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ABSTRACT 

In this paper we considered the concept of Power pattern demand with inventory returns and special sales using power 
pattern demand function. This paper explains us how the stockiest will feel that there is large demand for the product 
and tempt to store large quantity in the inventory.  
 
 
1. INTRODUCTION 
 
The problem of returning or of selling the inventory excess to the stock level arises in any business organization when 
the stock level of inventory system is smaller than the amount on hand. On the other hand, if in any wholesale or retail 
business, the demand of particular item deplenishes due to launching of new product which is superior and cheaper. 
The other reason could be the effect of new budget such as price increase due to the product becomes more than the 
optimal stock level. In such an instance the optimum amount to be returned or sold, if any should be determined by 
balancing the losses due to various costs involved. Naddor [1], has considered this problem for the EOQ in inventory 
system. Dave U [2], has reconsidered this problem for an order level inventory system. I in all these models, the 
demand 0during in an inventory cycle occur at a constant rate, so that the on hand inventory at any time can be 
represented by linear function of time. This assumption does not hold good in many real world problems and in fact the 
on hand inventory, behaves as a non-linear function. Naddor [3], has specified a general class of demand pattem in 
terms of the on hand inventory Q(t) shown as 
 
𝑄𝑄(𝑡𝑡) = 𝑆𝑆 − 𝑅𝑅(𝑡𝑡 𝑇𝑇⁄ )1 𝑛𝑛⁄ ,   0 ≤ t ≤T                                                                                                                                    (1) 
 
Where ‘S’ is the stock on hand at beginning of the period (called the order level) 
‘T’ is the length of the inventory cycle, 
‘R’ is the demand size during T, and 
‘n’ is constant, called pattern index. 
 
The type of demand that leads to the above form of on hand inventory is known as power pattern demand. If a large 
portion of the demand occurs at the beginning of the period, we use n>l, and if it occurs at the end of the period, we use 
o<n<l. The case of n=l corresponds to the constant rate of the demand and n = ∞ instantaneous  demand. The quantum 
of reported research in this direction appears to be meager. Aggarwal and Goel [4] had derived order level inventory 
models with power pattern demand assuming that the items in stock deteriorate over time. K.S. Rao [5] has 
reconsidered the concept of power pattern demand and extensively discussed in the context of two levels of storage, for 
deteriorating items. The concept of power pattem demand (PPD) has an interesting application in the context of 
inventory return. The proposed model combines the aspect of PPD with inventory returns for an infinite horizonmodel, 
and we study the effect of ‘pattern index’ on the policy variables. 
 
2 ASSUMPTIONS &NOTATIONS 
 
The mathematical model is developed under the following assumptions. 

(i) T is the fixed length of one period. 
(ii) The demand size ‘R’ during ‘T’ is known deterministically. 
(iii) Replenishment rate is infinite and its size is constant. Lead time is zero. 
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(iv) The fixed lot size ‘q’ rises the inventory at the beginning of the scheduling period to the order ‘S’. Shortages if 

any are to be backlogged. 
(v) The system starts with an amount of Q units on hand out of which only P units are retained after retuming or 

selling the rest. The problem is to determine the optimal value of P. 
(vi) The inventory holding 𝐶𝐶1 cost per unit per unit time. The shortage cost Rs. 𝐶𝐶2per unit per time and the 

returning or selling cost𝐶𝐶4perunit are known and constant during the period under consideration. 
 
3. MODEL DESCRIPTION AND ANALYSIS 
 
Consider the period 𝑇𝑇1with an initial inventory level of Q units, and final inventory level of zero. Since (Q-P) units are 
retumed or sold, the P units are to be consumed by the time, say, 𝑡𝑡1(𝑡𝑡1 ≤ 𝑇𝑇)1 
 
If Q (t) denotes the inventory level at time t (0 ≤ t ≤𝑡𝑡1) 
 
Then the differential equation governing the system during r, is given by 
𝑑𝑑 𝑄𝑄1(𝑡𝑡) 𝑑𝑑𝑑𝑑⁄ + 𝑅𝑅 𝑡𝑡1

𝑛𝑛−1� 𝑛𝑛𝑇𝑇1 𝑛𝑛⁄⁄ = 0                                                                                                                                     (2) 
 
Using the boundary conditions 𝑄𝑄1 (O) = P and 𝑄𝑄1(𝑡𝑡1) = 0, the solution of equation (3). Since it gives general structure 
and considers various pattern of demand.  
𝑄𝑄1(𝑡𝑡) = 𝑃𝑃 − 𝑅𝑅(𝑡𝑡 𝑇𝑇⁄ )1 𝑛𝑛⁄ (0 ≤ t ≤𝑡𝑡1)                                                                                                                                   (3) 
 
∴ 𝑡𝑡1 = (𝑃𝑃 𝑅𝑅⁄ )𝑛𝑛𝑇𝑇...(4) 
 
From (3.3.3) and (3.3.4) the total inventory carried during𝑡𝑡1, is 
𝐼𝐼1(𝑃𝑃) = ∫ 𝑄𝑄1

𝑓𝑓1
0 (𝑡𝑡)𝑑𝑑𝑑𝑑 = 𝑃𝑃𝑛𝑛+1

(𝑛𝑛+1)𝑅𝑅𝑛𝑛
𝑇𝑇                                                                                                                                     (5) 

 
The total cost of the inventory system during the period T is given by 
𝐾𝐾(𝑃𝑃) = 𝐶𝐶4(𝑄𝑄 − 𝑃𝑃) + 𝐶𝐶1𝐼𝐼1(𝑃𝑃) + (𝑇𝑇 − 𝑡𝑡1)𝐾𝐾1                                                                                                                   (6) 
 
Where 𝐾𝐾1 = 𝐶𝐶2𝑞𝑞[1 − (𝐶𝐶1 𝐶𝐶1 + 𝐶𝐶2⁄ )1 𝑛𝑛⁄ ] 𝑛𝑛

(𝑛𝑛+1)
                                                                                                                  (7) 

 
is the total average inventory cost for the optimal order level inventory system with Power Pattern Demand (PPD) 
during (T−𝑡𝑡1) , the derivation can be had from Naddor [3]. Further, we note that 𝑆𝑆0 of S in 

𝑆𝑆0 = 𝑞𝑞𝑝𝑝 �
𝐶𝐶2

𝐶𝐶1+𝐶𝐶2

𝑛𝑛 ...(8) 

 
Then using (3.3.4) and (3.3.5), (3.3.6) and (3.3.7) in (9) we get 
𝐾𝐾(𝑃𝑃) = 𝐶𝐶4(𝑄𝑄 − 𝑃𝑃) + 𝐶𝐶1𝑃𝑃𝑛𝑛+1

(𝑛𝑛+1)𝑅𝑅𝑛𝑛
𝑇𝑇 + 𝐾𝐾1𝑇𝑇

𝑅𝑅𝑛𝑛
(𝑄𝑄𝑛𝑛 − 𝑃𝑃𝑛𝑛)                                                                                                            (9) 

 
The value of P is the solution of 𝑑𝑑

𝑑𝑑𝑑𝑑
𝐾𝐾(𝑃𝑃) = 0  and is given by the equation 

𝐶𝐶1𝑃𝑃𝑛𝑛𝑇𝑇 − 𝑛𝑛𝐾𝐾1𝑇𝑇𝑃𝑃𝑛𝑛+1 = 𝐶𝐶4𝑅𝑅𝑛𝑛                                                                                                                                           (10) 
 
The above equation is a Polynomial in P of order n. It contains n roots, among which only admissible shall be 
considered. Here admissible roots means that a root which is having positive root with minimum cost when compared 
to all other positive roots. The value of𝑃𝑃0 shall however be the positive root of the above expression. To ensure 
feasibility of the solution, the second derivative of K (P) with respect to P should be positive. This value of P° will give 
minimum cost solution. It can be seen from the theorem below that K (P) is convex. 
 
Theorem: The cost function K (P) is convex if 

𝐶𝐶1 ≥
𝐾𝐾1(𝑛𝑛 − 1)

𝑃𝑃
 

 
Where𝐶𝐶1, 𝐾𝐾1, n and P as defined above 
 
The second derivative of K (P) in (7) with respect to P is 

𝐶𝐶1𝑇𝑇𝑇𝑇.𝑃𝑃𝑛𝑛+1

𝑅𝑅𝑛𝑛
− 𝑛𝑛𝑛𝑛𝐾𝐾1(𝑛𝑛 − 1)𝑃𝑃𝑛𝑛−2 ≥ 0 

 

⟹ 𝐶𝐶1 ≥
𝐾𝐾1(𝑛𝑛 − 1)

𝐶𝐶1
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Hence the proof when nil the demand pattern will be linear and equation reduces to 

𝑃𝑃0 =
𝑅𝑅𝐶𝐶4

𝐶𝐶1
+
𝑆𝑆0

2
 

is the optimal quantity to be retained in the context of order level inventory model as given by Dave [23]. 
 
4: SOLUTION METHOD WITH n = 2 
 
We now illustrate the solution method for the pattern index n = 2. The equation (3.3.9) reduces to 
𝐶𝐶1𝑇𝑇𝑃𝑃2 − 𝐾𝐾1𝑇𝑇𝑇𝑇𝑇𝑇 − 𝐶𝐶4𝑅𝑅2 = 0                                                                                                                                         (11) 
 
Which is a quadratic equation in P and the roots are given by 

            P° =𝐾𝐾1𝑇𝑇𝑇𝑇±∆1 2⁄

2𝐶𝐶1𝑇𝑇
                                                                                                                                                       (12) 

 
Where ∆= (𝐾𝐾1𝑇𝑇𝑇𝑇)2 − 4(𝐶𝐶1𝑇𝑇)(−𝐶𝐶4𝑅𝑅2)                                                                                                                         (13) 
 
Interestingly it happened that, P° obtained in above equation turn out to be real roots only. This can be established in 
the following proposition. 
 
Proposition 
 
The equation defined in (10) will have real roots only. 
 
Proof: For P° to be real if ∆≥ 0where ∆ is defined in (11) i.e., 𝑛𝑛𝐾𝐾1𝑇𝑇 + 4𝐶𝐶1𝑇𝑇𝑇𝑇4𝑅𝑅2which is always positive. Hence the 
proof is complete. The equation (9) will have two real roots. The negative roots will be ignored. If there are two 
positive distinct roots we take a root which gives minimum cost as the optimum quantity to be retained. We therefore 
suggest the following sequence of steps. 
 
Step-1: For the given hypothetical parameters𝐶𝐶1,𝐶𝐶2,𝐶𝐶4,T, D and patternindex n, compute P value from equation (12). 
Check 𝐶𝐶1 ≥

𝑘𝑘1(𝑛𝑛−1)
𝑃𝑃

 If this inequality is not satisfied , stop. Otherwise go to next step. 
 
Step-2: If the roots obtained in step l are real and distinct say P° and R consider the following cases. 

(i) If two roots are less than ‘Q’ we compare the costs of P° and P| say C (𝑃𝑃0) and C (𝑃𝑃1). If C (𝑃𝑃0) <C (𝑃𝑃1),𝑃𝑃0 
will be the optimum quantity to beretained. Otherwise R is the optimum quantity to be retained 

(ii) IF both roots are greater than Q, the optimal quantity to be retained would be “Q” units 
(iii) If one root of ‘P’ say 𝑃𝑃0 greater than Q take 𝑃𝑃0 = Q. Ifthe otherroot is less than Q say𝑃𝑃1, we compare the cost 

of C (Q) and C (𝑃𝑃1), using equation (6). If C (Q) < C (P), we take ‘Q’ is the optimum inventory level to be 
retained. Otherwise 𝑃𝑃1 will be taken as optimum quantity to beretained 

 
We now illustrate above method numerically. 
 
5. NUMERICALILLUSTRATION 
 
As an illustration to the above developed model, consider a hypothetical system with the following parameter values. 
 
𝐶𝐶1 = Re 0.56 per unit per month, 𝐶𝐶2 = Rs 5.04 per unit per month.𝐶𝐶4 = Re 0.28 per unit, R=2400 units per month,         
Q: 4800 per unit per month and T = 0.5 month. 
 
Now from equation (12) we get 𝑃𝑃1 = 2797.75 and P°= -2058 79 
 
Here we take 𝑃𝑃1as the optimum quantity to be retained (P<Q) i.e., P° of P with minimum cost Rs. 1188.71 
 
In table 3.1 the values of P° for different values of 𝐶𝐶4 i.e special sales aresummarized to check the sensitivity of the 
model with respect to specialsales 𝐶𝐶4 
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From the above table we note that P is an increasing function of 𝐶𝐶4 i.e., special sales. 
 
6. SENSITIVITY ANALYSIS WITH RESPECT TO PATTERNINDEX 
 
It is interesting to note that as the pattern index is greater than 1, the stock clearance will be faster when compared to 
linear stock depletion. To carry out sensitivity analysis with respect to pattern index ‘n’ at first we must evaluate (10) to 
find optimum value of P° of P. To do so, we consider same parametric values given in section 3.5 with varying pattern 
index. The equation (10) is a polynomial in P and can be written as 
∅(𝑃𝑃) = 1

𝐶𝐶1
� 𝐶𝐶4𝑅𝑅𝑛𝑛

𝑇𝑇𝑃𝑃𝑛𝑛−1 + 𝑛𝑛𝑘𝑘1�                                                                                                                                                 (15) 
 
Since in the above equation ∅(𝑃𝑃)=P is a function of P, one can use iterative procedure by ensuring ∅(𝑥𝑥)<1. The 
following results are obtained for various values of pattern index n. 
 

 
 
The values in the table from column 2 to 5 are obtained using equation (7), (8), (9) & (10) respectively. The above table 
demonstrates that as pattern n index increases the order level S° and quantity to be maintained i.e. P° will be an 
increasing function of pattern index n 
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DISCUSSION 
 
In this paper we have used the concept of Power pattern demand with inventory returns and special sales using power 
pattern demand function. We have obtained expressions for optimum quantity to be retained and the minimum cost. 
The model is sensitive with respect to special sales and pattern index. This gives a generalized model. It is general in 
the sense that it considers various patterns of index n. The case of n>1 is interesting since the large portion of demand 
occurs at the beginning of the period so that inventory returns will be realized quickly. Moreover, the stockiest will feel 
that there is large demand for the product and tempt to store large quantity in the inventory. This obviously leads to the 
situation of inventory returns. The case of inventory returns will be more interesting in the context of stochastic 
demand. With this we end the discussion on deterministic inventory models with inventory returns & special sales and 
proceed to the next chapter to discuss stochastic inventory models in the context of inventory returns and special sales. 
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