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ABSTRACT
In this paper, we introduced the concept of fuzzy translations, fuzzy multiplications and fuzzy extensions of
interval-valued fuzzy subalgebras of BG -algebras and investigated some of their basic properties.
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1. INTRODUCTION

In 1966, Imai and Iseki [4] introduced the two classes of logical algebras viz. BCK-algebras and BCl-algebras. It is
known that the notion of BCl-algebra is a generalization of notion of BCK-algebras. In 2002, Neggers and Kim [9]
introduced a new notion, called B-algebras which are related to wide classes of algebras such as BCI/BCK-algebras[5].
Kim and Kim [6] introduced the notion of BG-algebra which is a generalisation of B-algebra. The concept of a fuzzy set,
was introduced by Zadeh[12]. In [1] Ahn and Lee applied the fuzzy notions to BG-algebras and introduced the notion of
fuzzy BG subalgebras. In [13] Zadeh made an extension of the concept of fuzzy set by an interval-valued fuzzy set.
Atanassov and Gargov [2] introduced the concept of interval-valued intuitionistic fuzzy set. In [3] different operators
over interval-valued intuitionistic fuzzy sets are defined. A.B.Saeid [10] defined interval-valued fuzzy BG-algebras. The
concept of fuzzy translation, fuzzy multiplication and fuzzy extension in fuzzy subalgebras and fuzzy ideals in
BCK/BCI -algebras and fuzzy groups has been discussed in [7, 8, 11] . Motivated by this, In this paper we introduced
fuzzy translation, fuzzy multiplication and fuzzy extension in interval-valued fuzzy BG-subalgebras.

2.PRELIMINARIES

Definition 2.1: A BG-algebra is a non-empty set X with a constant ‘0 ‘and a binary operation “** satisfying following
axioms:

(i) x*x =0,
(ii) x*0 = x,
i) (x*y)*(0*y)=x,V X,y € X.

For brevity we also call X a BG-algebra.

Example 2.2: Let X={0, 1, 2, 3, 4} with the following caley table

*

AW INRLR|O|O
WIN PO~ |[F
NP O|RlwW(N
RO WINIW

Ol |WINF|D>

AlW(IN|FL,|O

Then ( X, *, 0) is a BG-algebra.
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3. INTERVAL-VALUED FUZZY SETS

The notion of interval-valued fuzzy set was introduced by L.A.Zadeh[13]. To consider the notion of interval-valued fuzzy
sets, we need the following definitions. An interval number on [0,1], denoted by &, is defined as the closed sub

interval of [0,1], where é:[g,a] ,satisfying 03@3531. Let D[0,1] denote the set of all such interval

numbers on [0,1] and also denote the interval numbers [0,0] and [1,1] by 0 and 1 respectively.

5. 4,4, <[min(a,a, a,a,,8,3,,8,a,), max(a,a,a,a,,8,3,,8,a,)] =[3,a,,8,3,]
6. ka=[ka,ka] where 0<k <1

Now consider two intervals & =[a,,a,],4, =[a,,a,] € D[0,1] then we define refine minimum rmin as
rmin(él,éz):[min(al,az),min(a,a_z)] and refine maximum rmax as
rmax(d,, d,) = [max(a,,a,), max(a,,a,)] generally if & =[3,Ei],6i =[b,.b,]e D[0,1] for i= 1.23,..then

we define  rmax(,b) =[max(a,b,),max(a,b)] and rmin(a,b)=[min(a,b), min(a, b,

)] and

rinf, (&) = [/\iﬁ’/\igi] and rsup;(a) = [Viﬁ’vigi]

(D[0,1],<) is a complete lattice with A = rmin,v = rmax, 0 = [0,0] and 1= [1, 1] being the least and the
greatest element respectively.

Definition 3.1 An interval-valued fuzzy set defined on a non empty set X as an objects having the form
=% [u(X), u(X)]}, Vx e X where £ and g are two fuzzy sets in X such that z2(X) < z(X) forall x e X.

Let fi(X) = [(x), u(X)], VX € X ,then fi(x) € D[01],Vx € X.

If £ and vV be two interval-valued fuzzy sets in X, then we define

iV e forall p(X)<v(x) and p(X) <v(x).

« 1=V e forall u(x)=v(x) and u(x)=v(x).

(2 0v)(x) = f1(%) v ¥(x) = [max{u(x), v(x)}, maxgu(x),v(x)}.
(2 NV)(%) = f1(X) Av(X) = [mindu(x), v (x)}, mingu(x),v(x)}].
(2xV)(%,y) = 1(x) Av(y) = [minfu(x), v(y)}, mingu(x),v(y)}.
A°(X) = [1= (%), 1= p(x)].

Definition 3.2 Let £ be an interval-valued fuzzy set in X. Then for every [0,0]<{ <[1,1], the crisp set
i, ={xe X | f1(x) >t} iscalled the level subset of /1.

Definition 3.3 ([10]) An interval-valued fuzzy set £z in BG-algebra X is called an interval-valued fuzzy BG-subalgebra
of Xif g(x*y)>rmin{z(x), z(y)} forall x,ye X.
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Example 3.4 Consider BG -algebra X ={0,1,2,3} with the following cayley table.

*

WIN|FPL|O

WIN|P,|O| O
NW O] -
RPIO|WIN N
OIFRIN Wl W

Define 1: X — D[0,1] by £(0) = £2(2) =[0.4,0.9], (1) = 22(3) =[0.3,0.5] then it is easy to verify that 1
is an interval-valued fuzzy BG-subalgebra of X.

Remark 3.5: ([10]) If ,[11 and [12 be any two interval-valued fuzzy BG-subalgebras of X. Then their intersection
(,[11 N [12) is also an interval-valued fuzzy BG-subalgebra of X.

4. FUZZY TRANSLATION AND FUZZY MULTIPLICATION OF INTERVAL-VALUED FUZZY
BG-ALGEBRAS

In what follows X denotes a BG-algebra, and for any interval-valued fuzzy set fi = [,u,;] of X, we denote

T =1—sup{u(xX)| xe X} where T = (T, T) suchthat T <T.

Definition 4.1: Let 4 an interval-valued fuzzy subset of X and OSES'I_' where & :[g,a]. A mapping
i : X — D[0,1] issaidtobeanfuzzy @ translationof f ifitsatisfies 2 (X) = f(X)+a forall X e X.

Example 4.2: Consider the interval-valued fuzzy set 4 asin Example 3.4, T=1-09=01 let 4= [0.02,0.09] e [61:]
Thenthe ¢ translation of interval-valued fuzzy set i is given by
AL(0) = A (2) = [0.42,0.99], 21 (1) = A1 (3) = [0.32,0.59].

Definition 4.3: Let iz an interval-valued fuzzy subset of X and /3 € D[0,1] .A mapping ,[t;/' : X = D[0,1] is

said to be an fuzzy 3 multiplication of i if it satisfies [z/'\;' (X) = B.A(X) forall Xe X.

Example 4.4: Consider the interval-valued fuzzy set 4 as in Example 3.4, let ,B =[0.3,0.6] Then the ,é
multiplication of interval-valued fuzzy set zz is given by

,&g" 0)= ,&2" (2)= [0.12,0.54],,&2" 1)= ,&;" (3) =[0.09,0.30].

Definition 4.5: Let 4 an interval-valued fuzzy subset of X and &e[(),'l:] and ﬁe D[0,1]. A mapping
,&g : X — D[0, 1] is said to be a fuzzy magnified (3¢) translation of /i if it satisfies ,[12,"1 (X)= B.Aa(X) +é

forall Xe X.

Theorem 4.6: Let 1 be an interval-valued fuzzy subset of a BG-algebra X. Let & € [6,1:] and ,é € D[0,1], then

4 is interval-valued fuzzy BG-subalgebra X iff ,[1/';"; is an interval-valued fuzzy BG-subalgebra X.

Proof: Let 4 be an interval-valued fuzzy BG-subalgebra X, then for X,y e X, we have
g (xxy) = Bfu(xxy) + & = frmini(x), il(y)}+é

= rmin{B. 2(x) + &, B.A(y) + &}

= rmin{] (x), 27 (y)}.
Hence ,[1/';"; is an interval-valued fuzzy BG-subalgebra X.
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Conversely, assume ,&W is an interval-valued fuzzy BG-subalgebra X, then for X,y € X, we have
Bi(x+y)+a = Ay (e y) = rmin{ag! (%), i, ()}

= rmin {B. a(x)+a, B.aly) +a}
= prmin{a(x), i4(y)}+a

= BA(x*y)+a > pormin{fi(x), A(y)}+&.
which implies z(x*y) > rmin{a(x), z(y)} forall x,y e X.

Hence [1;"; is an interval-valued fuzzy BG-subalgebra X.

Corollary 4.7: Let £z be an interval-valued fuzzy subset of a BG-algebra X and ae [6f] then £ is an interval -

valued fuzzy BG-subalgebra X iff [tl is an interval-valued fuzzy BG-subalgebra X.

Proof: Put ,B =1 in Theorem 4.6.

Corollary 4.8: Let f be an interval-valued fuzzy subset of a BG-algebra X and ﬂA e D[0,1] then z isaninterval -
valued fuzzy BG-subalgebra X iff ,[1/';/' is an interval-valued fuzzy BG-subalgebra X.
Proof: Put @ = 6 in Theorem 4.6.

Theorem 4.9: Let £z be an interval-valued fuzzy BG-subalgebra X, then ,&2’: 0) > ,[1;"(: (x) forall xe X.

Proof: Here [1 be an interval-valued fuzzy BG-subalgebra X therefore [12"; is an interval-valued fuzzy
BG-subalgebra X.

AT (0) = 28T (x*X) = B.A(x*x)+a
> Armingii(x), Z(x)}+a
=rmin {4,100+, .10 + @}
= rmin{[5.4(x) + &, /409 + &1 [BA(x) + &, f.i(0)+aly
= [min{B.4(x) + & B.i(x) + &, min{B.a(X) + &, f.a(X) +a}]
= 700

= A (0> 21 ()

Theorem 4.10: Let ,[t/';/'; be an interval-valued fuzzy BG-subalgebra X where & € [é,f] and ﬁ,f e D[0,1] with

t > &, then the level subset U["\}"L (,) ={xe X | B.a(x) =T -4}, V f e Im(Q) isasubalgebra of X.
Proof: Let X,y EUEAL(/},{) = Ba(X)=2{-é& and B.a(y)=t-a

= Ba(X)+a >t and BA(y)+é >t

= /“5 T (x) >{ and ,uMT(y) >,
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Now

fig (xxy) > rmin {3 (x), 257 (¥)}
> rmin {f, {}
= rming[£, €], [£, {1}
= [min{t, £}, min{t, t}]
=[f,f]=f

jﬁﬁ(x* y)+&2f

= (xxy)eU}" (4,1).

Theorem 4.11: Intersection and union of any two fuzzy translation of an interval-valued fuzzy BG-subalgebra of X is also
an interval-valued fuzzy BG-subalgebra of X.

Proof: Let [1; and [tz be two fuzzy translatons of an interval-valued fuzzy BG-subalgebra fz , where

a, 5A S [6,f] . Assume that @ <O By Corollary 4.7 ,[zl and ﬁ; are interval-valued fuzzy BG-subalgebras of X.

Now

(22 U 25)(X) = rmax{ i (x), 27 ()}
= rmax {fi(X) + &, A(x) + 5}
= rmax{[2(x) + &, fi(x) + &1, [2(x) + &, a(x) + 5T}
= [max{i(x) + &, 2(x) + &} max{i(x) + &, f(x) + 5}]
=[2(x)+3, i(x) + 5]
= () +3 = 1 (x).

Also

(2% A AD)(X) = minag (x), 22 (<)}
= rmin{i1(x) + &, i(x) + 5}
= rmin{[(x) + &, (x) + &LLA(X) + 8, 1(x) + 51}
= [min{(x) + &, f(x) + &%, min{Z(x) + &, f(x) + 5}]
=[a(X)+a, i(x)+a]
= 4(x)+a = AL (x).

5. FUZZY TRANSLATIONS AND FUZZY MULTIPLICATIONS OF INTERVA-VALUED FUzzY BG
-ALGEBRAS UNDER HOMOMORPHISM

Definition 5.1: Let X and Y be two BG-algebras. Then a mapping f : X — Y is said to be homomorphism if
f(xxy)=Ff(x)*f(y),Vx,ye X.

Theorem 5.2: Let f : X — Y be a homomorphism of BG-algebras. If £ be an interval-valued fuzzy subalgebras of

Y, then f (/) aninterval-valued fuzzy subalgebra of X.

Proof: Let sz be an interval-valued fuzzy subalgebras of Y, therefore by Corollary 4.7 [1; is also an interval-valued
fuzzy subalgebras of Y. Now f ()5 isdefined by f*(a.)(x)= 2. (f (X)) Vxe X. Let X,y,e X
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Now

fH ) (x*y) = L {f (x*y)}
= 2 () * f(y)}=rmin{a (f (X)), 25 (f (y))}
= rmin{ f (a0)(x), f (a0)(y)}-

Hence f () an interval-valued fuzzy subalgebras of X.

Theorem5.3: Let f : X — Y beahomomorphism of BG-algebras. If iz be an interval- valued fuzzy subalgebras of

Y, then (,[1,2," ) an interval-valued fuzzy subalgebra of X.

Proof. Same as Theorem 5.2.

Theorem5.4: Let f : X —Y be an onto homomorphism of BG-algebras. If 4 be an interval-valued fuzzy subset of

Ysuchthat f ([1{1) is an interval-valued fuzzy subalgebra of X. Then zz is also an interval-valued fuzzy subalgebra
of Y.

Proof: Since f is onto homomorphism therefore to each X',y €Y, there exists X,y € X such that f(x) =X/,

f(y)=y and f(xxy)=f(x)*f(y)=x"*y .Nowsince f (/) isan interval-valued fuzzy subalgebras

of X.
Therefore

F (s ) y) 2 rmin{ () (%), T (25 )(y)}

= fi F (xy) = rmin{} £ (%), 2L £ (¥)}

= g {f () F(y)}=rmin{a; f(x), 2; f(y)}

= az{(X* y}= rmin{a; (), i; (¥)}.

= ,[t; is an interval valued fuzzy subalgebra of Y. Hence By Corollary 4.7 4 is an interval valued fuzzy subalgebra
of Y.

Theorem 5.5: Let f : X — Y be an onto homomorphism of BG-algebras. If £ be an interval-valued fuzzy subset of

Ysuchthat ([12" ) isan interval-valued fuzzy subalgebra of X. Then zz is also an interval-valued fuzzy subalgebra
of Y.

Proof: Same as Theorem 5.4.

Theorem 5.6: Let f : X —Y be an epimorphism, where X, Y are two two interval-valued fuzzy subalgebras and

ae [6,f] . Then the inverse image of ¢ translation of any fuzzy subalgebra [ ofYissameasthe ¢ translation of
the inverse image of fuzzy subalgebra /1.

Proof: Let f:X —Y be an epimorphism, where X, Y are two two interval-valued fuzzy subalgebras and
a e[a,f] Let z1 be a fuzzy subalgebra of Y. Therefore by Theorem 4.6 The & translation ,[z; is a fuzzy
subalgebra of Y. Therefore by Corollary 4.7 f ™(z.) is a fuzzy subalgebra of X.

Also () (X) = iz (T () = a(f () +a = T ()x) +a = (7 (@));(x) .

Hence f ()= (f (&)

Theorem 5.7: Let f : X — Y be an epimorphism, where X, Y are two two interval- valued fuzzy subalgebras and

S € D[0,1]. Then the inverse image of £ multiplication of any fuzzy subalgebra £ of Y is same as the /3
multiplication of the inverse image of fuzzy subalgebra [1
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Proof: Same as Theorem 5.6.

6. INTERVAL-VALUED FUZZY SUBALGEBRA EXTENSION

Definition 6.1: Let /4, and fi, be two interval-valued fuzzy subsets of X. If z4;(X) < fi,(X) forall x e X, then

we say that fZ, is a fuzzy (an interval-valued) S - extension of /1.

Definition 6.2: Let /1, and I, be two interval-valued fuzzy subsets of X such that /1, is a fuzzy extension of /i, . If
,[tl is an interval-valued fuzzy sub algebra of X implies that ,[12 is an interval-valued fuzzy sub algebra of X, then ,[12

is called fuzzy S-extension of /1.

Theorem 6.3: Let 1 be an interval-valued fuzzy subalgebra of X and & € [6,f] , then the fuzzy ¢ translation [z;

of £ isafuzzy S-extension of /.

Proof: Here £z be an interval-valued fuzzy subalgebra of X, then by Corollary 4.7 the fuzzy a translation [tl of 11
is also an interval-valued fuzzy subalgebra of X for all & [0,T]. Also iy (X) = a(x)+a > a(x) vx e X.

Therefore /:ll is a fuzzy S-extension of /i .

Theorem 6.4: Let £ be an interval-valued fuzzy subalgebra of X and &,ﬁA’ € [61:] A a> ,B then the fuzzy &

translation ,&; of 4 isa fuzzy S-extension of the fuzzy S translation [1;, of .

Proof: Here £ be an interval-valued fuzzy subalgebra of X, then by Corollary 4.7 the fuzzy a translation [ﬂ and

a

fuzzy ,é translation ,&; of 4 is also an interval-valued fuzzy subalgebra of X. Since Also & > ,B therefore
a(x)+a = a(x) +ﬁ VX e X . Therefore fz; (X)> [J;(X) Vx e X. Therefore /1 is a fuzzy S-extension of
~T

Hp-

Theorem 6.5: Intersection of any two interval-valued fuzzy S-extensions of an interval-valued fuzzy subalgebra zz is a

fuzzy S-extensions of 1.

Proof: Let /}1 and ,[12 be two interval-valued fuzzy S-extensions of a fuzzy subalgebra z of X. Then

(X)) > a(x) and f2,(X) > f2(x) ¥X € X. Now By Remark 3.5 1, M [, is an interval-valued fuzzy subalgebra
of X. Now

(A ) = rming iy (x), i, (0} 2 rmin(x), (0} = i(x)

Hence (i, M f1,) is fuzzy S-extensions of 1.

Theorem 6.6: Let 1 be an interval-valued fuzzy set of X and & € [é,f] and ﬁA’ e D[01] .if ,[12" is a fuzzy

subalgebra of X then the fuzzy ¢ translation [1; of 1 isa fuzzy S-extension of [12"

Proof: Let a € [6f] and ,5’ € D[01] and if fuzzy ,é multiplication ,[12" is an interval-valued fuzzy subalgebra
of X then by Corollary 4.7 the interval-valued fuzzy set x and the fuzzy a translation /:ll of 4 is an
interval-valued fuzzy subalgebra of X. Now /z; (X) = f(X)+a > fi(x) > [(X).3 = [12" . Hence £z is a fuzzy

S-extension of ,[12/' :
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