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ABSTRACT. 

This investigation is in the Bishop’s constructive mathematics. A theorem of the ideal extensions for ordered sets is 

given. If X and Y are ordered sets under a partial order and an anti-order, we construct the ordered sets V = X∪Y 

which has ideal A isomorphic to X, and anti-ideal B in V isomorphic to Y.  
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0 INTRODUCTIONS:  
 

0.1 Setting and motivation:  
 

The arguments in this paper conform to constructive mathematics in the sense of Bishop. Our setting is Bishop’s 

constructive mathematics [2], [3], [5], [9], mathematics developed with Constructive logic (or Intuitionistic logic 

([19]) – logic without the Law of Excluded Middle P ∨ ¬P. We have to note that ‘the crazy axiom’ ¬P � (P � Q) is 

included in the Constructive logic. Precisely, in Constructive logic the ‘Double Negation Law’ P ⇔ ¬¬P does not 

hold but the following implication P � ¬¬P holds even in the Minimal logic. In Constructive logic ‘Weak Law of 

Excluded Middle’ ¬P ∨ ¬¬P does not hold also. It is interesting, in Constructive logic the following deduction 

principle A∨B, ¬A − B holds, but this is impossible to prove without ‘the crazy axiom’. As Intuitionistic logic is a 

fragment of Classical logic, our arguments should be valid from a classical point of view. 

 

The extension problem for groups is as follows: given two groups H and K, construct all groups G which have a 

normal subgroup N such that N is isomorphic to H (in symbol, N ≅ H) and G/N ≅ K (where G/N is the quotient of G 

by N). G is called the extension of H by K. Ideal extensions of semigroups have been considered by Clifford in [6] 

with exposition of the theory appearing in [7], [17]. Ideal extensions of totally ordered semigroups have been studied 

in [9], [10], and the ideal extensions of topological semigroups in [5], [8]. Ideal extensions of lattices have been 

considered in [11]. Ideal extensions of ordered semigroups have been studied in [12], [13] and [14]. 

 

In this paper we study ordered set under two compatible relations: partial order and anti-order relations. 

 

0.2 Set with diversity:  
 

Let (X,=,≠) be  a set in the sense of books [2], [3], [5] and [9], where ≠ is a binary relation on X which satisfies the 

following properties: 

¬(x ≠ x), x ≠ y � y ≠ x, x ≠ z � x ≠ y ∨ y ≠ z 

 

called apartness (A.Heyting). The relation ≠ must be extensional by the equality, in the following sense 

 

x ≠ y ∧ y = z � x ≠ z. 

 

Let Y be a subset of X and let x∈X. By x��Y we denote (∀y∈Y)(y ≠ x) and by YC we denote subset {x∈X : 

x��Y} – the strong complement of Y in X ([3]). The subset Y of X is strongly extensional ([19]) in X if and only if  

y∈Y � y ≠ x ∨ x∈Y.  

---------------------------------------------------------------------------------------------------------------------------------------------- 

����������	
������������
�����������*������
�������������
������



D.A.Romano*/Extensions of Ordered Sets – Constructive Point of Views/ IJMA- 2(6), June-2011, Page: 969-981 

© 2011, IJMA. All Rights Reserved                                                                                                                                                 970 

 

Example I: Let ℘℘℘℘(X) be power-set of set X. If we for subsets A,B of X define  A ≠ B if and only if (∃a∈A)¬(a∈B) 

or (∃b∈B)¬(b∈A), then the relation ≠ is diversity relation on ℘℘℘℘(X) but it is not an apartness. 

(2) ([9]) The relation ≠ defined on the set QN
 by  

 

f  ≠ g ⇔ (∃k∈N)(∃n∈N)(∀∈N)(m ≥ n � �f(m) – g(m)�� > k -1) 

is an apartness on QN.  ♦ 

 

For subsets X and Y of A we say that set X is set-set apartness from Y, and it is denoted by X ��Y, if and only if 

(∀x�X)(∀y�Y)(x � y). Sometime, we set x ��  Y instead {x}��Y, and, of course, x � y instead {x}�� {y}. 

With S
C

 = {x∈X: x��S} we denote apartness complement of S. So, ��  is relation between pairs of subsets of A. 

It is easy to see that the following holds: 

 

(0)  ¬(X��X); 

(1)  X��Y ���� ¬(X = ∅ ∧Y= ∅);  

(2)  X��Y ���� X∩Y = ∅; 

(3)  X��Y ∧ Z ⊆ Y � X ��Z 

(3’) X�� (Y∪Z) ⇔ X��Y ∧ X��Z; 

(4)  X��Y �Y��X; 

 

Let Y be a subset of (S,=,�). We say that it is detachable if and only if   

 

(∀x)(x∈S � x∈Y ∨ x��Y). 

 

For a function f : (S,=,≠) → (T,=,≠) we say that it is a strongly extensional if and only if (∀a,b∈S)(f(a) ≠T f(b) � a ≠S 

b).  

  

0.3 Filled product:  
 

Let X be a set with apartness and let α, β be relations on X. The filed product ([18], [20], [21]) of α and β is the 

relation defined by  

β*α = {(x,z)∈X×X : (∀y∈X)((x,y)∈α ∨ (y,z)∈β)}. 

 

For n (≥ 2) let  nα = α*…*α (n factors). Put 1f = f. By c(α) we denote the intersection ∩n∈N nα.  The relation c(f) is a 

cotransitive relation on X, by  [18], (or [20], [21]) called cotransitive internal fulfillment of the relation α. Therefore, 

the relation c(f ∩ ≠) is the maximal consistent and cotransitive relation on X under α.   

 

0.4 Coequality relation:  
 

Set with apartness was first defined and studied by Heyting. After that, several authors have worked on this important 

topic as for example: Bishop ([2]), Bridges and Richman ([4]), Mines, Richman and Ruitenburg ([16]), Troelstra and 

van Dalen ([24]), and this author ([18], [20], [21]). A relation q on X is a coequality relation on X if and only if   

 

q ⊆ ≠, q-1 = q and q ⊆ q∗q. 

 

If q is coequality on set S, then the strong complement qC of q is an equality on the set S compatible with q in the 

following sense: 

(∀x,y,z∈S)((x,y)∈q ∧ (y,z)∈ qC � (x,z)∈q). 

 

In the case when we have a pair (ρ,q) of compatible an equality and a coequality on set S, then we can construct the 

factor-set S/(ρ,q) with 

aρ =1 bρ ⇔ (a,b)∈ρ, aρ ≠1 bρ ⇔ (a.b)∈q, aρ ⋅ bρ =1 abρ. 

 

Particularly, we can construct the factor-set S/(qC, q) in which equality and apartness defined by 

 

a qC =1 b qC ⇔ (a,b)��q, aq ≠1 bq ⇔ (a,b)∈q, a qC ⋅ b qC =1 ab qC. 

 

Except that, we can construct the factor-set S/q = {aq : a∈S} where equality and apartness defined as above: 

 

aq  =1 bq ⇔ (a,b)��q, aq ≠1 bq ⇔ (a,b)∈q, aq ⋅ bq =1 abq. 

 

The mapping π(ρ,q) : S → S/(ρ,q) are strongly extensional and surjective function. 
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0.5 Goals of this article:  
 

The aim of this paper is to construct the ideal extensions of ordered sets. “We are often interested in building more 

complex semigroups, lattices, ordered sets, and ordered or topological semigroups out of some of “simpler” structure 

and this can be sometimes achieved by constructing the ideal extensions” (Kehayopulu, [13]). If X and Y are two 

disjoint ordered sets, an ordered set V is called an ideal extension (or just an extension) of X by Y if there exists an 

ideal A of V which is isomorphic to X and the complement XC of A to V is isomorphic to Y. We give the main 

theorem of such extensions, which is the following: If (X,=X,≠X,�X,αX) and (Y,=Y,≠Y,�Y,αY) are two disjoint ordered 

sets, θ an arbitrary subset of X×Y, and 

 

Θ(θ) = {(a,b)∈X × Y | (∃(x,y)∈θ ⊆ X×Y)(a �X x ∧ y �Y b}, 

and 

Ω(θ) = c((Θ(θ)C) ∩ ((X × Y)∪(Y×X)) 

 

then the set V = X ∪ Y endowed with the order “�”, defined by � = �X ∪ �Y ∪ Θ, and with the antiorder “Ξ”, defined 

by Ξ = αX ∪ αY ∪ Ω(θ), is an ordered set and it is an extension of X by Y.  

 

Conversely, if (V,=V,≠V,�V ,Ξ) is an extension of (X,=X,≠X,�X,αX) by (Y,=Y,≠Y,�Y,αY), then the set X ∪Y, endowed 

with the relations “=”, “≠”, “≤” and “Σ” defined by 

 

≠ = ≠X ∪ ≠Y ∪ (X×Y)∪(Y×X),   � = �X ∪ �Y ∪ Θ,   Σ = αX ∪ αY ∪ Ω, 

 

is an ordered set and there exists strongly extensional, embedding, injective, order isotone and reverse isotone,  anti-

order isotone and reverse isotone function  

 

f: (X ∪Y, =, ≠, �, Σ) → (V,=V, ≠V, �V, Ξ). 

  

First, notion and elementary properties of anti-order relation of sets are introduced. The basic definitions and 

properties of ordered sets under order and anti-order are presented in section 2. Elementary properties of ordered anti-

ideals of ordered set are given in the above mentioned section. In the section 3 we give some preliminaries results 

and, in section 4, we give main results (Theorem 4.1 and Theorem 4.2). 

 

0.6 References: 
 

For undefined notions and notations of classical ordered set we referred to books [1], [3], [7], [15], [17] and papers 

[5], [6], [8], [10]-[14], [23]. For constructive items we referred to well-known books [2], [4], [16], and [24], and to 

author’s papers [18]-[22]. 

 

1 ORDERED SET:  
 

This section we start with the following definitions: 

 

Let (S, =S, ≠S) be a set with apartness. For S we say that it is an ordered set if S equipped with relation ≤ (partial 

order) or Θ (anti-order) such that: 

 

(1) The relation ≤ satisfies the following conditions:   

 

=S ⊆ ≤ (reflexivity),  ≤  o ≤ -1  ⊆ =S (anti-symmetric),   ≤  o ≤   ⊆ ≤ (transitivity); 

 

The relation ρ on S is a quasi-order if it is reflexive and transitive. If ρ is a quasi-order on set S, then the relation ρ∩ρ 

-1 is an equality relation on S. 

 

(2) As in [19] we define the notion of anti-order on set with apartness: The relation Θ satisfies the following 

conditions:  

Θ ⊆ ≠S (consistency), ≠S ⊆ Θ ∪ Θ-1 (linearity) and Θ ⊆ Θ ∗ Θ (cotransitivity). 

 

As in [18], [20], [21] the relation ω is a quasi-antiorder on set S if it is consistent and cotransitive. If ω is a quasi-

antiorder on set S, then the relation q = ω ∪ω -1 is a coequality S. 

 

(3)  Relations ≤ and Θ are compatible in the following sense: 

 

(∀x,y,z∈S)(x ≤ y ∧ zΘy � zΘx). 
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NOTES: Compatibility of order and anti-order relations in set is important notion for our work. 

 

(i) The implication x ≤ y ∧ zΘy � zΘx is equivalent to condition ¬(x ≤ y ∧ xΘy).  Indeed: Suppose that implication 

x ≤ y ∧ zΘy � zΘx holds and suppose that x ≤ y and xΘy. Then, by compatibility of relations, we have xΘx. It is 

impossible, because the relation Θ is consistent. So, should be ¬(x ≤ y ∧ xΘy). Opposite, let condition ¬(x ≤ y ∧ 

xΘy) holds. If x ≤ y ∧ zΘy, then, by cotransitivity of  Θ, we have zΘx ∨ xΘy. Thus we conclude zΘx, because x ≤ y 

and xΘy is impossible. So, the implication x ≤ y ∧ zΘy � zΘx is consequent of the condition ¬(x ≤ y ∧ xΘy). 

 

(ii) Except that, if relations ≤ and Θ are compatible, then implication xΘy ∧ z ≤ y � xΘz holds too. In fact, from xΘy 

follows xΘz or zΘy. Since z ≤ y and zΘy is impossible, we deduce xΘz.  

 

(iii) Let us note that the apartness on set S is an antiorder relation on S. 

 

Essence of connection between partial order and anti-order relation in set with apartness is given in following lemma: 

  

Lemma 1.1 Let Θ be an anti-order on set (S,=,�,⋅). Then ΘC is an order on (S,¬�, �,⋅). If the order relations ≤ on set 

S and Θ are compatible, then ≤  ⊆ ΘC. 

 

Proof:  (i) Let  a = b and let (u,v) be an arbitrary element of Θ. Then (u,a)∈Θ ∨ (a,b)∈Θ ∨ (b,v)∈Θ. Thus u � a ∨ a � 

b ∨ b � v. Since  a � b  is impossible, we have (a,b) � (u,v)∈Θ. So, =  ⊆ ΘC, i.e. the relation ΘC is reflexive relation. 

 

(ii) Let (a,b)∈ ΘC ∧ (b,a)∈ ΘC. From a � b we conclude that (a,b)∈Θ or (b,a)∈Θ. It is a contradiction. So, we have to 

¬(a � b). 

 

(iii) Let (a,b)∈ ΘC ∧ (b,c)∈ ΘC and let (u,v) be an arbitrary element of Θ. Thus (u,a)∈Θ ∨ (a,b)∈Θ ∨ (b,c)∈Θ ∨ 

(c,v)∈Θ. Thus u � a ∨  c � v because (a,b)∈ ΘC ∧ (b,c)∈ ΘC holds. So, (a,c)∈ ΘC.  

 

(iv) Let a,b,c be arbitrary element of S such that (a,b)∈ ΘC and let (u,v) be an arbitrary element of Θ. Then (u,ac)∈Θ 

∨ (ac,bc)∈Θ ∨ (bc,v)∈Θ. In the second case we should have (a,b)∈ Θ which is impossible. So, have to u � ac or  

bc � v. Therefore, (ac,bc)∈ ΘC. 

 

(v) Let a ≤ b and let (u,v) be an arbitrary element of Θ. Then (u,a)∈Θ or (a,b)∈Θ or (b,v)∈Θ. Since (a,b)∈Θ is 

impossible, then u ≠ a or b ≠ v. So, (a,b)∈ ΘC.   

 

Corollary 1.1.1 Let Θ be a quasi anti-order on set (S,=,�,⋅). Then ΘC is an quasi-order on (S,¬�, �,⋅). If the quasi-

order relations α on set S exists and α and Θ are compatible, then α ⊆ ΘC. 

 

Example II: Let S = {a,b,c,d,e} with apartness. Relation α, defined by  

 

α = {(a,c),(a,d),(a,e),(b,a),(b,c),(b,d),(b,e),(c,a),(c,b),(c,d),(c,e),(d,a),(d,e),(e,a),(e,b),(e,d)}, 

 

is an antiorder relation on set S and the relation  

 

β = {(a,e),(b,e),(c,a),(c,b),(c,d),(c,e),(d,e),(e,a),(e,b),(e,d)} 

 

is a quasi-antiorder relation on set S.  

 

Example III: Let A be a strongly extensional consistent subset of a semigroup (S,=,≠,⋅⋅⋅⋅). Then relation ΘA ⊆ S×S, 

defined by (a,b)∈ ΘA ⇔ a ≠ b ∧ a∈A, is an quasi-antiorder relation on S but it is not antiorder relation on S.  

Indeed: It is clear that ΘA ⊆ ≠. Let a,b,c be arbitrary elements of S such that a ΘA c, i.e. let a ≠ c and a∈A. From a ≠ c 

follows a ≠ b or b ≠ c. If a ≠ b, then a ΘA b. Suppose that b ≠ c and a∈A. Then a ≠ b or b∈A. If a∈A and a ≠ b, we 

have a ΘA b again. If b∈A and b ≠ c, then b ΘA c. Let xa ΘA xb (x∈S), i.e. let xa ≠ xb and xa∈A. Thus a ≠ b and 

a∈A. So, aΘA b. Similarly, we get ax ΘA bx � a ΘA b.  

Suppose that ¬(a∈A) and ¬(b∈A) and a ≠ b. We can not conclude that the implication a ≠ b � aΘAb ∨  bΘAa holds. 

So, the relation ΘA is not an antiorder relation on S.  

 

Example III ([19]): Let (R,=,≠,+,⋅) be a commutative ring with apartness.  

 

(1) The subset D of R is a cosubring of R if and only if satisfies the following conditions:  

 

0��D, 1��D, -a∈D � a∈D, a+b∈D � a∈D ∨ b∈D, and ab∈D � a∈D ∨ b∈D. 
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It is clear that cosubring D of R is strongly extensional in R.  

 

(0) Every anti-ideal of a ring is a cosubring of R. 

(1)  Suppose that M is an A-module. Let S = A×M, and for (a,x), (b,y) let define: 

 

(a,x) = (b,y) ⇔ a =A b ∧ x =M y, (a,x) ≠ (b,y) ⇔ a ≠A b ∨ x ≠M y ; 

 

(a,x)+(b,y) = (a+b,x+y),  (a,x)⋅(b,y) = (ab,bx + ay). 

 

That S is a ring under these definitions. S has the identity if and only if a contains the identity and M is an unitary A-

module. The set A’ = {(a,0)∈S : a∈A} is a subring of S isomorphic to A. The set A” = {(a,x)∈S : x ≠M 0} is a 

cosubring of s. The set M” = {(a,x)∈S : a ≠A 0} is a coideal of S. 

 

(3) Let m be an integer. Then the set C(m) = ∪i=1,…,m-1(mZ+i) is a cosubring of the ring Z. 

 

(4) Let K be a Richman’s field and x be an unknown variable under K. Then the sets C = {Σaix
i∈K[x] : a ≠ 0} and D 

= {Σaix
i∈K[x] : Σai ≠ 0} are cosubrings of K[x]. 

 

Let R be a commutative ring with an apartness and D be a cosubring of R. Then the set DC is a subring of R 

compatible with D in sense that a∈D ∧ b∈ DC � a+b∈D. 

 

(2) If (K,=,≠,+) be an additive Abelian group, for relation Θ we say that it is compatible with the group operation  if 

 

(∀x,a,b∈K)((a+x,b+x)∈Θ � (a,b)∈Θ). 

 

2.1 ([19], Proposition 4.1) If a subset P of an Abelian group (K,=,≠,+) satisfies the following conditions:  

 

0��P, P∪(-P) = K∗, P∩(-P) = {0}, (∀a,b∈K)(a+b∈P � a∈P ∨ b∈P), 

 

then the relation Θ on K, defined by (a,b)∈Θ ⇔ a – b∈P, is an anti-order relation on K compatible with the group 

operation on K. 

 

2.2 ([19], Theorem 5.2) Let (K,=,≠,+,0,⋅,1) be a field and D be a cosubring of K. Then: 

 

(1) The set S = {a∈K : a∈D ∨ a-1∈D} is a strongly extensional cosubgroup of the multiplicative group K∗ = {a∈K: a 

≠ 0} compatible with the subgroup SC and we can construct the factor-group G = K∗/(SC,S); 

 

(2) On the group G we define a relation Θ by (aSC,bSC)∈Θ ⇔ a-1b∈D. The relation Θ on G is an anti-order relation 

on G compatible with the group operation on G.  

 

2 ORDERED SUBSTRUCTURES: 
 

Our next notions in ordered set are order substructures. We follows classical definition of order ideal of ordered 

semigroup under a partially order. Here we doing with set ordered by a partial order and by an anti-order. Definitions 

of order ideal and anti-ideal are given in the following definitions: 

 

Let (S, =,≠) be an ordered set with apartness under order relation ≤ and under anti-order relationΘ.  

 

(1) An order ideal of S is a subset I of S such that 

 

(∀x,y)(x∈I ∧ y ≤ x � y∈I) 

 

(2) An order anti-ideal of S is a subset K of S such that  

 

(∀x,y)(y∈K � yΘx ∨ x∈K) 

 

For an order ideal I and order anti-ideal K we say that they are compatible if and only if I ⊆ ¬K. 

 

Example IV: (1) The order ideal generated by an element x is the set (a] = {y∈S : y ≤ a} called a principal ideal 

generated by element a. (2) The subset K(a) = {z∈S : zΘa} is an order anti-ideal called a principal anti-ideal 

generated by element  a. In fact: Let z be an arbitrary element of K(a) and let y be an arbitrary element of S. Then,  
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from zΘa follows zΘy or yΘa. So, the implication z∈K(a) � y∈K(a) ∨ zΘy holds. Therefore, set K(a) is an order 

anti-ideal of S.  

    

Now, suppose that we have a function ϕ : (S,=S,≠S,≤S,ΘS) → (T,=T,≠T,≤T,ΘT) between two ordered set under order and 

anti-order relations. First let us remind oneself of some standard notions and notations about functions: A function ϕ 

is strongly extensional if  

(∀x,x’∈S)(ϕ(x) ≠T ϕ(x’) � x ≠S x’); 

ϕ is an embedding if and only if  

(∀x,x’∈S)(x ≠S x’ � ϕ(x) ≠T ϕ(x’)). 

 

Now, we need new kind of function between ordered sets 

 

(1) A strongly extensional function  ϕ : (S,≤S) → (T,≤T) of ordered sets under orders from S into T is an order-isotone 

function if and only if for every x,y ∈ S, x ≤S y implies ϕ(x) ≤T ϕ(y). If x ≤S y implies from ϕ(y) ≤T ϕ(x) we say that ϕ 

is order - reverse isotone function of ordered sets. 

 

(2) A strongly extensional function  ϕ : (S,ΘS) → (T,ΘT) of  ordered sets under anti-orders from S into T is an anti-

order isotone function if and only if for every x,y∈S, xΘS y  implies ϕ(x) ΘT ϕ(y). If  ϕ(y) ΘT ϕ(x) implies  x ΘS y,  

we say that  ϕ is anti-order  reverse isotone function of ordered sets. 

 

Let ϕ : (S,=S,≠S,≤S,ΘS)  →  (T,=T,≠T,≤T,ΘT) be a  strongly extensional function of ordered  sets. Then ϕ -1(≤T) is an 

order on set S, and ϕ -1(ΘT) is an anti-order on set S such that Anti-kerϕ = {(x,x’)∈S×S : ϕ(x) ≠T ϕ(x’)} ⊆ ϕ -1(ΘT) ∪ 

ϕ -1(ΘT
 -1). Then: 

(ϕ is order isotone function) ⇔  ≤S ⊆ ϕ -1(≤T); 

 

(ϕ is order reverse isotone function) ⇔  ϕ -1(≤T) ⊆ ≤S ; 

 

(ϕ is anti-order isotone function) ⇔ ΘS ⊆ ϕ -1(ΘT); 

 

(ϕ is anti-order reverse isotone function) ⇔  ϕ -1(ΘT) ⊆ ΘS. 

 

Binary relation ‘to be order function of ordered sets under orders’ is transitive. Symmetrically, the next lemma show 

that binary relation ‘to be anti-order function of ordered sets under anti-orders’ is transitive, too. 

   

Lemma 2.1 If ϕ : (R,ΘR) → (S,ΘS) and  ψ : (S,ΘS) → (T,ΘT) are anti-order isotone (anti-order reverse isotone) 

functions of ordered sets, then  ψ o ϕ : (R,ΘR) → (T,ΘT) is an anti- order (anti-order reverse) isotone function of 

ordered sets.  

 

The notion of isomorphism of ordered sets is well-known: The order isotone and reverse isotone function must be 

strongly extensional and embedding bijection. In the next definition we give a notion of anti-order isomorphism 

between ordered sets under anti-orders: For the strongly extensional function ϕ : (S,=,�,⋅,ΘS) → (T,=,�,⋅,ΘT) of 

ordered sets under anti-orders is an anti-order isomorphism if and only if it is injective, embedding and surjective 

anti-order isotone and anti-order reverse isotone function. 

 

The following propositions show that order anti-ideals are preserved under union, intersection and reverse inverse 

functions. 

 

Lemma 2.2 Let (S,=,≠,Θ) be an ordered set under an antiorder Θ and let ℜℜℜℜ = {Kj : j∈Γ} be a family of order anti-

ideals of S. Then ∩ℜℜℜℜ and ∪ℜℜℜℜ are order anti-ideals of S. 

 

Proof: (1) Let y∈∪ℑℑℑℑ . Then there exists j ∈Γ, y∈Kj and thus yΘx or x∈Ki. It follows that yΘx or x∈∪ℜℜℜℜ  and thus 

∪ℜℜℜℜ  is an order anti-ideal of S.  

 

(2) Let y∈∩ℜℜℜℜ. Then for all j∈Γ, y∈Kj and thus yΘx or x∈Kj. In the Constructive logic we know exactly which of 

formula in previous disjunction holds for all singly j∈Γ. If ¬(yΘx) for all j∈Γ holds, then x∈∩ℜℜℜℜ. So, y∈∩ℜℜℜℜ implies 

yΘx or x∈∩ℜℜℜℜ. Therefore, ∩ℜℜℜℜ is an order anti-ideal of S.  

 

Lemma 2.3 Let  ϕ : (S,=,≠,Θ) → (T,=,≠,Θ) be a reverse isotone anti-order function of ordered sets. If W is an anti-

ideal of  T, then ϕ -1(W) is an anti-ideal of S.  

 

Proof: Let y∈ϕ -1(W) and let x be an arbitrary element of S. Then ϕ(y)∈W. Thus ϕ(y)ΘTϕ(x) or ϕ(x)∈W. If 

ϕ(y)ΘTϕ(x), then yΘSx  because  ϕ is reverse-isotone antiorder- function. If ϕ(x)∈W, then x∈ϕ -1(W). So, ϕ -1(W) is 

an anti-ideal of S.  
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3 PRELIMINARY RESULTS: 
 

Following classical definitions, we give a few new notions in the following definitions: 

 

We say that (S,=S,≠S,≤S,ΘS) is an ordered substructure of (T,=T,≠T,≤T,ΘT) if S is a subset of T and the order on S is 

the restriction to S of the order on T. 

 

Let (V, =,≠, �,Ξ) be an ordered set. The following lemmas show some basic properties of ordered sets: 

 

Lemma 3.1 Each nonempty subset Z of an ordered set (V,=,≠,�,Ξ) with the relations =Z, ≠Z , �Z ,ξZ on Z defined by  

 

=Z = =V ∩(Z×Z), ≠Z = ≠V ∩( Z×Z), �Z = �V ∩(Z × Z), ξZ = ΞV ∩ (Z×Z), 

is an ordered set.  

 

In the following, each subset Z of an ordered set (V,=,≠,�,Ξ) is considered as an ordered set . 

 

Proof:  

It is clear that relations =Z = =V ∩(Z×Z), ≠Z = ≠V ∩( Z×Z), �Z = �V ∩(Z × Z) are well-defined. We will show the 

proof for the anti-order relation ξZ  = Ξ ∩ (Z×Z) only. 

 

(1) ξZ = Ξ ∩ (Z × Z) ⊆ ≠V ∩ (Z × Z) =  ≠Z ; 

(2) ≠Z =  ≠V ∩ (Z × Z) ⊆ (Ξ ∪ Ξ -1) ∩ (Z × Z) = (Ξ ∩ (Z×Z)) ∪ (Ξ -1∩ (Z×Z)) = (Ξ ∩ (Z×Z)) ∪ (Ξ  ∩ (Z×Z))-1 = 

ξZ ∪ (ξZ)-1 . 

(3) ξZ  = Ξ ∩ (Z×Z) ⊆ (Ξ∗Ξ)∩ (Z×Z) ⊆ (Ξ ∩ (Z×Z))∗(Ξ ∩ (Z×Z)) = ξZ  ∗ ξZ  . 

(4) Let a ≤Z b and a ξZ b. Then a∈Z, b∈Z and a ≤V b and aΞb. It is impossible. Thus ¬( a ≤Z b ∧  a ξZ b). So, the 

relation ≤Z and ξZ are compatible if the relation ≤V and  Ξ are such.   

 

Corollary: 3.1.1 Let Ξ is a cotransitive relation on V, and Z be a subset of V. Then the relation ξZ = ΞV ∩ (Z×Z) is a 

cotransitive relation on Z.  

 

Lemma: 3.2 Let (X, �X ), (Y,�Y) be ordered sets such that X ∩Y = �. Let θ  ⊆ X × Y and V = X ∪Y. Define a 

relation “�” on V as follows: 

� = �X ∪ �Y ∪ Θ(θ) ⊆ (X∪Y)×(X∪Y). 

 

where Θ(≤) = {(a,b)∈X × Y | (∃(x,y)∈θ ⊆ X×Y)(a �X x ∧ y �Y b}. Then (V,�) is an ordered set under order relation 

≤.  

 

Proof: (1) Let a∈V. If a∈X, then (a,a)∈�X ⊆ �. If a∈Y, then (a,a)∈ �Y ⊆ �. So, the relation ≤ is reflexive.  

 

(2) Let (a,b)∈� and (b,c)∈�. Then (a,c)∈�.Indeed we consider the following cases: 

 

(a) (a,b)∈�X ∧ (b,c)∈ �X � (a,c)∈ �X ;  

(b) (a,b)∈�X  ∧ (b,c)∈ �Y  is impossible because b∈X ∩Y = ∅; 

(c) (a,b)∈ �X ∧ (b,c)∈Θ(θ) � (∃(b’,c’)∈θ)(b,b’)∈ �X ∧ (c’,c)∈ �Y )  

                                            � (∃(b’,c’)∈θ)((a,b’)∈ �X ∧ (c’,c)∈ �Y )  

                                            � (a,c)∈Θ(θ);  

(d) (a,b)∈ �Y ∧ (b,c)∈ �X  is impossible because b∈X ∩Y = ∅; 

(e) (a,b)∈ �Y ∧ (b,c)∈ �Y  � (a,c)∈ �Y ; 

(f) (a,b)∈ �Y ∧ (b,c)∈Θ(θ) is impossible because b∈X ∩Y = ∅; 

(g) (a,b)∈Θ(θ) ∧ (b,c)∈ �X  is impossible because b∈X ∩Y = ∅, 

(h) (a,b)∈ Θ(θ) ∧ (b,c)∈�Y  � (∃(a’,b’)∈θ)((a.a’)∈ �X  ∧ (b’,b)∈�Y )  

                                              � (∃(a’,b’)∈θ)((a,a’)∈ �X  ∧ (b’,c)∈�Y ) 

                                              � (a,c)∈Θ(θ);  

(i) (a,b)∈ Θ(θ) ∧ (b,c)∈ Θ(θ) is impossible because b∈X∩Y = ∅. 

 

Therefore, the relation ≤ is transitive. 

 

(3) Let (a,b)∈� and (b,a)∈�. Then a = b. In fact: We put a instead of c in conditions (a) – (i) above. 

 

(a) If (a,b)∈�X ∧ (b,a)∈�X, then a =X b; 

(b) If (a,b)∈�X ∧ (b,a)∈ �Y, then a,b ∈ X∩Y = ∅. The case is impossible. 

(c) Let (a,b)∈�X ∧ (b,a)∈ Θ(θ). Since Θ(θ)∈X×Y, we have a,b ∈X ∩Y = ∅ The case is impossible. 
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(d) (a,b)∈ �Y ∧ (b,c)∈ �X  is impossible because b∈X ∩Y = ∅; 

(e) If (a,b)∈�Y ∧ (b,a)∈�Y, then a = b. 

(h) (a,b)∈ Θ ∧ (b,c)∈�Y  � (∃(x,y)∈θ)( a ≤X x ∧ y �Y b) ∧ (b,c)∈�Y 

                                         � (∃(x,y)∈θ)( a ≤X x ∧ y �Y c)  

                                         � (a,c)∈Θ;  

 

The cases (f), (g) (i) are also impossible.   

 

Therefore, the relation ≤ is an anti-symmetric.  

   

NOTES: (1) θ ⊆ Θ(θ). 

 

(2) Θ(θ) = ∪{(a] × [b) : (a,b)∈θ}.  

 

In fact: (x,y)∈Θ(θ) if and only if there exists (a,b)∈θ such that x ≤X a and b ≤Y y. Thus x∈(a] and y∈[b) for some 

(a,b)∈θ. Opposite, if (u,v)∈ ∪{(a] × [b) : (a,b)∈θ}. Then there exists an element (a,b)∈θ such that u∈(a] and v∈[b). 

So, u ≤X a and b ≤Y v. We conclude that (u,v)∈Θ(θ). 

 

Lemma: 3.3 Let (X,=X,≠X) and (Y,=Y,≠Y) be sets with apartness such that X ��Y.  If define a relation “≠” on V = 

X ∪ Y as follows: 

≠ = ≠X ∪ ≠Y ∪ (X×Y)∪(Y×X) ⊆ (X∪Y)×(X×Y)., 

then (V,=,≠) is a set with apartness.  

 

Proof: (1) Let a∈V be an arbitrary element. If a∈X, then ¬(a ≠X a) holds. If a∈Y, then ¬(a ≠Y a) holds. So, the 

relation “≠” is a consistent relation on V. 

 

(2) Let a ≠ b. If a∈X and b∈X, then a ≠X b. Thus, b ≠X a. If a∈Y and b∈Y, then a ≠Y b holds. Thus,  b ≠Y a. If  a∈X 

and b∈Y, then b∈Y and a∈X. Therefore, relation “≠” is a symmetric relation. 

 

(3) Let a ≠ c and let b be an arbitrary element of V. Then: 

 

       a∈X ∧ c∈X ∧ b∈X ∧ a ≠X c � (a  ≠X b ∨ b ≠X c); 

       a∈X ∧ c∈X ∧ b∈Y ∧ a ≠X c � (a  ≠ b ∧ b ≠ c); 

       a∈X ∧ c∈Y ∧ b∈X ∧ a ≠ c �   b ≠ c; 

       a∈X ∧ c∈Y ∧ b∈Y ∧ a ≠ c �  a ≠ b ; 

       a∈Y ∧ c∈X ∧ b∈X ∧ a ≠ c � a  ≠ b; 

       a∈Y ∧ c∈X ∧ b∈Y ∧ a ≠ c � b ≠ c; 

       a∈Y ∧ c∈Y ∧ b∈X ∧ a ≠Y c � (a  ≠ b ∧ b ≠ c); 

       a∈Y ∧ c∈Y ∧ c∈Y ∧ a ≠Y c � (a  ≠Y b ∨ b ≠Y c). 

So, the relation “≠” is cotransitive relation. 

 

Therefore, the relation ≠ on V is coequality relation.  

 

Lemma: 3.4 Let (X,=X,≠X,�X,αX) and (Y,=Y,≠Y,�Y,αY) be ordered sets under antiorders αX and αY  respectively such 

that X ��Y. Let θ  ⊆ X × Y and V = X ∪Y. If define a relation “Ξ” on V as follows: 

 

Ξ = (αX∪αY)∩Ω(θ),   Ω(θ) = c((Θ(θ)C) ∩ ((X × Y)∪(Y×X)), 

 

then (V,=,≠,Ξ) is an ordered set  under anti-order relation Ξ..  

 

Proof: (1)  Ξ  is a consistent relation. Indeed: From αX ⊆ ≠X , αY ⊆ ≠Y and Ω(θ) ⊆ (X×Y)∪(Y×X) follows Ξ =  αX ∪ 

αY ∪ Ω(θ) ⊆ ≠ . 

 

(2) c((Θ(θ)C) is cotransitive relation on set X∪Y. So, the relation Ω(θ) = c((Θ(θ)C)∩ ((X×Y)∪(Y×X))  is a 

cotransitive relation on set ((X×Y)∪(Y×X)) by Lemma 3.1. 

 

(3) Ξ is linear relation. Indeed: Let a and b be arbitrary element of V = X ∪Y such that a ≠ b. Then a ≠X b or a ≠Y b or 

(a,b)∈(X×Y)∪(Y×X). Then 

 

       (a,b)∈ ≠X ⊆ αX ∪ (αX)-1 ⊆ Ξ∪Ξ-1 ;  

       (a,b)∈ ≠Y ⊆ αY ∪ (αY)-1 ⊆ Ξ∪Ξ-1 ; 

       (a,b)∈(X×Y)∪(Y×X) ⊆ (Ω(θ))-1 ∪ Ω(θ) ⊆ Ξ ∪ Ξ-1 .  
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4. THE DEFINITION AND THE MAIN RESULTS: 
 

Definition: Let (X,=X,≠X,�X,αX), (Y,=Y,≠Y,�Y,αY) be ordered sets and X��Y. An ordered set (V,=V,≠V,�V ,Ξ) is 

called an extension of X by Y if there exists an ideal A and an anti-ideal B of V such that 

 

(X,=X,≠X,�X,αX) ≅ (A,=A,≠A,�A,α), (B,=B,≠B�B,β) ≅ (Y,=Y,≠Y,�Y,αY) 

Where 

=A = =V ∩(A×A), ≠A = ≠V ∩(A×A), �A = �V ∩(A × A), α = ΞV ∩ (A×A), and 

 

=B = =V ∩(B×B), ≠B = ≠V ∩(B×B), �B = �V ∩(B × B), β = ΞV ∩ (B×B). 

 

If (V,=,≠,�V ,Ξ) is an extension of X by Y, we always denote by ϕ and ψ the isomorphisms 

 

ϕ : (X,=X,≠X,�X,αX) � (A,=A,≠A,�A,α), 

 

ψ : (Y,=Y,≠Y,�Y,αY) � (B,=B,≠B�B,β). 

 

We always denote by Θ and Ω sets defined by 

 

Θ = {(a,b)∈X×Y : ϕ(a) ≤ ψ(b)} and Ω = {(a,b)∈X×Y : ϕ(a)Ξψ(b)}. 

 

The following theorem gives our first result on extension of ordered sets: 

 

Theorem 4.1 Let (V,=V,≠V,�V ,Ξ) be an extension of (X,=X,≠X,�X,αX) by (Y,=Y,≠Y,�Y,αY). Then the set X ∪Y, 

endowed with the relations “=”, “≠”, “≤” and “Σ” defined by 

 

≠ = ≠X ∪ ≠Y ∪ (X×Y)∪(Y×X),   � = �X ∪ �Y ∪ Θ,   Σ = αX ∪ αY ∪ Ω, 

 

is an ordered set and there exists strongly extensional, embedding, injective, order isotone and reverse isotone,  anti-

order isotone and reverse isotone function  

 

f : (X ∪Y, =, ≠, �, Σ) → (V,=V, ≠V, �V, Ξ). 

 

Proof: Let (X,=X,≠X,�X,αX) and  (Y,=Y,≠Y,�Y,αY) be ordered sets, X��Y, and (V, =V, ≠V, �V ,Ξ) an extension of X 

by Y. Then there exist an ideal A and an anti-ideal B of V and isomorphisms: 

 

ϕ : (X, =X, ≠X, �X, αX) � (A, =A, ≠A, �A, α), 

ψ : (Y, =Y, ≠Y, �Y, αY) � (B, =B, ≠B, �B, β). 

 

The set X ∪Y endowed with the relations: =, ≠, � and Σ as above, is an ordered set. 

 

(1) By Lemma 3.3 the relation “≠”, defined by ≠ = ≠X ∪ ≠Y ∪ (X×Y)∪(Y×X) is an apartness on X∪Y. 

 

(2) Let a∈V. If a∈X, then (a,a)∈�X ⊆ �. If a∈Y, then (a,a)∈ �Y ⊆ �. So, the relation ≤ is reflexive.  

 

Let (a,b)∈� and (b,c)∈�. Then (a,c)∈�.Indeed we consider the following cases: 

 

(a) (a,b)∈�X ∧ (b,c)∈ �X � (a,c)∈ �X ;  

(b) (a,b)∈�X  ∧ (b,c)∈ �Y  is impossible because b∈X ∩Y = ∅; 

(c) (a,b)∈ �X ∧ (b,c)∈Θ � a ≤X b ∧ ϕ(b) ≤V ψ (c)  

                                            � ϕ(a) ≤V ϕ(b) ∧ ϕ(b) ≤V ψ (c)  

                                            � ϕ(a) ≤V ψ (c) 

                                            � (a,c)∈Θ;  

(d) (a,b)∈ �Y ∧ (b,c)∈ �X  is impossible because b∈X ∩Y = ∅; 

(e) (a,b)∈ �Y ∧ (b,c)∈ �Y  � (a,c)∈ �Y ; 

(f) (a,b)∈ �Y ∧ (b,c)∈Θ is impossible because b∈X ∩Y = ∅; 

(g) (a,b)∈Θ ∧ (b,c)∈ �X  is impossible because b∈X ∩Y = ∅, 

(h) (a,b)∈ Θ ∧ (b,c)∈�Y  � ϕ(a) ≤V ψ (b) ∧ b �Y c 

                                         � ϕ(a) ≤V ψ (b) ∧ ψ(b) �V ψ(c) 

                                         � ϕ(a)  ≤V ψ (c)  

                                         � (a,c)∈Θ;  

(i) (a,b)∈ Θ(θ) ∧ (b,c)∈ Θ(θ) is impossible because b∈X∩Y = ∅. 
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Therefore, the relation ≤ is transitive. 

 

Let (a,b)∈� and (b,a)∈�. Then a = b. In fact: We put a instead of c in conditions (a) – (i) above. 

 

(a) If (a,b)∈�X ∧ (b,a)∈�X, then a =X b; 

(b) If (a,b)∈�X ∧ (b,a)∈ �Y, then a,b ∈ X∩Y = ∅. The case is impossible. 

(c) Let (a,b)∈�X ∧ (b,a)∈ Θ. Since Θ(θ)∈X×Y, we have a,b ∈X ∩Y = ∅ The case is impossible. 

(d) (a,b)∈ �Y ∧ (b,c)∈ �X  is impossible because b∈X ∩Y = ∅; 

(e) If (a,b)∈�Y ∧ (b,a)∈�Y, then a = b. 

 

The cases (f), (g) (i) are also impossible.   

 

Therefore, the relation ≤ is an anti-symmetric.  

 

(3) We consider the mapping f : X∪Y � V defined by f(a) =V ϕ(a) if a∈X and f(a) =V ψ(a) if a∈Y. 

 

The mapping f is a strongly extensional function: 

 

3.1 The mapping f is a function: Let a and b be elements of X∪Y such that a = b. Then: 

       a∈X ∧ b∈X ∧ a =X b � f(a) =V ϕ(a) =A ϕ(b) =V  f(b); 

       a∈Y ∧ b∈Y ∧ a =Y b � f(a) =V ψ(a) =B ψ(b) =V  f(b); 

Cases a∈X ∧ b∈Y and a∈Y ∧ b∈X are impossible because X∩Y = ∅. 

3.2. The mapping f is an embedding function: Let a and b be elements of X∪Y such that a ≠ b. Then: 

       a∈X ∧ b∈X ∧ a ≠X b � f(a) =V ϕ(a) ≠A ϕ(b) =V  f(b); 

       a∈Y ∧ b∈Y ∧ a ≠Y b � f(a) =V ψ(a) ≠B ψ (b) =V  f(b); 

       a∈X ∧ b∈Y ∧ a ≠ b � f(a) =V ϕ(a) ≠V ψ(b) =V  f(b) because A∩B = ∅; 

       a∈Y ∧ a∈Y ∧ a ≠ b � f(a) =V ψ(a) ≠V ϕ(b) =V  f(b) because A∩B = ∅. 

3.3 The mapping is an injective function. Let a and b be elements of X∪Y such that f(a) = f(b). Then: 

       a∈X ∧ b∈X ∧ f(a) = f(b) � ϕ(a) =V f(a) = f(b) =V ϕ(b)  

                                                � a =X b; 

       a∈Y ∧ b∈Y ∧ f(a) = f(b) � ψ(a) =V f(a) = f(b) =V ψ(b)  

                                                � a =Y b ; 

 

The case a∈X ∧ b∈Y ∧ ϕ(a) =V f(a) ∧ f(b) =V ψ(b) and ϕ(a) = ψ(b) is impossible because A∩B = ∅; 

 

The case a∈Y ∧ b∈X ∧ ψ(b) =V f(b) ∧ f(a) ≠V ϕ(b) and ϕ(b) = ψ(a) is impossible also because A∩B = ∅.  

 

3.4 f is strongly extensional function. Indeed:  Let a and b be arbitrary elements of V = X∪Y such that f(a) ≠ f(b).  

 

Then 

 

       a∈X ∧ b∈X ∧ f(a) ≠ f(b) � a∈X ∧ b∈X ∧ ϕ(a) ≠A ϕ(b) 

                                                � a ≠X b     (ϕ is a strongly extensional) 

                                                � a ≠ b. 

       a∈Y ∧ b∈Y ∧ f(a) ≠ f(b) � a∈Y ∧ b∈Y ∧ ψ(a) ≠B ψ(b) 

                                                � a ≠Y b     (ψ is a strongly extensional ) 

                                                � a ≠ b. 

       a∈X ∧ b∈Y ∧ f(a) ≠ f(b) � a ≠ b. 

       a∈Y ∧ b∈X ∧ f(a) ≠ f(b) � a ≠ b. 

 

3.5 f is order isotone. Let a,b∈X∪Y, a � b. If  a �X b, then ϕ(a) ≤A ϕ(b) since ϕ is order isotone function. Since a∈X 

and b∈Y, we have f(a) = ϕ(a) and  f (b) = ϕ(b). Then f (a) ≤A f (b) that is, f(a) � f(b). Let a �Y b. Since � is isotone,  

 

we have �(a) ≤B �(b). Since a∈Y and b∈Y, we have f(a) = �(a), f(b) = �(b). Then f (a) ≤B f (b), that is, f(a) � f(b). 

 

Let (a,b)∈Θ. By hypothesis, (a,b)∈X∪Y and ϕ(a) �V �(b). Since a∈X, b∈Y, we have f(a) = ϕ(a), f(b) = �(b). Then 

f(a) �V f(b). 

 

 

3.6 f is order reverse isotone function. If a∈X and b∈X and f(a) ≤ f(b). Then ϕ(a) = f(a) ≤ f(b) = ϕ(b), and ϕ(a) �A 

ϕ(b). Since is reverse isotone, we have a ≤X , so a � b. 
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Let a∈X and b∈Y and f(a) ≤ f(b). Then f(a) = ϕ(a)∈A, f(b) = �(b)∈B, ϕ(a) �V �(b). Since (a,b)∈X×Y and ϕ(a) �V 

�(b), we have (a,b)∈Θ ⊆ �. 

 

Let a∈Y and b∈X and f(a) ≤ f(b). Then f(a) = �(a)∈B, f(b) = ϕ(b)∈A. Since V _ f(a) �V f(b) and f(b)∈A and A is an 

ideal of V, we have f(a)∈A. The case is impossible. 

 

Suppose that a∈Y and b∈Y and f(a) ≤ f(b). Then f(a) = �(a)∈B, f(b) = �(b)∈B, and �(a) �V �(b). Since � is reverse 

isotone, we have a ≤X b and a ≤ b. 

 

(4) 4.1 Firstly, we conclude α ⊆ ≠X ⊆ ≠ and β ⊆ ≠Y ⊆ ≠. Secondly, if (a,b)∈Ω, i.e. if (ϕ(a),ψ(b))∈Ξ, then ϕ(a)∈A 

and ψ(b)∈B. So, a∈X and b∈Y. Thus, (a,b)∈X×Y ⊆ ≠. Therefore, the relation Σ is a consistent relation on X∪Y. 

 

4.2 Let a,b∈X∪Y and a ≠ b. If a∈X and b∈X, then (a,b)∈αX or (b,a)∈αX. So, (a,b)∈Σ or (b,a)∈Σ. 

 

If a,b∈Y, then (a,b)∈αY or (b,a)∈αY. Thus (a,b)∈Σ or (b,a)∈Σ.  

 

If a∈X and b∈Y, then ϕ(a)∈A and ψ(b)∈B. Since A��B, we have ϕ(a)Ξψ(b) or ψ(b)Ξϕ(a). Hence (a,b)∈Σ or 

(a,b)∈Σ-1 . 

 

If a∈Y and b∈X, then ϕ(b)∈A and ψ(a)∈B. Since A��B, we have ϕ(a)Ξψ(b) or ψ(b)Ξϕ(a). Hence (b,a)∈Σ or 

(a,b)∈Σ-1 .  Therefore, the relation Σ is linear. 

 

4.3 The function f is anti-order isotone. If (a,b)∈Σ, i.e. if (a,b)∈αX or (a,b)∈αY or (a,b)∈Ω, then: 

 

       (a,b)∈αX � (ϕ(a),ϕ(b))∈α = Ξ ∩ (A×A) 

                       � (f(a),f(b))∈Ξ                 because ϕ(a) = f(a) and ϕ(b) = f(b); 

       (a,b)∈αY � (ψ(a),ψ(b))∈β = Ξ ∩ (B×B) 

                       � (f(a),f(b))∈Ξ             because ψ(a) = f(a) and ψ(b) = f(b); 

        (a,b)∈Ω ⇔ (ϕ(a),ψ(b))∈Ξ 

                       � (f(a),f(b))∈Ξ               because ϕ(a) = f(a) and ψ(b) = f(b). 

4.4 f is anti-order reverse isotone function. Let a,b∈X∪Y such that (f(a),f(b))∈Ξ. Then: 

 

       a∈X ∧ b∈X ∧ (f(a),f(b))∈Ξ �  

       f(a) = ϕ(a)∈A ∧ f(b) = ϕ(b)∈A ∧ (ϕ(a),ϕ(b))∈Ξ ∩ (A×A) = α 

       � (a,b)∈α    ϕ is anti-order reverse isotone 

       � (a,b)∈Σ ; 

       a∈X ∧ b∈Y ∧ (f(a),f(b))∈Ξ �  

       f(a) = ϕ(a)∈A ∧ f(b) = ψ(b)∈B ∧ (ϕ(a),ψ(b))∈Ξ  

        � (a,b)∈Ω ⊆ Σ ; 

       If a∈Y ∧ b∈X ∧ (f(a),f(b))∈Ξ then f(b) = ϕ(b)∈A ∧ f(a) = ψ(a)∈B ∧ (ψ(a),ϕ(b))∈Ξ which is impossible.  

       a∈Y ∧ b∈Y ∧ (f(a),f(b))∈Ξ �  

       f(a) = ψ(a)∈B ∧ f(b) = ψ(b)∈B ∧ (ψ(a),ψ(b))∈Ξ ∩(B×B) = β  

       � (a,b)∈αY ⊆ Σ . 

 

So, the function f is anti-order reverse isotone function.    

 

 

We give the main theorem of extensions: If (X,=X,≠X,�X,αX) and (Y,=Y,≠Y,�Y,αY) are two aparted ordered sets, θ an 

arbitrary subset of X ×Y 

 

Θ(θ) = {(a,b)∈X × Y | (∃(x,y)∈θ ⊆ X×Y)(a �X x ∧ y �Y b}, 

and 

Ω(θ) = c((Θ(θ)C) ∩ ((X × Y)∪(Y×X)), 

 

then set V = X ∪ Y, endowed with the order “�”, defined by � = �X ∪ �Y ∪ Θ, and with the antiorder “Σ”, defined by 

Σ = (αX∪αY) ∪ Ω(θ), is an ordered set and it is an extension of X by Y.                                                              

  

 

 

Theorem: 4.2 Let (X,=X,≠X,�X,αX) and  (Y,=Y,≠Y,�Y,αY) be ordered sets such that X ��Y. Let θ  ⊆ X × Y and V = 

X ∪Y. Define relations “=”, “≠”, “≤” and “Σ”on V by 
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≠ = ≠X ∪ ≠Y ∪ (X×Y)∪(Y×X),   � = �X ∪ �Y ∪ Θ,   Σ = αX ∪ αY ∪ Ω, 

 

Then (V, =V, ≠V, �V , Σ) is an ordered set and it is an extension of X by Y.  

 

Proof: (I) Set V is an ordered set under partial order  ≤, by Lemma 3.2, and  it is ordered set under  anti-order Σ, by 

Lemma 3.4. 

 

(II) The set X is an ideal of V. In fact, let a∈X and b � a. Thus, we have b ≤X a, b ≤Y a or (b,a)∈Θ(θ). If b ≤X a, then 

b∈X. If  b ≤Y a, then a∈X∩Y = ∅. The case is impossible. If (b,a)∈Θ(θ) ⊆ X × Y, we have a∈X∩Y = ∅. The case is 

impossible. 

 

The set Y is an anti-ideal of V. Indeed: Let b∈Y and a∈V = X∪Y. From b∈Y ∧ a∈Y we conclude a∈Y. Let a∈X.  

 

Then a ≠ b. Thus a Σ b or b Σ a. So, last means 

 

(a αX b  ∨  a αY b ∨ (a,b)∈Ω) ∨ (b αX a  ∨  b αY a ∨ (b,a)∈Ω). 

 

The case (a,b)∈Ω is only impossible. Thus, we have (a,b)∈Ω ⊆ Σ. Therefore, the implication  

 

b∈Y ∧ a∈V � aΣb ∨ a∈Y 

holds. So, the set Y is an anti-ideal of V. 

 

(III) The identity mappings 

IX : (X, =X, ≠X, ≤X ,αX) → (X, =∩ X2, ≠∩ X2, ≤ ∩ X2, Σ ∩ X2) 

 

IY : (Y, =Y, ≠Y, ≤Y ,αY) → (Y, = ∩Y2, ≠ ∩Y2, ≤ ∩ Y2, Σ ∩ Y2) 

 

are strongly extensional, injective, embedding and onto functions. Moreover, we have 

 

=X = = ∩ (X×X),  ≠X = ≠ ∩ (X×X), �X = � ∩ (X×X) and αX = Σ ∩ (X×X), 

=Y = = ∩ (Y×Y),  ≠Y = ≠ ∩ (Y×Y), �Y = � ∩ (Y×Y) and αY = Σ ∩ (Y×Y). 

By above equalities, the mappings IX and IY are order-isotone and reverse isotone, and antiorder-isotone and reverse 

isotone functions. Thus, we have 

 

(X, =X, ≠X, ≤X ,αX) ≅ (X, = ∩ X2, ≠ ∩ X2, ≤ ∩ X2, Σ ∩ X2) 

and  

(Y, =Y, ≠Y, ≤Y ,αY) ≅ (Y, = ∩Y2, ≠ ∩Y2, ≤ ∩ Y2, Σ ∩ Y2).  

                                                                                                                         

5. REFERENCES: 
 

[1] G. Birkhoff: Lattice Theory, 3rd ed., American Mathematical Society Colloquium Publications, vol. 25, American 

Mathematical Society, Rhode Island, 1967 (Russian translation: ������ ������	, �����, 	
���� 1984). 

 

[2] E. Bishop: Foundations of Constructive Analysis; McGraw-Hill, New York 1967. 

 

[3] S. Bogdanovi and M. �iri: Semigroups; Prosveta, Niš 1993. (In Serbian). 

 

[4] D. S. Bridges and F. Richman, Varieties of Constructive Mathematics, London Mathematical   Society Lecture 

Notes 97, Cambridge University Press, Cambridge, 1987. 

 

[5] Fr. T. Christoph Jr.: Ideal extensions of topological semigroups, Canad. J. Math. 22 (1970), 1168–1175. 

 

[6] A. H. Clifford: Extensions of semigroups, Trans. Amer. Math. Soc. 68 (1950), 165–173. 

 

[7] A. H. Clifford and G. B. Preston: The Algebraic Theory of Semigroups. Vol. I, Mathematical Surveys, no. 7, 

American Mathematical Society, Rhode Island, 1964. 

 

[8] J. A. Hildebrant: Ideal extensions of compact reductive semigroups, Semigroup Forum 25 (1982)(3-4), 283–290. 

 

 

[9] A. J. Hulin: Extensions of ordered semigroups, Semigroup Forum 2 (1971)(4),336–342. 

 

[10] A. J. Hulin: Extensions of ordered semigroups, Czechoslovak Math. J.  26(101)(1976)(1), 1–12. 



D.A.Romano*/Extensions of Ordered Sets – Constructive Point of Views/ IJMA- 2(6), June-2011, Page: 969-981 

© 2011, IJMA. All Rights Reserved                                                                                                                                                 981 

 

[11] N. Kehayopulu and P. Kiriakuli: The ideal extensions of lattices, Simon Stevin 64 (1990)(1), 51–60. 

 

[12] N. Kehayopulu and M. Tsingelis: Ideal extensions of ordered semigroups, Comm. Algebra 31 (2003)(10), 4939–

4969. 

 

[13] N. Kehayopulu: Ideal Extension of Ordered Sets; International Journal of Mathematics and Mathematical 

Sciences, 53(2004), 2847–2861. 

 

[14] N. Kehayopulu, J. S. Ponizovskii and K. P. Shum:  Retract extensions of ordered sets; Journal of Mathematical 

Sciences, 136(3)(2006), 3946-3950. 

 

[15] R. Sz. Madarasz: From Sets to Universals Algebras; Novi Sad University, Department of mathematics and 

informatics; Novi Sad 2006. (In Serbian). 

 

[16] R. Mines, F. Richman and W. Ruitenburg: A Course of Constructive Algebra; Springer-Verlag, New York 1988. 

 

[17] M. Petrich: Introduction to Semigroups, Merrill Research and Lecture Series, Charles E. Merrill Publishing, 

Ohio, 1973. 

 

[18] D.A.Romano: Semivaluation on Heyting field; Kragujevac Journal of Mathematics, 20(1998), 24-40.  

 

[19] D. A. Romano: A Left Compatible Coequality  Relation on Semigroup with Apartness;  Novi Sad J. Math, 

29(2)(1999), 221-234. 

 

[20] D. A. Romano:  Some Relations and Subsets Generated by Principal Consistent Subset of Semigroup with 

Apartness; Univ. Beograd. Publ. Elektotehn. Fak. Ser. Math, 13(2002), 7-25. 

 

[21] D.A.Romano: On construction of maximal coequality relation and its applications; In :  Proceedings of  8th   

international conference on Logic and Computers Sciences “LIRA ‘97”, Novi Sad, September 1-4, 1997, (Editors: 

R.Toši and Z.Budimac) Institute of Mathematics, Novi Sad 1997, 225-230. 

 

[22] D.A.Romano: A Theorem on Subdirect product of Semigroups with Apartness; Filomat 14(2000), 1-8. 

 

[23] A.  Sz´az: Partial Multipliers on Partially Ordered Sets; Novi Sad J. Math. 32(1)(2002), 25-45. 

 

[24] A. S. Troelstra and D. van Dalen: Constructivism in Mathematics, An Introduction, Volume II; North - Holland, 

Amsterdam 1988. 

 
 �!��
��"���������	��"�����#
�
���"��$���
������	����������"��$�����������
���$�

%���&��'�(�)�&��'���
��	�*��+���,
��
�

�������������


