International Journal of Mathematical Archive-2(6), June - 2011, page: 988-993
@SJMA Available online through www.ijma.info ISSN 2229 - 5046

SELF-GRAVITATING INSTABILITY OF ROTATING VARIABLE STREAMS

Sayed A. Zaki*
Department of Mathematics and Statistics, Faculty of Science, Taif University, Taif, Saudi Arabia
E-mail: zaky_sayed@hotmail.com

(Received on: 06-06-11; Accepted on: 29-06-11)

ABSTRACT

The instability of a rotating self-gravitating non-viscous infinite medium with variable streams has been developed for
general wave propagation. Jeans instability restriction is influenced by the streaming whether it is non-uniform or not.
This is because the streaming has originally strong destabilizing influence. As the rotating force is being with two
dimensional angular velocity, the model is gravitational unstable under Jeans gravitational instability condition. We
predict that the rotating forces increase the pure self-gravitational instability states. However, the latter could be

completely suppressed as the rotation is high and perpendicular to the direction of the perturbed wave propagations.
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1. INTRODUCTION:

The self-gravitation instability is studies for first time by jeans (1902). Such studies are considered as an extension of
the work which is carried out by Darwin (1888). The modifications of Jeans criterion were made by several researchers,
e.g. Chandrasekhar (1981) and Fermi (1953), Fricke (1954), Chandrasekhar (1981) and Radwan (1988) et.al., upon
considering effects of different parameters on the self- gravitating force. Recently the self-gravitating instability of
variable streams has been developed by Senger (1981).

In the present work, the influence of rotating forces separately or simultaneously together with the streaming effects on
aself-gravitating homogenous medium of Jeans has been developed.

2. BASIC EQUATION:

We consider an infinite homogenous self-gravitational fluid medium. The fluid is assumed to rotating with a general
angular velocity.

ﬁ:(QX,Qy,QZ) )

Where the components Q of considered along the utilizing Cartesian coordinates (X, Y, ) . The fluid is also assumed

to be streaming in the initial state with the variable velocity
i, =(u,(2),0,0) Q)

Here the speed u | (z) is in the- direction but varying along the —direction of the coordinates. The model is acted upon

by the pressure gradient, self-gravitating and rotating forces. Under the present circumstances the basic equations are
given as follows:

THE VECTOR EQUATION OF MOTION:

p[%—b:+(ft.V)ﬁj:—Vp+pVV+2p(ﬁ/\fl)—%p(fl/\i7)2 3)

shows the acting forces on the fluid in th right-hand side.

*Corresponding author: Sayed A. Zaki*, *E-mail: zaky sayed@hotmail.com

International Journal of Mathematical Archive- 2 (6), June — 2011 988



Sayed A. Zaki*/ Self-gravitating instability of rotating variabl streams/ IJMA- 2(6), June-2011, Page: 988-993

The equation of continuity:

Ip . B}
a—/t’+(u.v)p=—p(v.u) “

The self-gravitating Poissons equation:

VV=-41Gp )
The polytropic equation of state:

p=Kp" (©)
Relates the pressure p and density p of the fluid, where K and I' are constants.

Here p,u and p are the fluid mass density, velocity vector and kinetic pressure,V and G are the gravitational
potential and gravitational constant respectively.

For a small departure from the unperturbed initial state, every variable quantity Q (X, ¥, z) may be expressed a

0=0,+0,+-, |Q|<<0, (7)
By the use the expansion for the basic equations the relevant perturbation equations are being:
oF, o
po ¥+(u0 .V)u1 +(u1 .V)uo ==V P, +p0 VV1 +2p0(u AQ)
®)
il i V)p =—p (V) ©)
ot o’ 1 o\ 1
V2Vl =-47Gp, (10)
op 20
1 (= _ .2 1 (=
Y +(u0.V)p1 =5, +(uO.V),o1 (11)
From the view point of equations (1) and (2) and expressing the velocity ﬁl in terms of its components
iy =G ) (12)
The linearized system (8)- (11) could be expressed a
ou ou ou op
D 1x +u 1x +u o _ —62 1
o ot 0 ox 1 1z g ox 13
8V1
+p0 E +2p0 (Qzuly —Qyulz)
du ou Jdp V.
P Dy i:—cz—lﬂo —1+2p Q u, —Q u, )
o ot 0 Jx dy 0 Jx o x 1z z lx 4
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ou ou zap aV
P S VAR —1+,0 —1+2p Q u, —Q u, )
o ot 0 Ix 0z e oy Ix x ly (15)
0
%4_” %:_p aMlx_i_ u1y+aulz
or 0 ox ol dx dy 0z
16)
%v v %
2‘ + 21 + 21 =—41Gp,
ox~ dy° 9z (17

Where use has been made of equation (11) for equation (13)-(15).
3. EIGENVALUE RELATION:

We consider a sinusoidal propagation wave in the fluid medium. Then, based on the linearized theory of stability and in
considering general propagation, time dependence of the perturbed variables could be

Q, =expli(ot+k x+k,y+k. 2)] (18)

Here O is the oscillation frequency, (i =4 1 ) while ky.k ¥, k z are the wave numbers along x, y and z directions
respectively. Consequently the linearized equation (13)-(17) degenerate to:

i Pty — PoQ, +(2py Q +p, Duy)u, + +ic*k, —ip,kV, =0 (19)
200 Q uy —iponuy, =2p,Q uy +ik, ¢’ p, —ip, k,V;=0 (20)
=P, u +2p,Q uy +ip,nu +ik c’p —ip,k V=0 @1)
ipk uy +ipyk u, +ip,ku, —inp =0 (22)
4G p,—k*V, =0 (23)

47Gp,—k*V, =0

Where

k=1/k§+k§+k§ (24)

n=0c+k u, (25)
The algebraic equations (19) — (23) could be expressed in the matrix form

Ay x; =0 (26)
Where the elements 4; (i =1,2,3,4,5 and j =12,3,4,5 ) of the matrix Aij are given in an appendix while X ;
is a column whose elements, respectively, are U, »U;y, U, 0 and Vi

For non-trivial solutions of equation (19) -(23), we must have -

This gives the required eigenvalue relation of fifth order equation in n as:
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ipn =P, 2py+p,Duy) —ip,ky
Q ipn Q —-ip k,
ATG Pose; P /?o : 'Po y
-2p,Q2, 2p,Q, ipn —ip,k,
ip,k, ip,k, ip,k, 0
ipn  =2p,Q. (2p,Q,+p,Du,) ic’k,
,120,Q,  ip,n -2p,Q. ic’k,
+k . - @7)
20,2,  2p,Q, ip,n ic’ky
ip, k. ip, ky ip,k, in
=0
In non-rotating frame i.e. Q=0 , the general eigenvalue relation (27) degenerates to
k*N*+k*(k*c® —4xGp,)N —k k_(k*c*-47xGp,)Du, =0 (28)
Where
N=w+ik u, (29)
With
w=1ip, (30)

is the growth rate while is the wave oscillation frequency. The relation (28) coincides with that derived by Sengar
(1981). It is found the relation (28) gives at least one positive real root. So that N is real positive showing that the
medium is unstable. Therefore, the streaming has strong stabilizing influence.

As aresult of this, the streaming increases the self-gravitating unstable domains and simultaneously decreases those of
stability.

One has mention here that if the fluid is at rest or with uniform streaming in the initial unperturbed state, then equation
(28) reduces to of Jeans

N’ =47Gp, —k*c? as u, uniform

@’ =47Gp, —k*c? as u, uniform 31)
The model is unstable if

| @ >0 (32)
1.€.

k, <J4xGp, lc ., k' <\|4xGp,+k2ul /¢ (33)

where is the Jeans critical wave number while is the critical wave number as the fluid streams with

we conclude that Jeans criterion for self-gravitating instability of homogeneous medium is influenced by the fluid
steaming whether the stearms are uniform or non-uniform.

Let us consider the fluid is rotating with two dimensional angular velocity Q with 2, =0 and wave propagation in

the z-direction only i.e. k x = 0,k y = 0 Then the general eigenvalue relation in such a case is given by

c'-Ac*+B=0 (34)
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Where

A=c’k?> —47G+4Q2 (35)

B=4Q%(c*k*-47Gp,) (36)

Q=,Q*+Q° (37)

2
Equation (34) is a quadratic equation in O, therefore in generally there will be two modes in which the proposed
wave equation (18) may be propagated. These modes are given such that

ol+oli=ctk?—41G p, +4Q7 (38)

ol 62=4Q1 (kP -41G p,) (39)

2 2 Sy .
Where O] and O are the square of the oscillation frequencies O and O, of two modes. By an appeal to the
properties of the quadratic equation (34), on utilizing the theory of non-linear equations, we see that each of the two

2 2
roots O1 and O must be real.

Assume that the Jeans instability condition
crk? —47ZGp0 <0 (40)
Is valid here for the present rotating model. \then on using the condition (39) for equation (38) we find
2 2
o, <0 or o, < 0 41)

Consequently, one of the two modes of the propagating wave must be unstable. This means that the rotation has a
destabilizing influence as Jeans condition (39) is satisfied.

we conclude that Jeans self-gravitating instability condition is not influenced by the rotating forces as the rotation
velocity has two components. However, if the propagation is in the z-direction and , the stability equation (33) yields

02 =402 471G p, +c* k> @)

If the rotation is so strong such that

Q>\zGp, 43)

Then the model will be never unstable.

This shows that the self-gravitating instability of the fluid medium will be completely suppressed if the propagation of

the perturbed wave is perpendicular to the direction of Q.

APPENDIX:

The elements a; j (I=1,2,...,5and j=1, 2, ...,5) of the matrix equation (26) are given by
a, =ip,n, a,==2p,Q_, a,=2p, Qy +p,Du, a, =ic’ k., as=—ip,k,,
Ay =2P,Q , ay =ip,n, ay =—2p0,Q ., a,, =ic’ ky’ ay)s =—1p, ky

as :_zpogy’ azy, =20,Q ., ay; =ip,n as, =ic’ k., as=—ip,k_,

Ay =Pk, ay =i,poky. ag=ip k.. ay=in, a;=0,

as, =0, a, =0, a;; =0, ay, =47G, agy =—k’
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