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ABSTRACT

This paper deals with a convection-diffusion problem in one-dimension with variable co-efficient wherein an artificial
—diffusion term is present. As a closed form solution, in general, is not possible the classical Frobenious method of
series solution was used to solve the governing differential equation. Further the problem is also solved by making use
of a central difference scheme. The Froeinious series solution is numerically computed and the results are compared
with those obtained by central difference scheme. The results are depicted through graphs and the results obtained by
both the methods seem to be in good agreement. It is observed that the artificial diffusion term plays a significant role
in the behaviour of the solution.

1. INTRODUCTION

Martin Stynes in his exemplary contribution [9] has presented an excellent survey of steady-state convection-diffusion
problems. Quoting Morton [10], Stynes observes that while the most common source of convection-diffusion problem
is through linearization of Navier-Stokes equation with large Reynolds number, there are at least ten diverse situations
where such equation occurs. As, Morton states “Accurate modeling of the interaction between convective and diffusive
processes is the most ubiquitous and challenging task in the numerical approximation of partial differential equations”.
The numerical studies of convection-diffusion problems dates back to the mid 1950’s see Allen and South well [1] and
though there was a bit of lull for some time the studies have gained momentum since 1970’s to today. For a detailed
history of the development of numerical methods one can see in M. Stynes [15].

The present authors recently have studied a convection-diffusion problem with constant coefficients which yielded a
closed form solution [14]. They have also obtained a numerical solution and found that the numerical solution and the
closed form solution are in good agreement. Motivated by the comments of Martin Stynes in [9], P.463 in the present
paper the authors proposed to study a convection-diffusion problem with variable coefficients wherein the diffusion
coefficient in reference [14] is apparently increased by adding an artificial diffusion term to the diffusion coefficient.

The revised differential equation is solved first by the classical series solution method of Frobenius. Subsequently the
differential equation is also solved numerically making use of a central difference scheme. The solution is obtained by
Frobinius method is numerically computed for a given diffusion parameter and is compared with the Numerical
solution. The results are seem to be in good agreement. The artificial diffusion term introduced seems to have
influenced the boundary layer thickness and in the present case the boundary layer thickness is reduced in comparison
with that obtained in [14].
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2. SOLUTION TECHNIQUES
2.1. Analytical solution

In the case of Convection — Diffusion problem

d’u  du _ o
&= +—=1 With the boundary conditions u(0) =u(1) = 0
dx dx
—(1—X)i _e—llg
Analytical solution in [14] is u(X)=X—e 7 for 0 <x <1 the associated graphs of the
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2.2. Series solution method:

Now we shall consider the two—point boundary value artificial diffusion — convection problem in one-dimension given
by

2
_E +h7xjjx—;+xg—i+uz:lwith u(0)=0, u(1)=0 1)
Let P(X) - X q(x):-# r(x) = - ; and (1) be brought to the Standard
e+ ) e+ ) e+ X
2 2 2
Form:
d’u du .
—+p(X)—+q(x)u=r(x) withu(0)=0, u(l)=0 (1.1)
dx dx

The differential equation (1.1) is linear with variable coefficients. Closed form solution for this equation seems to be
out of reach. Hence we propose to solve by applying series solution method due to Frobenius. x =0 is an ordinary point
of (1.1), its every solution can be expressed as a series of the form

00 K
u= Y a X @)

Writing (2) and the expressions of

2
du_ ® k-1 du_ & k—2
—=3 a, kx4, —== > a, k(k-1)x ®3)
dx k=p K dx? k=0 K
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From (1) we have

hxj 0 k -2 x k-1 x k

- le+—| X ap k(k-1)y +x Y a ky Ttu= Y a y =1
[ 2 Jk=2 K k=1 K K=o K

The expressions for a, , a3, a4, as, .... In terms of ay, a; are given by

L _a-1 gah-tasd ,  6earD-(n'-p'a—4ahe)

22 12¢2 ' 48¢°

. 8¢ (h-ha,+4as)-3h(6ga,-6e—h’+h’,-4a, he)
o 480¢*

Etc.,

On comparison of coefficients of lowest degree terms of x to zero, to determine the coefficients in terms of a,, a;
numerically, the recurrence relation may be obtained as

1 nh _
amz—m{an Ta”“}’ n=2,3,4. ()

These coefficients are related in terms of agand a;

On Substitution of all the values in equation (2) and the boundary conditions u(0) = 0, u (1) = 0 the series solution may
be obtained for h=0.01, £ = 0.05 as

u=1.626954733x -10 x> +11.17969822 x* -50.55848491 x* +47.75233197 x°+.... ()

The approximated graph of (5) which is the solution of (1) is given below
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Figu_r'e‘— 2 —Graph of Eqgn (1) by Frobinus Mét'huod

Which satisfies the condition of convergence in the interval 0 < x < 1 by virtue of D’alembert’s ratio test. The condition
of convergence can be established by introducing the partial sums.

2.3. FINITE DIFFERENCE METHOD

Consider the artificial diffusion — convection equation

2
o hxydfu du 4 it u(0)=0,u(1) =0 (6)
2 )gx2 = dx
Apply central difference scheme to the above differential equation where
' u,,- U, U,,-2U,+U,
u X) = i+1 i-1 and u” X) = i-1 i i+1 (7)
() = 12 ang U'(x) = =5
Where u; = u(x;). x= ih on substitution of (7) in (6) the new equation is
ih*) u_,-2u+u, .. U.,-U,
—| e+ i-1 2| i+1 + lh i+1 i-1 +ui :1 (8)
2 h 2h
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The final transformed difference scheme is
U+ biui+ciui—1:di 9)

Where 8, = -¢, b, = 2 +h? (1+i ),Ciz-@ —|—ih2) d,=h’

The boundary conditions u(0) = u(1) = 0 are represented by uy =0, uy =0 Equation (9) represents a Tri-diagonal Matrix
of the form

Au =D
Where the co-efficient matrix A is of order n-1. The Non-homogeneous linear system is solved by applying Thomas

algorithm. Here The Co-efficient matrix is a Monotonic matrix. This concept incorporated in this problem reduces the
variations in the computed solution. The computed result with corresponding graph is shown below.

1. MNumerical solutionf artificial diffusion —convection equation
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Figure-3: Numerical solution of the Artificial-diffusion equation.

Table-1: (¢=0.05)

X

X

u

X

u

0

0.26

0.5157

0.51

0.6919

0.76

0.7591

0.01

0.0345

0.27

0.5261

0.52

0.6964

0.77

0.7585

0.02

0.0672

0.28

0.5361

0.53

0.7008

0.78

0.7574

0.03

0.0982

0.29

0.5457

0.54

0.705

0.79

0.7556

0.04

0.1275

0.3

0.555

0.55

0.7091

0.8

0.753

0.05

0.1553

0.31

0.564

0.56

0.7131

0.81

0.7495

0.06

0.1817

0.32

0.5726

0.57

0.7169

0.82

0.745

0.07

0.2068

0.33

0.5809

0.58

0.7206

0.83

0.7392

0.08

0.2307

0.34

0.589

0.59

0.7242

0.84

0.7319

0.09

0.2534

0.35

0.5968

0.6

0.7276

0.85

0.7229

0.1

0.275

0.36

0.6043

0.61

0.731

0.86

0.7118

0.11

0.2956

0.37

0.6115

0.62

0.7341

0.87

0.6982

0.12

0.3152

0.38

0.6185

0.63

0.7342

0.88

0.6816

0.13

0.3339

0.39

0.6253

0.64

0.7401

0.89

0.6615

0.14

0.3518

0.4

0.6319

0.65

0.7428

0.9

0.6371

0.15

0.3689

0.41

0.6383

0.66

0.7454

0.91

0.6076

0.16

0.3853

0.42

0.6444

0.67

0.7479

0.92

0.5719

0.17

0.4009

0.43

0.6504

0.68

0.7501

0.93

0.5288

0.18

0.4159

0.44

0.6562

0.69

0.7522

0.94

0.4768

0.19

0.4302

0.45

0.6618

0.7

0.754

0.95

0.4139

0.2

0.444

0.46

0.6672

0.71

0.7556

0.96

0.338

0.21

0.4572

0.47

0.6724

0.72

0.757

0.97

0.2461

0.22

0.4698

0.48

0.6775

0.73

0.758

0.98

0.1348

0.23

0.482

0.49

0.6825

0.74

0.7588

0.99

0.0001

0.24

0.4937

0.5

0.6873

0.75

0.7591

0.25

0.5049
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3. OBSERVATIONS

It has been observed that the graphs shown in Fig(1), Fig(2), Fig(3) maintain character preserving phenomena over
(0,1). Especially in the interval of smooth region steep down fall of the graph coinciding with the actual solution is an
appreciable thing of considerable order. For small ¢ the equation is dominated by the convection term. The boundary or
interior layers may appear along downstream of the convection direction i.e., after the smooth region the diffusion
effect is visible in the interval (8, 1). Stable solution is observed under the influence of the artificial-diffusion. The
exact solution is non-zero almost everywhere except in a narrow boundary layer sub-intervel very close to the point
x=1. The numerically computed values of u also support this statement vide Table-I. The computed solution and the
series solution exhibit good agreement on the convection-diffusion phenomena almost through out the the region.
Whenever there is very little diffusion then the solution has varrying nature as compared to the exact solution [1].
When diffusion is more (Artificial diffusion), then the computed layers are smeared.
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