy)Ax=xV@ Ax) (1I0)xAX'Vx)=x'Vx)Ax =(xVx)Ax = x.
Duals of the statements in the above lemma are also true in a C-algebra.
Definition 1.5: [4] Let A be a C-algebra with T (T is the identity element for A in A). Then the Boolean centre of A is

defined as the set B(A) = {a€A| aV a’' = T} B(A) is known to be a Boolean algebra under the operations
induced by those on A.

2. Ideals of a C-algebra:

In this section we recall the definition of an ideal, prime ideal and maximal ideal of a C-algebra and some results from
[2], [3] which are useful in proving the results in the forthcoming sections. Let us start with the definition of an ideal of
a C-algebra.

Definition 2.1: [2] A nonempty subset I of a C-algebra A is said to be an ideal of A if it satisfies

(i) a,b el impliesthat aV bel and
(ii) a € I implies that x A a € I, for each x € A.

Theorem 2.2: [2] Let A = A; X A, X....X A,, be the product of the C-algebras A4, A4,,...,A, and each C-algebra
A; iswithTand I € A. Then [ is an ideal of A if and only if [ is of the form I = I, X I, X....X I, where I;
is an ideal of 4;.

Definition 2.3: [3] Let A be a C-algebra. A proper ideal P of A is called a prime ideal if, for any a,b € A, a A
b € P implies that eithera € P or b € P.

Definition 2.4: [3] A proper ideal M of a C-algebra A is said to be a Maximal ideal of A if M is maximal among all the
proper ideals of A.

Lemma 2.5: [3] Let A be a C-algebra. Every maximal ideal in A is a prime ideal.

The validity of the converse of the above theorem is not known. In Boolean algebras every prime ideal is maximal but
in C-algebras, we do not know that every prime ideal is maximal, it is under investigation.

Theorem 2.6: [3] Let I be an ideal of a C-algebra and a € A\ I. Then there exists a prime ideal P containing [ and not
containing a.

3. THE C-ALGEBRA C*:

In the following we discuss an important example of a C-algebra containing sufficiently many prime ideals and
maximal ideals.

Definition 3.1: Let X be a nonempty set and C = {T, F, U} be the three-element C-algebra. Let C* be the set of all
mappings of X into C. Then C* is a C-algebra under the point wise operations. For any

T, ifxeY

Y € X, let fy € CX be defined by fy(x)={F ifx &V

and, for any x € X, let f, = fiy). Also, forany fe C*,

let|f] = {xeX|f(x) = T} |f]iscalled the support of X.
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Theorem 3.2: The following hold for any ge C*¥ andY C X.

M fr "= favr )fy A fy ' = F, the constant map.
3) freB(CX) @ g Mg =9

Proof: Define F:X — C by F(x) = F, forall x € X.

(1) This follows from the facts that T'= F and f'(x) = f(x) for all x € X and for all fe C* .
QI zeY, (f Ny D@ =TAF=Fandifz ¢ VY,(fy AfyN2)= FAT=F.

Therefore fy Afy '= F.
(3)Since fy Afy '=F,(fy Afy)' = (F)’, andhence fy'Vfy =T, sothatf, Vf,' =T.
Therefore fye B(CX ).

4 Forx €lgl, fig () =T and g(x) Afig(x) =g)AT=T AT =T = g(x).
For x € |gl, fig(x) =Fand g(x) Afigq(x) =g(x)AF =g(x), (sinceg(x) =U or F,g(x) A F = g(x)).

Therefore g A fig = g.
Theorem 3.3: Every prime ideal of C* is a maximal ideal.

Proof: Let P be a prime ideal of C*. Let Q be any ideal of C* such that P i Q.
Then there exists g € Q such that g & P.Since g € CX, g A fig) = g-Then fig & P (since g € P). Since fig| A f|
F €P andPis a prime ideal, fliql EPCQ.

gl =

We shall prove that f|'g| vg=T.

Ifx € |g|then g(x) =T and ﬁél(x) = F and hence (f|'g| Vg)(x) =FVT=T=g().
If x ¢ |g|then g(x)= Uor F andf|:q|(x) = T and hence (f|:q| % g)(x) =TVvUorTVF=T.

Therefore f|;,| Vg= T. Since f|;,| €Q,and ge€Q, f|;,| V g € Q (since Q is an ideal).

Therefore T € Q which implies that Q = CX. Therefore P is maximal ideal of c*.

In theorem 3.2 we have proved that f,e B(C*X ) for any subset Y of X. In fact, every element of B(C*) must be of
the form fy for a suitable Y € X. This is proved in the following.

Theorem 3.4: For any ae C*, the following are equivalent

(1) a(x) # U, forallx € X (2) aV a'= T; thatis, ae B(CX )
B)a = fiq 4)a = fiy forsome Y C X.

Proof: (1) =(2): Suppose that a (x) # U, forall x € X.Then a(x) =
orT.Now, (aV a)(x) =T V F or FV T =T.Therefore aV a'=
(2)= (3): Suppose aV a’'= T. If x € |al, then fiu(x) =T = a(x).

T or F,forallx € X and hence a'(x) = F
T.

If x ¢ |a| then a(x)= U or F and hence a(x)= F (otherwise ifa(x) = U,(ava)(x)=U #T (x), a
contradiction). Therefore fiq(x) = F = a(x), if x € |a|. Thus a = fjg.

(3) = (4) is trivial, since |a| S X .

@)= (1):a = fiy for some Y € X.Since fiy|(x) =T or F according asx € Yorx & Y, a(x) = Tor F for any
x € X.Thus a(x) # Uforanyx € X.

Theorem 3.5: The map ¢: (X) - B(C¥), defined by ¢ (Y) = f; is an isomorphism of Boolean algebras, where
$#(X) is the Boolean algebra of all subsets of X.
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T, if zeY
. c =
Proof: If Y € X, then f,(2) {F, ifzey
We shall prove that fynz = fr A fz, fruz = fyV fz and fy = fx\y for any subsets Y and Z of X , so that ¢
becomes a homomorphism of Boolean algebras.

Let Y and Z €X. Let xe Y NZ. Thenx € Yand x € Z and fin;(x) =T =TAT = f(x)A fz(x) =
(fy A f2) (x).

Supposex € Y N Z.Thenx € Y orx € Z
xgY = f(x)
Since,x € Y N Z, wehavethat fyn;(x)=F

Fand x¢ Z = f;(x) = F
fr () A f(x) (since at least one of f, (x) and f;(x) is F).

Therefore fynz = fy A f7.

Let x€ Y U Z Thenx € Y or x € Z.

fruzx) =T = (fy V fz)(x) (since at least one of fy(x) and f;(x) is T)
Supposex ¢ Y U Z.Then x € Y and x & Z.

Therefore fy(x) = F and f;(x) = F

Now fyyz(x) = F=F VF = fy(x) vV fz(x).

Therefore fyuz; = fy V f3-

We have, by theorem 4.2(1), fy = fi\r.

Thus, ¢ is a homomorphism of Boolean algebras.

Let Y,Z € o(X) suchthat p(Y) = ¢p(Z) thatis fy = f5.

Letx € Z. Then T = fy(x) = fz(x) and hence x € Y.

Therefore Z € Y. Similarly, Y € Z. Thus Y =Z. Therefore ¢ is an injection map.
By theorem 3.4, the map ¢: (X) » B(CX ) is a surjection map too.

Thus, ¢: o(X) - B(C*X ) is an isomorphism.

Theorem 3.6: For any ge C* there exists a smallest ae B(CX )suchthatg = gA a anda’vg = T
Proof: Let ge CX . We know that f,e B(CX ),foranyY C X.

Put a = fig. Then fye B(C* ).

By theorems 3.2,3.4, wehaveg = gA aand a'Vg = T.

Further, let be B(CX),suchthatg = gA b and b’V g = T Then |g| S |b| and,
by theorem 3.5, we have that fig; A fip) = figinp) = fig) so that @ = fig < fipy = b. Thus a is the smallest
element of B(CX )suchthat g = g A a.

Theorem 3.7: Foranyx € X, let P, = {f € C¥ |f(x) # T}. Then P, is a prime (maximal) ideal of C*¥ .
Proof: Clearly P, isanonempty subsetof C¥ .Let f,g € P,.Then

vy = f(x) Vv gx)# T (Since, if f(x) = Uthen f(x)Vg(x)= Uandif f(x)=F, g(x) = F, then
f)v glx) = F also,if f(x)=F, g(x)= U,then f(x) V g(x) = U).

Therefore f Vg € P,.

Let f € P, and h € CX .
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f (%), if h(x) =T
Now (h Af)E) = he) AFG) ={ 5 L T

Therefore (h A f)(x) # Tandhence h A f € P,.Thus P, isanideal of C*¥ .

Letf,g € C* suchthatf A g € P..Then f(x) Ag(x) # T.

If f(x)=T and g(x) = Tthen f(X)Ag(x)= (f Ag)(x)=T.

Therefore f(x) # T or g(x) # T. Therefore f € P, org € P,.

Thus P, is a prime ideal and hence a maximal ideal of C% .

Note that all the prime ideals of C* need not be of the form P,. For this, consider the following example

Example 3.8: Let X be an infinite setand I = {f € CX | |f] is finite}. Then I is a proper ideal of C* and hence,
by theorem 3.4, there exists a prime ideals P of C¥ containing I. We observe that P # P, for allx € X; for any
x € X, theelement f, of C¥ defined in the definition 3.1 isin I and hence in P butnotin P,.

However, when X is a finite set, we do prove that every prime ideal of C¥ of the form P, forsomex € X.

Theorem 3.9: Let X be a nonempty finite set and P a prime ideal of CX.Then there exists unique x € X such that
P,=P.

Proof: Let X ={ x4, x5, ....., X, } where n is a positive integer. First we observe that

C¥ = C; X CyX ....X C,. Let P be a prime ideal of CX . Then by theorem 2.2, we can assume that P = I; X
I, X ....x I, where each I; is an ideal of A. Recall that each I; is either {U, F} or C (since these two are the only
ideals of C).

We argue that [; = {U, F}, for unique i. Suppose { # jsuch that [; = {U, F} = I;.Then consider the elements a
and b definedby a = (F,...,F,T,F,...,F) (i"place is T and F elsewhere) and b = (F,...,F,T,F,....,F) (j"

place is T and F elsewhere).

Now,aA b = (F,...F,F) (sincei # j)and hence a A b is a left zero which is in P. But neither a nor b belongs to
P which is a contradiction to the prime ideal of P.

Also, if each [; # {U, F}, then I; =C for all i and hence P = C; X C, X ....x C,, which is again a

contradiction, since P is a prime ideal. Thus there is exactly one i,(1 < i < n) such that I; = {U, F}. From this it
follows that P = P, for some x; € X.
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