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ABSTRACT 

Radon measure is studied on e-Hausdorff, e-second countable locally compact measurable manifold (M, 𝜏𝜏1,𝛴𝛴1). It is 
shown that some measurable properties like Radon e-regularity and Radon e-normality on (M, 𝜏𝜏1,𝛴𝛴1, 𝜇𝜇1) are invariant 
under measurable homeomorphism and Radon measure-invariant transformations. 
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1. INTRODUCTION 

 
The Borel sets on a measure space are approximation of open subsets which cover the topological space X and they are 
the smallest subsets on measure space (𝑅𝑅𝑛𝑛 , 𝜏𝜏, Σ, 𝜇𝜇). Extended topological properties which are well defined on measure 
space (𝑅𝑅𝑛𝑛 , 𝜏𝜏, Σ, 𝜇𝜇) are measurable and measure-invariant under measurable homeomorphism [11], [13] and [14]. Any 
Hausdorff second countable topological space modelled on such a measure space is a measure manifold (M, 𝜏𝜏1, Σ1, 𝜇𝜇1) 
which admits e-Hausdorff e-second countable property. Such a measure manifold is measurable [11], [12], [13] and 
[14]. 
 
In our previous paper [15], we have introduced Radon measure on e-second countable space, measurable regular space 
[e-regular space] and e-normal space. Now, in this paper, we study these extended topological properties on 
(M, 𝜏𝜏1, Σ1, 𝜇𝜇1) and show that they are invariant under measurable homeomorphism Radon measure-invariant 
transformations. 
 
We observe that a measure space (𝑅𝑅𝑛𝑛 , 𝜏𝜏2, Σ2,𝜇𝜇2) which is locally compact also admits partitions of unity which is a 
collection {𝑓𝑓𝑖𝑖  : (𝑅𝑅𝑛𝑛 , 𝜏𝜏2, Σ2,𝜇𝜇2) ⟶ (𝑅𝑅𝑛𝑛 , 𝜏𝜏, Σ, 𝜇𝜇) /𝑖𝑖∈𝐼𝐼} of measurable real valued functions with compact support,        
supp(𝑓𝑓) = 𝑝𝑝 ∈ 𝐴𝐴 ⊂ (𝑅𝑅𝑛𝑛 , 𝜏𝜏2, Σ2,𝜇𝜇2) ∶ 𝑓𝑓(𝑝𝑝) ≠ 0}���������������������������������������������  where A is a Borel subset of (𝑅𝑅𝑛𝑛 , 𝜏𝜏2, Σ2,𝜇𝜇2) and the measure function 𝜇𝜇 
exists on (𝑅𝑅𝑛𝑛 , 𝜏𝜏2, Σ2,𝜇𝜇2), for which 𝜇𝜇(𝐴𝐴) > 0 such that,   

(i) 0≤ 𝑓𝑓𝑖𝑖 ≤ 1 for all  𝑖𝑖,  
(ii) every 𝑝𝑝 ∈ 𝐴𝐴 ⊂ (𝑅𝑅𝑛𝑛 , 𝜏𝜏2, Σ2,𝜇𝜇2) has a Borel neighbourhood 𝐴𝐴 ⊂ (𝑅𝑅𝑛𝑛 , 𝜏𝜏2, Σ2,𝜇𝜇2) such that 𝐴𝐴 ∩ supp(𝑓𝑓𝑖𝑖 ) ≠ 0 for 

which 𝜇𝜇(𝐴𝐴 ∩  supp(𝑓𝑓𝑖𝑖 ) ) > 0 , for all but finitely many of the 𝑓𝑓𝑖𝑖 , 
(iii) for each 𝑝𝑝 ∈ 𝐴𝐴 ⊂ �𝑅𝑅𝑛𝑛 , 𝜏𝜏2, Σ2,𝜇𝜇2�,  𝑓𝑓𝑖𝑖(𝑝𝑝) = 1.   

 
This partition of unity {𝑓𝑓𝑖𝑖 } 𝑖𝑖  on (𝑅𝑅𝑛𝑛 , 𝜏𝜏2, Σ2,𝜇𝜇2) is subordinate to a Borel open cover {𝑉𝑉𝛼𝛼/𝛼𝛼∈𝐼𝐼} ⊂ (𝑅𝑅𝑛𝑛 , 𝜏𝜏2, Σ2,𝜇𝜇2) if and 
only if for each 𝑓𝑓𝑖𝑖  there is an element of A of the Borel open cover {𝑉𝑉𝛼𝛼/𝛼𝛼∈𝐼𝐼} such that supp(𝑓𝑓𝑖𝑖 ) ⊂{𝑉𝑉𝛼𝛼/𝛼𝛼∈𝐼𝐼}⊂ 
(𝑅𝑅𝑛𝑛 , 𝜏𝜏2, Σ2,𝜇𝜇2) for which 𝜇𝜇� supp(𝑓𝑓𝑖𝑖  )� < 𝜇𝜇(𝐴𝐴) < 𝜇𝜇({𝑉𝑉𝛼𝛼/𝛼𝛼∈𝐼𝐼}). 
 
Now, we study the concept of partitions of unity on Hausdorff second countable smooth manifold M [7]. 
 
A partition of unity on Hausdorff second countable smooth manifold M is a collection {𝜑𝜑𝛼𝛼  : M  ⟶ 𝑅𝑅/𝛼𝛼∈𝐼𝐼} of smooth 
functions on M where the partition of unity is subordinate to 𝒜𝒜 = {𝑈𝑈𝛼𝛼}𝛼𝛼∈Λ where 𝒜𝒜 is an atlas and 𝑈𝑈𝛼𝛼  is chart on M 
[7]. 
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In this paper Radon e-regularity and Radon e-normality properties are studied on a locally compact Radon measure 
manifold (M, 𝜏𝜏1, Σ1, 𝜇𝜇𝑅𝑅1 ) and show that they are invariant under measurable homeomorphism and Radon measure-
invariant transformations. 
 
2. PRELIMINARIES 

 
In this section we consider some basic concepts: 
 
We introduce all the following definitions that are valid for a general measure 𝜇𝜇 as follows: 
 
Definition 2.1: Locally Finite measure on (𝑹𝑹𝒏𝒏, τ, Σ) [16] 
The measure 𝜇𝜇 is locally finite if every point 𝑝𝑝 of (𝑅𝑅𝑛𝑛 , τ, Σ, 𝜇𝜇) has a neighbourhood �̅�𝐴 of 𝑝𝑝 for which 𝜇𝜇(�̅�𝐴) <∞.   
 
Definition 2.2: Inner regular measure on (𝑹𝑹𝒏𝒏, τ, Σ) [16] 
Let (𝑅𝑅𝑛𝑛 ,τ) be a locally compact Hausdorff topological space and let Σ be a 𝜎𝜎 −algebra on (𝑅𝑅𝑛𝑛 , τ). Let 𝜇𝜇 be a measure 
on (𝑅𝑅𝑛𝑛 , τ, Σ). A measurable subset A of (𝑅𝑅𝑛𝑛 , τ, Σ) is said to be inner regular if  

𝜇𝜇(�̅�𝐴) = sup{ 𝜇𝜇(𝐹𝐹): F⊆ �̅�𝐴 : F compact and measurable}. 
 
Definition 2.3: e-Hausdorff space [15] The space (𝑅𝑅𝑛𝑛 , τ, Σ, 𝜇𝜇) is called e-Hausdorff provided that if  𝑝𝑝 and 𝑞𝑞 are 
distinct members of (𝑅𝑅𝑛𝑛 , τ, Σ, 𝜇𝜇) then there exist disjoint Borel open sets A and B such that 𝑝𝑝 ∈ 𝐴𝐴 and 𝑞𝑞 ∈ 𝐵𝐵. 
 
Definition 2.4: Second countable measure space (e-second countable space) [13] A measure space (𝑅𝑅𝑛𝑛 , τ, Σ, 𝜇𝜇) is e-
second countable provided there is a countable base for all q ∈ (𝑅𝑅𝑛𝑛 , τ, Σ, 𝜇𝜇) satisfying the following conditions: 

(i) For each 𝑞𝑞𝑖𝑖 ∈(𝑅𝑅𝑛𝑛 , τ, Σ, 𝜇𝜇) ∃ Bi ∈ 𝔅𝔅q and Ai ∈ Σ such that 𝑞𝑞𝑖𝑖 ∈ B ⊆ Ai, i = 1, 2,...n 
(ii) For Bi ⊆ Ai , 𝜇𝜇(Bi) ≤ 𝜇𝜇(Ai) 

 
Definition 2.5: e-normal space [11] A measure space (𝑅𝑅𝑛𝑛 , τ, Σ, 𝜇𝜇) is said to be e-normal if each pair of disjoint 𝐹𝐹𝜎𝜎 -sets 
A and B in (𝑅𝑅𝑛𝑛 , τ, Σ, 𝜇𝜇), ∃ a pair of disjoint 𝐺𝐺𝛿𝛿 -sets U and V such that A ⊂ U and B ⊂  V. 
 
Definition 2.6: Radon measure on (𝑹𝑹𝒏𝒏, τ, Σ, 𝝁𝝁) [16] A Radon measure on a measurable topological space (𝑅𝑅𝑛𝑛 , τ, Σ) is 
a positive Borel measure 𝜇𝜇 : B⟶ [0,∞] such that 

(i) 𝜇𝜇 is locally finite 
(ii) 𝜇𝜇 is inner regular with respect to the compact subsets. 

 
Then (𝑅𝑅𝑛𝑛 , τ, Σ, 𝜇𝜇𝑅𝑅) is called a Radon measure space. 
 
If any Hausdorff second countable topological space is modelled on a Radon measure space (𝑅𝑅𝑛𝑛 , τ, Σ, 𝜇𝜇𝑅𝑅) if ∃ a 
measurable homeomorphism between U ⊂ (M, 𝜏𝜏1,Σ1, 𝜇𝜇𝑅𝑅1 )  ⟶  (𝑅𝑅𝑛𝑛 , τ, Σ, 𝜇𝜇𝑅𝑅) then (M, 𝜏𝜏1,Σ1, 𝜇𝜇𝑅𝑅1) is a Radon measure 
manifold. 
 
Definition 2.7: Measurable Homeomorphism [11] Let (M, τ) be a Hausdorff second-countable topological space and 
(𝑅𝑅𝑛𝑛 , τ, Σ, 𝜇𝜇) be a measure space. Then the function 𝜑𝜑: U ⊂ M ⟶(𝑅𝑅𝑛𝑛 , τ, Σ, 𝜇𝜇)  is called measurable Homeomorphism if  

(i) 𝜑𝜑 is bijective and bi continuous. 
(ii) 𝜑𝜑 and 𝜑𝜑−1 are measurable. 

 
In the main results we show that some extended topological properties on Radon measure manifold are invariant with 
respect to measurable homeomorphism and Radon measure-invariant transformation. For this we use Inverse Function 
Theorem for measure manifold and also we use the concept of Radon e-regular space. 
 
Inverse Function Theorem for measure space [11] Let 𝐹𝐹: (𝑅𝑅𝑛𝑛 , τ, Σ, 𝜇𝜇) ⟶ (𝑅𝑅𝑚𝑚 , τ1, Σ1, 𝜇𝜇1) be a mapping and suppose 
that 𝐹𝐹∗𝑝𝑝 :𝑇𝑇𝑝𝑝 (𝑅𝑅𝑛𝑛) ⟶ 𝑇𝑇𝑓𝑓(𝑝𝑝)(𝑅𝑅𝑚𝑚 ) is a linear isomorphism at some point 𝑝𝑝 of (𝑅𝑅𝑛𝑛 , 𝜏𝜏, Σ, 𝜇𝜇). Then there exists a 
neighbourhood U of 𝑝𝑝 in (𝑅𝑅𝑛𝑛 , 𝜏𝜏, Σ, 𝜇𝜇)such that the restriction of 𝐹𝐹 to U is a diffeomorphism onto a neighbourhood V of 
𝐹𝐹(p) in (𝑅𝑅𝑚𝑚 , 𝜏𝜏1, Σ1, 𝜇𝜇1). This implies for every function 𝐹𝐹, ∃ 𝐹𝐹−1: (𝑅𝑅𝑚𝑚 , 𝜏𝜏1, Σ1,𝜇𝜇1)   ⟶ (𝑅𝑅𝑛𝑛 , 𝜏𝜏, Σ, 𝜇𝜇). 
 
Inverse Function Theorem for measure manifold [11] Let 𝐹𝐹: (M, τ, Σ, 𝜇𝜇)⟶ (M1, τ1, Σ1, 𝜇𝜇1) be a 𝐶𝐶∞ 
homeomorphism, measurable and measure-invariant mapping of measure manifolds and suppose that 𝐹𝐹∗𝑝𝑝 :𝑇𝑇𝑝𝑝 (𝑀𝑀) ⟶
𝑇𝑇𝑓𝑓(𝑝𝑝)(M1) is a linear isomorphism at some point p of M. Then there exists a measure chart (U, 𝜑𝜑) of 𝑝𝑝 in M such that 
the restriction of 𝐹𝐹 to (U, 𝜑𝜑) is a diffeomorphism onto a measure chart (V, 𝜓𝜓) of F(𝑝𝑝) in M1. This implies for every 
𝐶𝐶∞function 𝐹𝐹 which is homeomorphism, measurable and measure-invariant has a 𝐶𝐶∞function                                     
𝐹𝐹−1: (M1, τ1, Σ1, 𝜇𝜇1) ⟶(M, τ, Σ, 𝜇𝜇) which is also homeomorphism, measurable and measure-invariant.   
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To measure the whole compact measure manifold (M, 𝜏𝜏1, Σ1,𝜇𝜇1), we study the following concept of partitions of unity: 
 
Definition 2.8: Partitions of unity {𝝋𝝋𝜶𝜶} [7] A partition of unity on a smooth manifold M is a collection {𝜑𝜑𝛼𝛼}𝛼𝛼∈Λ of 
smooth functions on M such that  

(i) 0 ≤  𝜑𝜑𝛼𝛼  ≤ 1 for all 𝛼𝛼, 
(ii) The collection of supports {support(𝜑𝜑𝛼𝛼)} 𝛼𝛼∈Λ is locally finite; that is, each point p of M has a neighbourhood 

𝑊𝑊𝑝𝑝  such that 𝑊𝑊𝑝𝑝  ∩ support(𝜑𝜑𝛼𝛼) = ∅ for all but a finite number of 𝛼𝛼 ∈ Λ, 
(iii) ∑ 𝜑𝜑𝛼𝛼𝛼𝛼∈Λ (𝑝𝑝) = 1 for all 𝑝𝑝 ∈ 𝑈𝑈 ⊂ M (this sum has only finitely many non zero terms by (ii)). 

 
If O = {𝜑𝜑𝛼𝛼 }𝛼𝛼∈Λ is an open cover of M and supp(𝜑𝜑𝛼𝛼) ⊂ 𝑂𝑂𝛼𝛼  if each 𝛼𝛼 ∈ Λ, then we say that {𝜑𝜑𝛼𝛼}𝛼𝛼∈Λ  is a partition of 
unity subordinate to O = {𝜑𝜑𝛼𝛼}𝛼𝛼∈Λ .  
 
In [5], S. C. P. Halakatti have extended the following regularity property on measure space. 
 
Definition 2.9: Radon measure on locally compact measurable regular space / Radon e-regular space [15] 
Let (𝑅𝑅𝑛𝑛 , τ, Σ) be a locally compact measurable regular space. A Radon measure 𝜇𝜇𝑅𝑅 on (𝑅𝑅𝑛𝑛 , τ, Σ) is defined as follows: 
∀ 𝑝𝑝 ∈ �̅�𝐴 and Borel closed set F in (𝑅𝑅𝑛𝑛 , τ, Σ), ∃ Borel open set A ⊂ �̅�𝐴 and B ⊂  𝐵𝐵� ∈ Σ, ∋ 
𝑝𝑝 ∈ �̅�𝐴, F ⊂  𝐵𝐵� , p ∉ F and 𝐴𝐴 � ∩  𝐵𝐵�  = ∅ satifying the Radon measure conditions:   

I. For p ∈ �̅�𝐴,  
(i) ∀ p ∈ �̅�𝐴 ⊂ (𝑅𝑅𝑛𝑛 , τ, Σ) , 𝜇𝜇𝑅𝑅(𝐴𝐴)��� <∞;  
(ii) For any Borel compact subset  �̅�𝐴 ⊂ (𝑅𝑅𝑛𝑛 , τ, Σ),𝜇𝜇𝑅𝑅(𝐴𝐴)��� = sup{𝜇𝜇(𝐸𝐸𝑖𝑖), 𝑖𝑖 ∈ 𝐼𝐼 : 𝐸𝐸𝑖𝑖 ⊆  �̅�𝐴 : 𝐸𝐸𝑖𝑖  compact and 

measurable} 
II. For F ⊂ 𝐵𝐵� ,  

(i) ∀ q ∈ F⊂  𝐵𝐵�  ⊂ (𝑅𝑅𝑛𝑛 , τ, Σ), 𝜇𝜇𝑅𝑅(𝐵𝐵)���� <∞;   
(ii) For any Borel compact subset 𝐵𝐵�  ⊂ (𝑅𝑅𝑛𝑛 , τ, Σ), 𝜇𝜇𝑅𝑅(𝐵𝐵)���� = sup{𝜇𝜇(𝐹𝐹𝑖𝑖), 𝑖𝑖 ∈ 𝐼𝐼 : 𝐹𝐹𝑖𝑖 ⊆  𝐵𝐵�  : 𝐹𝐹𝑖𝑖  compact and 

measurable} 
 
Radon e-regularity property: A locally compact measurable regular space is said to satisfy a Radon e-regularity 
property, if it admits a Radon measure. 
 
Theorem 2.1: [10] If regularity is a topological invariant under homeomorphism then it is invariant under measure 
transformation.  
 
Theorem 2.2 [15]: A second countable measure space is e-normal with Radon measure. 
 
Theorem 2.3[8]: Any connected compact 1 dimensional manifold with non-empty boundary is homeomorphic to the 
unit interval [0, 1]. 
 
Theorem 2.4 [7]: Let M be a (normal) smooth manifold and {𝑈𝑈𝛼𝛼 }𝛼𝛼∈Λ be a locally finite cover of M. If each 𝑈𝑈𝛼𝛼  has 
compact closure, then there is a partition of unity {𝜑𝜑𝛼𝛼}𝛼𝛼∈Λ subordinate to {𝑈𝑈𝛼𝛼}𝛼𝛼∈Λ. 
 
Lemma 2.1 [8]: If a topological space X can be represented as the union of a non-decreasing sequence of open subsets, 
all homeomorphic to R, then X is homeomorphic to R. 

 
3. MAIN RESULTS 
 
In this section, we study Radon e-regularity and Radon e-normality properties on a locally compact measure manifold 
(M, 𝜏𝜏1, Σ1, 𝜇𝜇𝑅𝑅1 ) and show that these properties are invariant under measurable homeomorphism and under Radon 
measure-invariant transformations by using measurable homeomorphism concept [11] and Inverse Function Theorem 
for measure manifold [11]. A smooth manifold M admits partitions of unity [7]. By using partitions of unity we show 
that a locally compact measure manifold becomes compact measure manifold.  
 
Since (𝑅𝑅𝑛𝑛 , 𝜏𝜏2, Σ2,𝜇𝜇2) admits partitions of unity, measure manifold (M, 𝜏𝜏1, Σ1, 𝜇𝜇1) also admits partitions of unity. One 
can observe that, by doing so, locally compact measure manifold becomes a compact measure manifold:  
 
Proposition 3.1: A compact measure manifold (M, 𝜏𝜏1, Σ1, 𝜇𝜇1) admits partitions of unity. 
 
Proof: Let (M, 𝜏𝜏1, Σ1, 𝜇𝜇1) be a locally compact measure manifold. 
 
We prove that a compact measure manifold (M, 𝜏𝜏1, Σ1, 𝜇𝜇1) admits partitions of unity. 
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Let (R, 𝜏𝜏, Σ, 𝜇𝜇) be a locally compact measure space of dimension 1, then there exists a partitions of unity 𝜑𝜑𝑖𝑖 : 
{(M, 𝜏𝜏1, Σ1, 𝜇𝜇1)  ⟶ (R, 𝜏𝜏, Σ, 𝜇𝜇)  /𝑖𝑖∈𝐼𝐼} of measurable real valued functions with compact support,  
supp(𝜑𝜑𝑖𝑖) = 𝑞𝑞 ∈ (𝑈𝑈, 𝜏𝜏1/𝑈𝑈 , Σ1/𝑈𝑈 , 𝜇𝜇1/𝑈𝑈 ) ⊂ (M,  𝜏𝜏1, Σ1, 𝜇𝜇1)   ∶ 𝜑𝜑𝑖𝑖(𝑞𝑞) ≠ 0}�������������������������������������������������������������������� on (M, 𝜏𝜏1, Σ1, 𝜇𝜇1)  where (𝑈𝑈, 𝜏𝜏1/𝑈𝑈 , Σ1/𝑈𝑈 , 𝜇𝜇1/𝑈𝑈 ) is a 
measure chart on (M, 𝜏𝜏1, Σ1, 𝜇𝜇1)  and the measure function 𝜇𝜇 exists on (M, 𝜏𝜏1, Σ1, 𝜇𝜇1), for which 
𝜇𝜇(𝑈𝑈, 𝜏𝜏1/𝑈𝑈 , Σ1/𝑈𝑈 , 𝜇𝜇1/𝑈𝑈 ) > 0 such that (M, 𝜏𝜏1, Σ1, 𝜇𝜇1) is a locally compact measure manifold which satisfies the following 
conditions:  

(i) 0 ≤ 𝜑𝜑𝑖𝑖 ≤ 1 for all 𝑖𝑖 , 
(ii) every 𝑞𝑞 ∈ (𝑈𝑈, 𝜏𝜏1/𝑈𝑈 , Σ1/𝑈𝑈 , 𝜇𝜇1/𝑈𝑈 )  ⊂ (M,  𝜏𝜏1, Σ1, 𝜇𝜇1)   has a Borel neighbourhood (𝑈𝑈, 𝜏𝜏1/𝑈𝑈 , Σ1/𝑈𝑈 , 𝜇𝜇1/𝑈𝑈 )  such that 

(𝑈𝑈, 𝜏𝜏1/𝑈𝑈 , Σ1/𝑈𝑈 , 𝜇𝜇1/𝑈𝑈 )  ∩ supp(𝜑𝜑𝑖𝑖) = 𝜑𝜑 for all but a finite number of 𝑖𝑖 ∈ 𝐼𝐼, for which 𝜇𝜇((𝑈𝑈, 𝜏𝜏1/𝑈𝑈 , Σ1/𝑈𝑈 ,𝜇𝜇1/𝑈𝑈 )  ∩ 
supp(𝜑𝜑𝑖𝑖)) = 0.  

(iii) ∑ 𝜑𝜑𝑖𝑖𝑖𝑖∈𝐼𝐼 (𝑞𝑞) = 1 for all 𝑞𝑞 ∈ (𝑈𝑈, 𝜏𝜏1/𝑈𝑈 , Σ1/𝑈𝑈 , 𝜇𝜇1/𝑈𝑈 )  ⊂ (M,  𝜏𝜏1, Σ1, 𝜇𝜇1).  
 
If (𝒜𝒜, 𝜏𝜏1/𝒜𝒜 , Σ1/𝒜𝒜, , 𝜇𝜇1/𝒜𝒜) = (𝑈𝑈, 𝜏𝜏1/𝑈𝑈 , Σ1/𝑈𝑈 , 𝜇𝜇1/𝑈𝑈 ) is an open cover of (𝒜𝒜, 𝜏𝜏1/𝒜𝒜 , Σ1/𝒜𝒜, , 𝜇𝜇1/𝒜𝒜) which is a measurable atlas of 
(M,  𝜏𝜏1, Σ1, 𝜇𝜇1) and supp(𝜑𝜑𝑖𝑖) ⊂ ((𝑈𝑈, 𝜏𝜏1/𝑈𝑈 , Σ1/𝑈𝑈 ,𝜇𝜇1/𝑈𝑈 ) ,𝜑𝜑𝑖𝑖) ⊂ (M,  𝜏𝜏1, Σ1, 𝜇𝜇1)    for which 
𝜇𝜇(supp (𝜑𝜑𝑖𝑖)) < 𝜇𝜇(𝑈𝑈, 𝜏𝜏1/𝑈𝑈 , Σ1/𝑈𝑈 , 𝜇𝜇1/𝑈𝑈 ) <  𝜇𝜇(M,  𝜏𝜏1, Σ1, 𝜇𝜇1)   for each  𝑖𝑖 ∈ 𝐼𝐼, then we  say that {𝜑𝜑𝑖𝑖}𝑖𝑖∈𝐼𝐼 is a partition of 
unity (𝒜𝒜, 𝜏𝜏1/𝒜𝒜 , Σ1/𝒜𝒜, , 𝜇𝜇1/𝒜𝒜) = (𝑈𝑈, 𝜏𝜏1/𝑈𝑈 , Σ1/𝑈𝑈 , 𝜇𝜇1/𝑈𝑈 )   𝑖𝑖∈𝐼𝐼 .  
 
Since (M,  𝜏𝜏1, Σ1, 𝜇𝜇1)     is e-Hausdorff, e-second countable, , it is covered by a countable union of Borel open charts 
((𝑈𝑈, 𝜏𝜏1/𝑈𝑈 , Σ1/𝑈𝑈 , 𝜇𝜇1/𝑈𝑈 ),𝜑𝜑𝑖𝑖) ⊂ (M,  𝜏𝜏1, Σ1, 𝜇𝜇1)     such that  

(i) (𝑈𝑈𝑖𝑖 , 𝜏𝜏1/𝑈𝑈𝑖𝑖
, Σ1/𝑈𝑈𝑖𝑖

, 𝜇𝜇1/𝑈𝑈𝑖𝑖
)��������������������������� is compact Borel subset of (M,  𝜏𝜏1, Σ1, 𝜇𝜇1) for which 𝜇𝜇 (𝑈𝑈𝑖𝑖 , 𝜏𝜏1/𝑈𝑈𝑖𝑖

, Σ1/𝑈𝑈𝑖𝑖
, 𝜇𝜇1/𝑈𝑈𝑖𝑖

)���������������������������  > 0,  
(ii) (𝑈𝑈𝑖𝑖 , 𝜏𝜏1/𝑈𝑈𝑖𝑖

, Σ1/𝑈𝑈𝑖𝑖
, 𝜇𝜇1/𝑈𝑈𝑖𝑖

)���������������������������   ⊂ (𝑈𝑈𝑖𝑖+1, 𝜏𝜏1/𝑈𝑈𝑖𝑖+1
, Σ1/𝑈𝑈𝑖𝑖+1 , 𝜇𝜇1/𝑈𝑈𝑖𝑖+1

)������������������������������������� for which 
       𝜇𝜇 (𝑈𝑈𝑖𝑖 , 𝜏𝜏1/𝑈𝑈𝑖𝑖

, Σ1/𝑈𝑈𝑖𝑖
, 𝜇𝜇1/𝑈𝑈𝑖𝑖

)���������������������������  < 𝜇𝜇 (𝑈𝑈𝑖𝑖+1, 𝜏𝜏1/𝑈𝑈𝑖𝑖+1
, Σ1/𝑈𝑈𝑖𝑖+1 , 𝜇𝜇1/𝑈𝑈𝑖𝑖+1

)������������������������������������� ... sub-additivity property 
(iii) ⋃ (𝑈𝑈𝑖𝑖 , 𝜏𝜏1/𝑈𝑈𝑖𝑖

, Σ1/𝑈𝑈𝑖𝑖
)∞

𝑖𝑖=1  = (M, 𝜏𝜏1, Σ1) such that  
       𝜇𝜇(⋃ (𝑈𝑈𝑖𝑖 , 𝜏𝜏1/𝑈𝑈𝑖𝑖

, Σ1/𝑈𝑈𝑖𝑖
)∞

𝑖𝑖=1 ) = ∑ 𝜇𝜇∞
𝑖𝑖=1 (𝑈𝑈𝑖𝑖 , 𝜏𝜏1/𝑈𝑈𝑖𝑖

, Σ1/𝑈𝑈𝑖𝑖
)   ... 𝜎𝜎-additivity property 

 
Therefore, (M,  𝜏𝜏1, Σ1, 𝜇𝜇1)    is a compact measure manifold. Now, we can measure the compact measure manifold 
(M,  𝜏𝜏1, Σ1, 𝜇𝜇1) by Radon measure.  
 
Now, we introduce the concept of Radon e-normality property and prove some results:  
 
Definition 3.1: Locally compact measurable normal topological space The space (𝑅𝑅𝑛𝑛 , τ, Σ) is called a locally 
compact measurable normal topological space if given any pair of disjoint 𝐹𝐹𝜎𝜎 -sets E and F ∈ Σ in (𝑅𝑅𝑛𝑛 , τ, Σ), ∃ a pair of 
disjoint 𝐺𝐺𝛿𝛿 -sets �̅�𝐴 and 𝐵𝐵�  such that E ⊂ �̅�𝐴  and F ⊂ 𝐵𝐵� .  
 
Definition 3.2: Radon measure on locally compact measurable normal topological space Let (𝑅𝑅𝑛𝑛 , τ, Σ) be a locally 
compact measurable normal topological space. A Radon measure 𝜇𝜇𝑅𝑅 on (𝑅𝑅𝑛𝑛 , τ, Σ) is defined as follows:  
 
For any pair of disjoint Borel closed sets 𝐸𝐸� ⊃  𝐸𝐸  and 𝐹𝐹� ⊃ 𝐹𝐹in (𝑅𝑅𝑛𝑛 , τ, Σ), ∃ Borel open sets A ⊂ �̅�𝐴 and B ⊂ 𝐵𝐵� ∈ Σ, ∋ 𝐸𝐸 
⊂ �̅�𝐴 and F ⊂ 𝐵𝐵�  and �̅�𝐴 ∩ 𝐵𝐵�  = ∅ satisfying the Radon measure conditions: 

1. For 𝐸𝐸 ⊂ �̅�𝐴 in (𝑅𝑅𝑛𝑛 , τ, Σ), 
(i) 𝜇𝜇𝑅𝑅 (𝐴𝐴)��� < ∞,  
(ii) 𝜇𝜇𝑅𝑅(𝐴𝐴)��� = sup{ 𝜇𝜇(𝐸𝐸𝑖𝑖) ; 𝑖𝑖 ∈ 𝐼𝐼 : 𝐸𝐸𝑖𝑖 ⊆  �̅�𝐴 : 𝐸𝐸𝑖𝑖  compact and measurable} 

2. For F ⊂ 𝐵𝐵�  in (𝑅𝑅𝑛𝑛 , τ, Σ), 
(i) 𝜇𝜇𝑅𝑅(𝐵𝐵)���� <∞; 
(ii) For any Borel compact subset 𝐵𝐵�  in (𝑅𝑅𝑛𝑛 , τ, Σ), 𝜇𝜇𝑅𝑅(𝐵𝐵)���� = sup{𝜇𝜇(𝐹𝐹𝑖𝑖); 𝑖𝑖 ∈ 𝐼𝐼: 𝐹𝐹𝑖𝑖 ⊆  𝐵𝐵� : 𝐹𝐹𝑖𝑖  compact and 

measurable}. 
 
Definition 3.3: Radon e-normality property A locally compact measurable normal topological space is said to satisfy 
a Radon e-normality property, if it admits a Radon measure.  
 
Now, by using Radon e-regularity property and theorem 2.1 [10], we prove the following results: 
 
Theorem 3.1: If (𝑅𝑅𝑚𝑚 , 𝜏𝜏2, Σ2,𝜇𝜇𝑅𝑅2 ) is a locally compact Radon e-regular space then Radon e-regularity property is 
invariant under measurable homeomorphism and Radon measure invariant transformation 
 𝑇𝑇: (𝑅𝑅𝑛𝑛 , 𝜏𝜏1, Σ1,𝜇𝜇𝑅𝑅1 ) ⟶ (𝑅𝑅𝑚𝑚 , 𝜏𝜏2, Σ2,𝜇𝜇𝑅𝑅2 ).  
 
Proof: Let (𝑅𝑅𝑚𝑚 , 𝜏𝜏2, Σ2,𝜇𝜇𝑅𝑅2 ) be a locally compact Radon e-regular space. 
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We show that (𝑅𝑅𝑛𝑛 , 𝜏𝜏1, Σ1,𝜇𝜇𝑅𝑅1 ) is a locally compact Radon e-regular space. That is, we show that Radon e-regularity is 
invariant under measurable homeomorphism and Radon measure-invariant transformations by using measurable 
homeomorphism concept [11] and Inverse Function Theorem for measure space [11].  
 
Now, we show that  𝑇𝑇: (𝑅𝑅𝑛𝑛 , 𝜏𝜏1, Σ1, 𝜇𝜇𝑅𝑅1 ) ⟶ (𝑅𝑅𝑚𝑚 , 𝜏𝜏2, Σ2, 𝜇𝜇𝑅𝑅2) and 𝑇𝑇−1: (𝑅𝑅𝑚𝑚 , 𝜏𝜏2, Σ2, 𝜇𝜇𝑅𝑅2) ⟶ (𝑅𝑅𝑛𝑛 , 𝜏𝜏1, Σ1,𝜇𝜇𝑅𝑅1 ) are 𝐶𝐶∞  
measurable homeomorphisms and measure invariant transformations with Radon measures 𝜇𝜇𝑅𝑅1  and 𝜇𝜇𝑅𝑅2  on 𝑅𝑅𝑛𝑛  and 𝑅𝑅𝑚𝑚  
respectively. 
 
In step I, we show that Radon e-regularity property is invariant under measurable homeomorphism. 
 
Step-I: Let 𝑇𝑇 and 𝑇𝑇−1 be 𝐶𝐶∞ measurable homeomorphisms. 
 
Since (𝑅𝑅𝑚𝑚 , 𝜏𝜏2, Σ2,𝜇𝜇𝑅𝑅2 ) is a Radon e-regular space. That is, for every point p∈ 𝑅𝑅𝑚𝑚  and Borel compact subset F not 
containing p in 𝑅𝑅𝑚𝑚 , ∃ Borel open subsets A ⊂ �̅�𝐴, B ⊂ 𝐵𝐵� ∈ Σ2, where �̅�𝐴 and 𝐵𝐵�  are Borel compact subsets of               
(𝑅𝑅𝑚𝑚 , 𝜏𝜏2, Σ2), ∋ p ∈ A ⊂ �̅�𝐴, F ⊂ B ⊂ 𝐵𝐵�  and  𝜇𝜇𝑅𝑅2 (𝐴𝐴 � ∩ 𝐵𝐵�) = 0 satisfying the Radon measure conditions: 

1. For p ∈ A ⊂ �̅�𝐴 ⊂(𝑅𝑅𝑚𝑚 , 𝜏𝜏2, Σ2),  
(i) ∀ p ∈ �̅�𝐴 ⊂(𝑅𝑅𝑚𝑚 , 𝜏𝜏2, Σ2) ; 𝜇𝜇𝑅𝑅2 (𝐴𝐴 � ) <  ∞; 
(ii) For any Borel compact subset �̅�𝐴 ⊂(𝑅𝑅𝑚𝑚 , 𝜏𝜏2, Σ2), 𝜇𝜇𝑅𝑅2 (�̅�𝐴) = sup{𝜇𝜇(𝐸𝐸𝑖𝑖); 𝑖𝑖 ∈ 𝐼𝐼: 𝐸𝐸𝑖𝑖 ⊆  �̅�𝐴: 𝐸𝐸𝑖𝑖  compact and 

measurable} 
2. For F ⊂ B ⊂ 𝐵𝐵� ⊂(𝑅𝑅𝑚𝑚 , 𝜏𝜏2, Σ2),   

(i) ∀ q ∈ 𝐵𝐵� ⊂(𝑅𝑅𝑚𝑚 , 𝜏𝜏2, Σ2), 𝜇𝜇𝑅𝑅2 (𝐵𝐵�) <  ∞; 
(ii) For any Borel compact subset 𝐵𝐵� ⊂(𝑅𝑅𝑚𝑚 , 𝜏𝜏2, Σ2), 𝜇𝜇𝑅𝑅2 (𝐵𝐵�) = sup{𝜇𝜇(𝐹𝐹𝑖𝑖); 𝑖𝑖 ∈ 𝐼𝐼: 𝐹𝐹𝑖𝑖 ⊆  𝐵𝐵� : 𝐹𝐹𝑖𝑖  compact and 

measurable} and  𝜇𝜇𝑅𝑅2 (�̅�𝐴 ∩ 𝐵𝐵�  ) = 0.                                                                                                               (i) 
 

By using the Inverse Function Theorem for measure spaces [11], we write,∀ Borel open subsets A ⊂ �̅�𝐴,                        
B ⊂ 𝐵𝐵� ∈  Σ2, ∃ 𝑇𝑇−1(A) ⊂ 𝑇𝑇−1(�̅�𝐴), 𝑇𝑇−1 (B) ⊂ 𝑇𝑇−1(𝐵𝐵�  ) ∈  Σ1, where 𝑇𝑇−1 (�̅�𝐴) and 𝑇𝑇−1(𝐵𝐵�  ) are Borel compact 
subsets of (𝑅𝑅𝑛𝑛 , 𝜏𝜏1, Σ1), ∋ 𝑇𝑇−1(p) ∈ 𝑇𝑇−1(�̅�𝐴), 𝑇𝑇−1 (E) ⊂ 𝑇𝑇−1(𝐵𝐵�  ) and 𝜇𝜇𝑅𝑅1(𝑇𝑇−1(�̅�𝐴) ∩ 𝑇𝑇−1(𝐵𝐵�  )) = 0 satisfying the 
Radon measure conditions: 

3. For 𝑇𝑇−1 (p) ∈ 𝑇𝑇−1(�̅�𝐴) ⊂(𝑅𝑅𝑛𝑛 , 𝜏𝜏1, Σ1),   
(i) ∀ 𝑇𝑇−1(p) ∈ 𝑇𝑇−1(�̅�𝐴) ⊂(𝑅𝑅𝑛𝑛 , 𝜏𝜏1, Σ1),  𝜇𝜇𝑅𝑅1 (𝑇𝑇−1 (�̅�𝐴)) <∞; 
(ii) For any Borel compact subset 𝑇𝑇−1 (�̅�𝐴) ⊂(𝑅𝑅𝑛𝑛 , 𝜏𝜏1, Σ1), 𝜇𝜇𝑅𝑅1 (𝑇𝑇−1(�̅�𝐴))= sup{𝜇𝜇(𝑇𝑇−1(𝐸𝐸𝑖𝑖) ;𝑖𝑖 ∈ 𝐼𝐼:𝑇𝑇−1(𝐸𝐸𝑖𝑖) ⊆

 𝑇𝑇−1(�̅�𝐴): 𝑇𝑇−1(𝐸𝐸𝑖𝑖) compact and measurable}   
4. For 𝑇𝑇−1 (F) ⊂ 𝑇𝑇−1(𝐵𝐵�  ),   

(i) ∀ 𝑇𝑇−1(q) ∈ 𝑇𝑇−1(𝐵𝐵�  )  ⊂(𝑅𝑅𝑛𝑛 , 𝜏𝜏1, Σ1), 𝜇𝜇𝑅𝑅1 (𝑇𝑇−1(𝐵𝐵�  ))  <∞; 
(ii) For any Borel compact subset 𝑇𝑇−1(𝐵𝐵�  ) ⊂(𝑅𝑅𝑛𝑛 , 𝜏𝜏1, Σ1),  𝜇𝜇𝑅𝑅1 (𝑇𝑇−1(𝐵𝐵�))=sup{𝜇𝜇(𝑇𝑇−1(𝐹𝐹𝑖𝑖) ;𝑖𝑖 ∈ 𝐼𝐼:𝑇𝑇−1(𝐹𝐹𝑖𝑖) ⊆

 𝑇𝑇−1(𝐵𝐵�  ): 𝑇𝑇−1(𝐹𝐹𝑖𝑖) compact and measurable} and 𝜇𝜇𝑅𝑅1 (𝑇𝑇−1 (�̅�𝐴) ∩ 𝑇𝑇−1(𝐵𝐵�  )) = 0.                                        (ii) 
 

Therefore, (𝑅𝑅𝑛𝑛 , 𝜏𝜏1, Σ1,𝜇𝜇𝑅𝑅1 ) is a Radon e-regular space.  
⇒Radon e-regularity property is invariant under measurable homeomorphism. 

 
Step-II: In step II, we show that 𝑇𝑇 preserves the Radon e-regularity property under Radon measure- invariant 
transformation.  
 
Since for every Borel open subsets A⊂ �̅�𝐴, B ⊂ 𝐵𝐵� ∈ Σ2, ∃ Borel subsets 𝑇𝑇−1 (A) ⊂ 𝑇𝑇−1(�̅�𝐴), 𝑇𝑇−1 (B) ⊂ 𝑇𝑇−1(𝐵𝐵�  ) ∈ Σ1, 
such that, 𝜇𝜇𝑅𝑅1 (𝑇𝑇−1 (�̅�𝐴)) = 𝜇𝜇𝑅𝑅2 (�̅�𝐴)  
and 𝜇𝜇𝑅𝑅1 (𝑇𝑇−1(𝐵𝐵�  )) =𝜇𝜇𝑅𝑅2(𝐵𝐵�  )                                                   (iii) 
 
Therefore, from (i), (ii) and (iii), we confirm that Radon e-regularity property is preserved under the measurable 
homeomorphism and Radon measure- invariant transformation 𝑇𝑇. 
 
In step III, we show that ∃  a measurable transformation 𝑇𝑇−1 which is Radon measure-invariant. 
 
Step-III: Consider the measurable homeomorphism 𝑇𝑇−1: (𝑅𝑅𝑚𝑚 , 𝜏𝜏2, Σ2,𝜇𝜇𝑅𝑅2 ) ⟶ (𝑅𝑅𝑛𝑛 , 𝜏𝜏1, Σ1,𝜇𝜇𝑅𝑅1 ). 
 
By using the Inverse Function Theorem for measure spaces [11], we conclude that ∃ a measurable transformation 𝑇𝑇−1 
which is Radon measure- invariant. 
 
Therefore, from steps I, II and III, we come to the conclusion that Radon e-regularity property is invariant under 
measurable homeomorphism and Radon measure-invariant transformations 𝑇𝑇 and 𝑇𝑇−1.       
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Now, we show that Radon e-normality property is invariant under measurable homeomorphism and Radon measure 
invariant transformation.                                                                                                    
 
Theorem 3.2: If (𝑅𝑅𝑚𝑚 , 𝜏𝜏2, Σ2,𝜇𝜇𝑅𝑅2 ) is a locally compact Radon e-normal space then Radon e-normality property is 
invariant under measurable homeomorphism and Radon measure invariant transformation 
 𝑇𝑇: (𝑅𝑅𝑛𝑛 , 𝜏𝜏1, Σ1,𝜇𝜇𝑅𝑅1 )⟶(𝑅𝑅𝑚𝑚 , 𝜏𝜏2, Σ2,𝜇𝜇𝑅𝑅2 ).  
 
Proof: Let (𝑅𝑅𝑚𝑚 , 𝜏𝜏2, Σ2,𝜇𝜇𝑅𝑅2 ) be a locally compact Radon e-normal space. 
 
We show that (𝑅𝑅𝑛𝑛 , 𝜏𝜏1, Σ1,𝜇𝜇𝑅𝑅1 ) is a locally compact Radon e-normal space. That is, we show that Radon e-normality 
property is invariant under measurable homeomorphism and Radon measure-invariant transformations by using 
measurable homeomorphism concept [11] and Inverse Function Theorem for measure spaces [11]. 
 
In step I, by using measurable homeomorphism concept [11], we show that Radon e-normality property is invariant 
under measurable homeomorphism. 
 
Step-I: Now, we shall show that 𝑇𝑇: (𝑅𝑅𝑛𝑛 , 𝜏𝜏1, Σ1,𝜇𝜇𝑅𝑅1 )⟶(𝑅𝑅𝑚𝑚 , 𝜏𝜏2, Σ2,𝜇𝜇𝑅𝑅2 ) and 𝑇𝑇−1: (𝑅𝑅𝑚𝑚 , 𝜏𝜏2, Σ2,𝜇𝜇𝑅𝑅2 )⟶(𝑅𝑅𝑛𝑛 , 𝜏𝜏1, Σ1,𝜇𝜇𝑅𝑅1 ) 
are 𝐶𝐶∞ measurable homeomorphisms. 
 
Since (𝑅𝑅𝑚𝑚 , 𝜏𝜏2, Σ2,𝜇𝜇𝑅𝑅2 ) is a Radon e-normal space i.e., for any disjoint Borel compact subsets E and  F in 𝑅𝑅𝑚𝑚 , ∃ Borel 
open subsets A ⊂ �̅�𝐴, B ⊂ 𝐵𝐵� ∈ Σ2, where �̅�𝐴 and 𝐵𝐵�  are Borel compact subsets of (𝑅𝑅𝑚𝑚 , 𝜏𝜏2, Σ2,𝜇𝜇𝑅𝑅2 ), such that                    
E  ⊂ �̅�𝐴, F ⊂ 𝐵𝐵�  and  𝜇𝜇𝑅𝑅2(𝐴𝐴 � ∩ 𝐵𝐵� ) = 0 satisfying the Radon measure conditions: 

1. For E ⊂ A⊂ �̅�𝐴 ⊂(𝑅𝑅𝑚𝑚 , 𝜏𝜏2, Σ2),  
(i) 𝜇𝜇𝑅𝑅2 (𝐴𝐴 � ) <  ∞; 
(ii) For any Borel compact subset �̅�𝐴 ⊂(𝑅𝑅𝑚𝑚 , 𝜏𝜏2, Σ2), 𝜇𝜇𝑅𝑅2 (�̅�𝐴) = sup{𝜇𝜇(𝐸𝐸𝑖𝑖) ; 𝑖𝑖 ∈ 𝐼𝐼 : 𝐸𝐸𝑖𝑖 ⊆  �̅�𝐴 : 𝐸𝐸𝑖𝑖  compact and 

measurable} 
2. For F ⊂ B ⊂ 𝐵𝐵� ⊂(𝑅𝑅𝑚𝑚 , 𝜏𝜏2, Σ2),    

(i) 𝜇𝜇𝑅𝑅2 (𝐵𝐵�) <  ∞; 
(ii) For any Borel compact subset 𝐵𝐵� ⊂(𝑅𝑅𝑚𝑚 , 𝜏𝜏2, Σ2),  𝜇𝜇𝑅𝑅2 (𝐵𝐵�  ) = sup{𝜇𝜇(𝐹𝐹𝑖𝑖) ; 𝑖𝑖 ∈ 𝐼𝐼 : 𝐹𝐹𝑖𝑖 ⊆  𝐵𝐵�  : 𝐹𝐹𝑖𝑖  compact and 

measurable} and 𝜇𝜇𝑅𝑅2 (�̅�𝐴 ∩ 𝐵𝐵�  ) = 0.                                                                                                (i) 
 

By using the Inverse Function Theorem for measure spaces [11], we write, ∀ Borel open subsets A ⊂ �̅�𝐴,         
B ⊂ 𝐵𝐵� ∈  Σ2, ∃ Borel subsets 𝑇𝑇−1(A) ⊂ 𝑇𝑇−1(�̅�𝐴), 𝑇𝑇−1(B) ⊂ 𝑇𝑇−1(𝐵𝐵�  ) ∈  Σ1, where 𝑇𝑇−1(�̅�𝐴) and 𝑇𝑇−1(𝐵𝐵�  ) are 
Borel compact subsets of (𝑅𝑅𝑛𝑛 , 𝜏𝜏1, Σ1), ∋ 𝑇𝑇−1(E) ⊂ 𝑇𝑇−1(�̅�𝐴), 𝑇𝑇−1(F) ⊂ 𝑇𝑇−1(𝐵𝐵�) and 𝜇𝜇𝑅𝑅1 (𝑇𝑇−1(�̅�𝐴) ∩ 𝑇𝑇−1(𝐵𝐵�  )) = 0 
satisfying the Radon measure conditions: 

 
3.   (i)  For 𝑇𝑇−1(E) ⊂ 𝑇𝑇−1(�̅�𝐴) ⊂(𝑅𝑅𝑛𝑛 , 𝜏𝜏1, Σ1), 𝜇𝜇𝑅𝑅1 (𝑇𝑇−1(�̅�𝐴)) <∞; 
      (ii) For any Borel compact subset 𝑇𝑇−1(�̅�𝐴) ⊂(𝑅𝑅𝑛𝑛 , 𝜏𝜏1, Σ1),  𝜇𝜇𝑅𝑅1 (𝑇𝑇−1(�̅�𝐴)) = sup{𝜇𝜇(𝑇𝑇−1(𝐸𝐸𝑖𝑖); 
            𝑖𝑖 ∈ 𝐼𝐼:𝑇𝑇−1(𝐸𝐸𝑖𝑖) ⊆      𝑇𝑇−1(�̅�𝐴):𝑇𝑇−1(𝐸𝐸𝑖𝑖) compact and measurable}.    
4. For 𝑇𝑇−1(F) ⊂ 𝑇𝑇−1(𝐵𝐵�  ) ⊂(𝑅𝑅𝑛𝑛 , 𝜏𝜏1, Σ1), 

(i) 𝜇𝜇𝑅𝑅1 (𝑇𝑇−1(𝐵𝐵�  ))  <∞; 
(ii) For any Borel compact subset 𝑇𝑇−1(𝐵𝐵�  ) ⊂(𝑅𝑅𝑛𝑛 , 𝜏𝜏1, Σ1),𝜇𝜇𝑅𝑅1 (𝑇𝑇−1(𝐵𝐵�)) =sup{𝜇𝜇(𝑇𝑇−1(𝐹𝐹𝑖𝑖); 

𝑖𝑖 ∈ 𝐼𝐼:𝑇𝑇−1(𝐹𝐹𝑖𝑖) ⊆  𝑇𝑇−1(𝐵𝐵� ) : 𝑇𝑇−1(𝐹𝐹𝑖𝑖) compact and measurable} and 𝜇𝜇𝑅𝑅1 (𝑇𝑇−1(�̅�𝐴) ∩ 𝑇𝑇−1(𝐵𝐵�  )) = 0.              (ii) 
 

Therefore, (𝑅𝑅𝑛𝑛 , 𝜏𝜏1, Σ1,𝜇𝜇𝑅𝑅1 ) is a  Radon e-normal space. 
⇒ Radon e-normality property is invariant under measurable homeomorphism. 

 
Step-II: In step II, we show that T preserves the Radon e-normality property under measurable homeomorphism and 
Radon measure- invariant transformation. 
 
Since for every Borel open subsets A⊂ �̅�𝐴, B ⊂ 𝐵𝐵� ∈ Σ2, where �̅�𝐴 and 𝐵𝐵�  are Borel compact subsets of (𝑅𝑅𝑚𝑚 , 𝜏𝜏2, Σ2), ∃ 
Borel open subsets 𝑇𝑇−1(A) ⊂ 𝑇𝑇−1(�̅�𝐴), 𝑇𝑇−1(B) ⊂ 𝑇𝑇−1(𝐵𝐵�  ) ∈ Σ1 such that,  
𝜇𝜇𝑅𝑅1 (𝑇𝑇−1(�̅�𝐴)) = 𝜇𝜇𝑅𝑅2 (�̅�𝐴) and 𝜇𝜇𝑅𝑅1 (𝑇𝑇−1(𝐵𝐵�  )) =𝜇𝜇𝑅𝑅2(𝐵𝐵�  ).                                                                    (iii) 
 
Therefore, from (i), (ii) and (iii), we confirm that Radon e-normality property is preserved under the measurable 
homeomorphism and under Radon measure- invariant transformation. 
 
In step III, we show that ∃ a measurable transformation 𝑇𝑇−1 which is Radon measure-invariant. 
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Step-III: Consider the measurable homeomorphism 𝑇𝑇−1: (𝑅𝑅𝑚𝑚 , 𝜏𝜏2, Σ2,𝜇𝜇𝑅𝑅2 )⟶(𝑅𝑅𝑛𝑛 , 𝜏𝜏1, Σ1,𝜇𝜇𝑅𝑅1 ). 
 
By using the Inverse Function Theorem for measure spaces, we conclude that ∃ a measurable transformation 𝑇𝑇−1 
which is Radon measure- invariant. 
 
Therefore, from steps I, II and III, we come to the conclusion that Radon e-normality property is invariant under 
measurable homeomorphism and Radon measure-invariant transformations 𝑇𝑇 and𝑇𝑇−1.                                                                                                                                           
 
Now, we extend Radon e-regularity property and Radon e-normality property on locally compact measurable manifold 
(M, 𝜏𝜏1, Σ1, 𝜇𝜇1)  . i.e., we introduce Radon measure on compact measurable chart, compact measurable atlas and 
compact measurable manifold and designate these concepts as Radon measure chart, Radon measure atlas and Radon 
measure manifold as follows: 
 
Definition 3.4: Radon measure chart Compact measurable chart ((U,𝜏𝜏1/𝑈𝑈 ,Σ1/𝑈𝑈 ), 𝜑𝜑) of locally compact measurable 
manifold (M, , 𝜏𝜏1, Σ1) equipped with a Radon measure  𝜇𝜇𝑅𝑅1 /𝑈𝑈

 is called a Radon measure chart denoted by ((U, 
𝜏𝜏1/𝑈𝑈 ,Σ1/𝑈𝑈 , 𝜇𝜇𝑅𝑅1 /𝑈𝑈

), 𝜑𝜑) satisfying the following conditions: 
a) 𝜑𝜑 is measurable homeomorphism, if for every Borel measurable subset V⊂  𝑉𝑉� ∈ (𝑅𝑅𝑛𝑛 , τ, Σ), 𝜑𝜑−1(𝑉𝑉�) = (U, 𝜑𝜑) ∈ 

(M, 𝜏𝜏1,Σ1) is also Borel measurable. 
b) 𝜑𝜑 is Radon measure-invariant. i.e., 𝜇𝜇𝑅𝑅1(𝜑𝜑−1(𝑉𝑉�)) = 𝜇𝜇𝑅𝑅(𝑉𝑉�) where 𝜑𝜑−1(𝑉𝑉�) = (U, 𝜑𝜑) a Borel measurable chart 

which satisfies the Radon measure conditions: 
1. (i)  For p ∈ V ⊂ 𝑉𝑉�  ∈ Σ ; 𝜇𝜇𝑅𝑅(𝑉𝑉�) <∞; 
       (ii) For any Borel compact subset 𝑉𝑉� ⊂(𝑅𝑅𝑛𝑛 , τ, Σ), 𝜇𝜇𝑅𝑅(𝑉𝑉�) = sup{𝜇𝜇𝑅𝑅(𝐸𝐸𝑖𝑖); 𝑖𝑖 ∈ I : 𝐸𝐸𝑖𝑖 ⊆ 𝑉𝑉� : 𝐸𝐸𝑖𝑖  compact and 

measurable} 
2. (i) For  𝜑𝜑−1(𝑉𝑉�)∈  Σ1 , where Σ1 a 𝜎𝜎-algebra induced on second countable Hausdorff topological space, 

𝜇𝜇𝑅𝑅1 (𝜑𝜑−1(𝑉𝑉�)) <∞; where 𝜑𝜑−1(𝑉𝑉�) = (U, 𝜑𝜑) is a measurable chart 
       (ii)  For any Borel subset 𝜑𝜑−1(𝑉𝑉�) ⊂ (M, 𝜏𝜏1,Σ1), 𝜇𝜇𝑅𝑅1 (𝜑𝜑−1(𝑉𝑉�)) = sup{𝜇𝜇𝑅𝑅1 (𝜑𝜑−1(𝐸𝐸𝑖𝑖)) ; 𝑖𝑖 ∈ I : 𝜑𝜑−1(𝐸𝐸𝑖𝑖)  ⊆ 𝜑𝜑−1(𝑉𝑉�) : 

𝜑𝜑−1(𝐸𝐸𝑖𝑖) compact and measurable}. 
 
A locally compact measure manifold (M, 𝜏𝜏1,Σ1, 𝜇𝜇1) admits partitions of unity [3.1]. By using this proposition,                 
(M, 𝜏𝜏1,Σ1, 𝜇𝜇1) becomes a compact measure manifold. Hence the whole of measure manifold (M, 𝜏𝜏1,Σ1, 𝜇𝜇1) is 
measurable.  
 
Since ⋃ (𝑈𝑈𝑖𝑖 , 𝜏𝜏1/𝑈𝑈𝑖𝑖

, Σ1/𝑈𝑈𝑖𝑖
, 𝜇𝜇1/𝑈𝑈𝑖𝑖

)∞
𝑖𝑖=1  = (M,  𝜏𝜏1, Σ1, 𝜇𝜇1) , we can measure compact measure manifold (M,  𝜏𝜏1, Σ1, 𝜇𝜇1)  by 

Radon measure. 
 
Now, we introduce the concept of Radon measure atlas as follows: 
 
Definition 3.5: Radon measure atlas By an 𝑅𝑅𝑛𝑛 -Radon measure atlas of class Ck (k≥1) on a locally compact 
measurable manifold (M, 𝜏𝜏1,Σ1), we mean a countable collection (𝒜𝒜,𝜏𝜏1/𝒜𝒜 ,Σ1/𝒜𝒜

,𝜇𝜇𝑅𝑅1 /𝒜𝒜
) of n-dimensional Radon 

measure charts ((𝑈𝑈𝑖𝑖 ,𝜏𝜏1/𝑈𝑈𝑖𝑖
,Σ1/𝑈𝑈𝑖𝑖

,𝜇𝜇𝑅𝑅1 /𝑈𝑈𝑖𝑖
),𝜑𝜑𝑖𝑖) for all 𝑖𝑖 ∈ N on (M, 𝜏𝜏1,Σ1, 𝜇𝜇𝑅𝑅1 ) satisfying the following conditions: 

(𝑎𝑎1) ⋃ ((𝑈𝑈𝑖𝑖 , 𝜏𝜏1/𝑈𝑈𝑖𝑖
, Σ1/𝑈𝑈𝑖𝑖

, 𝜇𝜇𝑅𝑅1 /𝑈𝑈𝑖𝑖
) 𝑖𝑖∈𝐼𝐼  = (M, 𝜏𝜏1,Σ1, 𝜇𝜇𝑅𝑅1) i.e., the countable union of all Radon measure charts in 

(𝒜𝒜,𝜏𝜏1/𝒜𝒜 ,Σ1/𝒜𝒜
,𝜇𝜇𝑅𝑅1 /𝒜𝒜

) cover (M, 𝜏𝜏1,Σ1, 𝜇𝜇𝑅𝑅1). 
(𝑎𝑎2) For any pair of Radon measure charts ((𝑈𝑈𝑖𝑖 ,𝜏𝜏1/𝑈𝑈𝑖𝑖

,Σ1/𝑈𝑈𝑖𝑖
,𝜇𝜇𝑅𝑅1 /𝑈𝑈𝑖𝑖

),𝜑𝜑𝑖𝑖) and ((𝑈𝑈𝑗𝑗 ,𝜏𝜏1/𝑈𝑈𝑗𝑗
,Σ1/𝑈𝑈𝑗𝑗

,𝜇𝜇𝑅𝑅1 /𝑈𝑈𝑗𝑗
),𝜑𝜑𝑗𝑗 ) in 

(𝒜𝒜,𝜏𝜏1/𝒜𝒜 ,Σ1/𝒜𝒜
,𝜇𝜇𝑅𝑅1 /𝒜𝒜

), the transition maps 𝜑𝜑𝑖𝑖 ∘ 𝜑𝜑𝑗𝑗−1 and 𝜑𝜑𝑗𝑗 ∘ 𝜑𝜑𝑖𝑖−1 are : 
(1) differentiable maps of class Ck (k≥1)  

i.e., 𝜑𝜑𝑖𝑖 ∘ 𝜑𝜑𝑗𝑗−1 : 𝜑𝜑𝑗𝑗 (𝑈𝑈𝑖𝑖 ∩ 𝑈𝑈𝑗𝑗 ) ⟶  𝜑𝜑𝑖𝑖(𝑈𝑈𝑖𝑖 ∩ 𝑈𝑈𝑗𝑗 ) ⊆(𝑅𝑅𝑛𝑛 , 𝜏𝜏2, Σ2,𝜇𝜇𝑅𝑅2 ) and  
𝜑𝜑𝑗𝑗 ∘ 𝜑𝜑𝑖𝑖−1 : 𝜑𝜑𝑖𝑖(𝑈𝑈𝑖𝑖 ∩ 𝑈𝑈𝑗𝑗 ) ⟶  𝜑𝜑𝑗𝑗 (𝑈𝑈𝑖𝑖 ∩ 𝑈𝑈𝑗𝑗 ) ⊆(𝑅𝑅𝑛𝑛 , 𝜏𝜏2, Σ2,𝜇𝜇𝑅𝑅2 ) are differentiable maps of class Ck (k ≥ 1). 

(2) measurable : 
Transition maps 𝜑𝜑𝑖𝑖 ∘ 𝜑𝜑𝑗𝑗−1 and 𝜑𝜑𝑗𝑗 ∘ 𝜑𝜑𝑖𝑖−1 are measurable functions if, 
a) If any Borel subset K ⊆ 𝜑𝜑𝑖𝑖 (𝑈𝑈𝑖𝑖 ∩ 𝑈𝑈𝑗𝑗 ) is measurable in (𝑅𝑅𝑛𝑛 ,𝜏𝜏2,Σ2,𝜇𝜇𝑅𝑅2 ) then, (𝜑𝜑𝑖𝑖 ∘ 𝜑𝜑𝑗𝑗−1) −1(K) ∈ 𝜑𝜑𝑗𝑗 (𝑈𝑈𝑖𝑖 ∩

𝑈𝑈𝑗𝑗 ) is also measurable. 
b) 𝜑𝜑𝑗𝑗 ∘ 𝜑𝜑𝑖𝑖−1 is measurable if S ⊆ 𝜑𝜑𝑗𝑗 (𝑈𝑈𝑖𝑖 ∩ 𝑈𝑈𝑗𝑗 ) is measurable in (𝑅𝑅𝑛𝑛 ,𝜏𝜏2, Σ2,𝜇𝜇𝑅𝑅2 ), then  

(𝜑𝜑𝑗𝑗 ∘ 𝜑𝜑𝑖𝑖−1) −1(S) ∈ 𝜑𝜑𝑖𝑖(𝑈𝑈𝑖𝑖 ∩ 𝑈𝑈𝑗𝑗 )is also measurable. 
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c) For any two Radon measure atlases (𝒜𝒜1,𝜏𝜏1/𝒜𝒜1

,Σ1/𝒜𝒜1
,𝜇𝜇𝑅𝑅1 /𝒜𝒜1

) and (𝒜𝒜2,𝜏𝜏1/𝒜𝒜2
,Σ1/𝒜𝒜2

,𝜇𝜇𝑅𝑅1 /𝒜𝒜2
), we say that a 

mapping 𝑇𝑇: 𝒜𝒜1 ⟶𝒜𝒜2 is measurable if 𝑇𝑇−1(E) is measurable for every measurable chart A = 
(𝑈𝑈,𝜏𝜏1/𝑈𝑈 ,Σ1/𝑈𝑈

,𝜇𝜇𝑅𝑅1 /𝑈𝑈
) ⊂ (𝒜𝒜2,𝜏𝜏1/𝒜𝒜2

,Σ1/𝒜𝒜2
,𝜇𝜇𝑅𝑅1 /𝒜𝒜2

) and the mapping is Radon measure preserving if  

𝜇𝜇𝑅𝑅1 /𝒜𝒜1
= 𝜇𝜇𝑅𝑅1 /𝒜𝒜2

 satisfying the Radon measure conditions: 

 
1. (i) ∀ p ∈ A ⊂ 𝒜𝒜2, 𝜇𝜇𝑅𝑅1 /𝒜𝒜2

(A) <∞; where A is a Borel compact subset of 𝒜𝒜2. 

   (ii) 𝜇𝜇𝑅𝑅1 /𝒜𝒜2
(A) = sup{ 𝜇𝜇/𝒜𝒜2

(𝐸𝐸𝑖𝑖) ; 𝑖𝑖 ∈ I : 𝐸𝐸𝑖𝑖 ⊆ 𝐴𝐴: 𝐸𝐸𝑖𝑖  compact and measurable}. 

𝑇𝑇−1: 𝒜𝒜2 ⟶𝒜𝒜1 is Radon measure preserving transformation if 𝜇𝜇𝑅𝑅1 /𝒜𝒜2
(E) = 𝜇𝜇𝑅𝑅1 /𝒜𝒜1

(𝑇𝑇−1(E)) where 𝒜𝒜1~𝒜𝒜2 

and 𝜇𝜇𝑅𝑅1 /𝒜𝒜2
= 𝜇𝜇𝑅𝑅1 /𝒜𝒜1

satisfying the Radon measure conditions: 

2. (i) ∀  𝑇𝑇−1(p) ∈ 𝑇𝑇−1(A) ⊂ 𝒜𝒜1 ; 𝜇𝜇𝑅𝑅1 /𝒜𝒜1
(𝑇𝑇−1(A)) <∞; 

    (ii) 𝜇𝜇𝑅𝑅1 /𝒜𝒜1
(𝑇𝑇−1(A)) = sup{ 𝜇𝜇/𝒜𝒜2

(𝑇𝑇−1(𝐸𝐸𝑖𝑖)); 𝑖𝑖 ∈I: 𝑇𝑇−1(𝐸𝐸𝑖𝑖)) ⊆ 𝑇𝑇−1(A): 𝑇𝑇−1(𝐸𝐸𝑖𝑖) compact and measurable} 

 
Then, we call 𝑇𝑇 a Radon-measure preserving transformation. 
 
(𝑎𝑎4) If a measurable transformation T: 𝒜𝒜 ⟶𝒜𝒜 preserves a Radon measure 𝜇𝜇𝑅𝑅1 , then we say that 𝜇𝜇𝑅𝑅1  is T- invariant. 
 
If 𝑇𝑇 is invariant and if both 𝑇𝑇 and 𝑇𝑇−1 are measurable and Radon measure preserving then we call 𝑇𝑇 an invertible 
Radon measure preserving transformation. 
 
Let 𝐴𝐴𝑚𝑚𝑘𝑘 (M) denotes the set of all Radon measure atlases of class Ck on (M, 𝜏𝜏1,Σ1, 𝜇𝜇𝑅𝑅1 ).  
 
Two Radon measure atlases 𝒜𝒜1 and 𝒜𝒜2 in 𝐴𝐴𝑚𝑚𝑘𝑘 (M) are said to be equivalent if (𝒜𝒜1 ∪𝒜𝒜2) ∈ 𝐴𝐴𝑚𝑚𝑘𝑘 (M). In order to have 
that 𝒜𝒜1 ∪𝒜𝒜2 to be a member of 𝐴𝐴𝑚𝑚𝑘𝑘 (M) we require that for every Radon measure chart (𝑈𝑈𝑖𝑖 ,𝜑𝜑𝑖𝑖) ∈ 𝒜𝒜1 and         
(𝑉𝑉𝑗𝑗 ,𝜑𝜑𝑗𝑗 ) ∈ 𝒜𝒜2, the set of 𝜑𝜑𝑖𝑖(𝑈𝑈𝑖𝑖 ∩ 𝑉𝑉𝑗𝑗 ) and 𝜑𝜑𝑗𝑗 (𝑈𝑈𝑖𝑖 ∩ 𝑉𝑉𝑗𝑗 ) are Borel subsets in (𝑅𝑅𝑛𝑛 ,𝜏𝜏2, Σ2,𝜇𝜇𝑅𝑅2 ) and maps  𝜑𝜑𝑖𝑖 ∘ 𝜑𝜑𝑗𝑗−1 and 
𝜑𝜑𝑗𝑗 ∘ 𝜑𝜑𝑖𝑖−1 are of class Ck and are measurable. The relation introduced is an equivalence relation in 𝐴𝐴𝑚𝑚𝑘𝑘 (M) and hence 
partitions 𝐴𝐴𝑚𝑚𝑘𝑘 (M) into disjoint equivalence classes. Each of these equivalence classes forms a differentiable structure of 
class Ck on (M, 𝜏𝜏1,Σ1, 𝜇𝜇𝑅𝑅1 ). 
 
3.6: Radon measure manifold 
 
A Radon measure space (M, 𝜏𝜏1,Σ1, 𝜇𝜇𝑅𝑅1) together with this differentiable structure of class Ck forms a Radon measure 
differentiable manifold of class Ck. 
 
We study e-regularity property on Radon measure manifold (M, 𝜏𝜏1,Σ1, 𝜇𝜇𝑅𝑅1 ). 
 
By using the theorem 3.2, which states that “If (𝑅𝑅𝑚𝑚 , 𝜏𝜏2, Σ2,𝜇𝜇𝑅𝑅2 ) is a locally compact Radon e-regular space then Radon 
e-regularity property is invariant under measurable homeomorphism and under Radon measure invariant 
transformation”,  we prove that Radon e-regularity property on compact Radon measure manifold (M, 𝜏𝜏1,Σ1, 𝜇𝜇𝑅𝑅1 ) is 
invariant under measurable homeomorphism and under Radon measure-invariant transformation. 
 
Theorem 3.3: If (𝑅𝑅𝑛𝑛 ,𝜏𝜏2, Σ2,𝜇𝜇𝑅𝑅2 ) is a locally compact Radon e-regular space then Radon e-regularity property is 
invariant under measurable homeomorphism and under Radon measure-invariant transformation 
𝜑𝜑:U⊂(M, 𝜏𝜏1,Σ1, 𝜇𝜇𝑅𝑅1) ⟶(𝑅𝑅𝑛𝑛 ,𝜏𝜏2, Σ2,𝜇𝜇𝑅𝑅2 ).  
 
Proof: Let (𝑅𝑅𝑛𝑛 ,𝜏𝜏2, Σ2, 𝜇𝜇𝑅𝑅2 ) be a locally compact Radon e-regular space.  
 
We show that a Radon measure manifold (M,𝜏𝜏1,Σ1,𝜇𝜇𝑅𝑅1 ) is a Radon e-regular space. That is, we show that Radon         
e-regularity property is invariant under measurable homeomorphism and Radon measure-invariant transformations by 
using measurable homeomorphism concept [11] and Inverse Function Theorem for measure space [11].  
 
In step I, we show that Radon e-regularity property is invariant under measurable homeomorphism.  
 
Step-I: We shall show that 𝜑𝜑: U ⊂ (M, 𝜏𝜏1,Σ1, 𝜇𝜇𝑅𝑅1) ⟶(𝑅𝑅𝑛𝑛 ,𝜏𝜏2, Σ2, 𝜇𝜇𝑅𝑅2 ) and 𝜑𝜑−1: V ⊂ (𝑅𝑅𝑛𝑛 ,𝜏𝜏2,Σ2,𝜇𝜇𝑅𝑅2 ) ⟶ (M,𝜏𝜏1,Σ1, 𝜇𝜇𝑅𝑅1 ) 
are 𝐶𝐶∞measurable homeomorphisms where 𝜇𝜇𝑅𝑅1  and 𝜇𝜇𝑅𝑅2 are Radon measures on M and 𝑅𝑅𝑛𝑛  respectively. 
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Since (𝑅𝑅𝑛𝑛 ,𝜏𝜏2, Σ2,𝜇𝜇𝑅𝑅2 ) is a Radon e-regular space, i.e., for every point p ∈(𝑅𝑅𝑛𝑛 ,𝜏𝜏2, Σ2) and Borel compact subset E not 
containing p in (𝑅𝑅𝑛𝑛 ,𝜏𝜏2, Σ2), ∃ Borel open subsets A ⊂ �̅�𝐴, B ⊂ 𝐵𝐵� ∈ Σ2, where �̅�𝐴 and 𝐵𝐵�  are Borel compact subsets of 
(𝑅𝑅𝑛𝑛 , 𝜏𝜏2, Σ2,𝜇𝜇𝑅𝑅2 ),  ∋ p ∈ A ⊂ �̅�𝐴, E ⊂ B ⊂ 𝐵𝐵�  and  𝜇𝜇𝑅𝑅2(𝐴𝐴 � ∩ 𝐵𝐵�) = 0 satisfying the Radon measure conditions: 

1. For p ∈ A ⊂ �̅�𝐴 ⊂(𝑅𝑅𝑛𝑛 ,𝜏𝜏2, Σ2),  
(i) ∀ p ∈ �̅�𝐴 ⊂(𝑅𝑅𝑛𝑛 ,𝜏𝜏2, Σ2); 𝜇𝜇𝑅𝑅2 (𝐴𝐴 � ) <  ∞; 
(ii) For any Borel compact subset �̅�𝐴 ⊂(𝑅𝑅𝑛𝑛 ,𝜏𝜏2, Σ2), 𝜇𝜇𝑅𝑅2 (�̅�𝐴) = sup{𝜇𝜇(𝐸𝐸𝑖𝑖), i ∈ 𝐼𝐼 : 𝐸𝐸𝑖𝑖 ⊆  �̅�𝐴: 𝐸𝐸𝑖𝑖  compact and 

measurable} 
2. For F ⊂ B ⊂ 𝐵𝐵� ⊂(𝑅𝑅𝑛𝑛 ,𝜏𝜏2, Σ2), 

(i) ∀ q ∈ B ⊂ 𝐵𝐵� ⊂(𝑅𝑅𝑛𝑛 ,𝜏𝜏2, Σ2), 𝜇𝜇𝑅𝑅2(𝐵𝐵�) <  ∞; 
(ii) For any Borel compact subset 𝐵𝐵� ⊂(𝑅𝑅𝑛𝑛 ,𝜏𝜏2, Σ2), 𝜇𝜇𝑅𝑅2 (𝐵𝐵�  ) = sup{𝜇𝜇(𝐹𝐹𝑖𝑖), i ∈ 𝐼𝐼 : 𝐹𝐹𝑖𝑖 ⊆  𝐵𝐵�  : 𝐹𝐹𝑖𝑖  compact and 

measurable} and 𝜇𝜇𝑅𝑅2 (�̅�𝐴 ∩ 𝐵𝐵�  ) = 0.                                                                                                                (i) 
 

By using the Inverse Function Theorem for measure manifolds [11], we can write, ∀ Borel open subsets A 
⊂ �̅�𝐴, B ⊂ 𝐵𝐵� ∈  Σ2, ∃  Borel compact charts 𝜑𝜑−1(�̅�𝐴) =  ((𝑈𝑈𝑖𝑖 , 𝜏𝜏1/𝑈𝑈𝑖𝑖

, Σ1/𝑈𝑈𝑖𝑖
),𝜑𝜑𝑖𝑖) and 𝜑𝜑−1(𝐵𝐵�  ) = 

((𝑈𝑈𝑗𝑗 , 𝜏𝜏1/𝑈𝑈𝑗𝑗
, Σ1/𝑈𝑈𝑗𝑗

),𝜑𝜑𝑗𝑗 )  ∈  Σ1 ∋ 𝜑𝜑−1(p) ∈ 𝜑𝜑−1(�̅�𝐴) = ((𝑈𝑈𝑖𝑖 , 𝜏𝜏1/𝑈𝑈𝑖𝑖
, Σ1/𝑈𝑈𝑖𝑖

),𝜑𝜑𝑖𝑖), 𝜑𝜑−1(E) ⊂ ((𝑈𝑈𝑗𝑗 , 𝜏𝜏1/𝑈𝑈𝑗𝑗
, Σ1/𝑈𝑈𝑗𝑗

),𝜑𝜑𝑗𝑗 ) 
and 𝜇𝜇𝑅𝑅1 (𝑈𝑈𝑖𝑖 ∩ 𝑈𝑈𝑗𝑗 ) = 0 satisfying the Radon measure conditions: 

3. For 𝜑𝜑−1(p) ∈ (𝑈𝑈𝑖𝑖 ,𝜑𝜑𝑖𝑖) ⊂(M, 𝜏𝜏1, Σ1,𝜇𝜇𝑅𝑅1 ), 
(i) ∀𝜑𝜑−1(p) ∈ 𝜑𝜑−1(�̅�𝐴) ⊂(M, 𝜏𝜏1, Σ1,𝜇𝜇𝑅𝑅1 ), 𝜇𝜇𝑅𝑅1 (𝑈𝑈𝑖𝑖) <∞; 
(ii) For any measurable compact chart (𝑈𝑈𝑖𝑖 ,𝜑𝜑𝑖𝑖), 𝜇𝜇𝑅𝑅1 (𝑈𝑈𝑖𝑖) = sup{𝜇𝜇(𝜑𝜑−1(𝐸𝐸𝑖𝑖);i∈ 𝐼𝐼:𝜑𝜑−1(𝐸𝐸𝑖𝑖) ⊆  𝑈𝑈𝑖𝑖: 

𝜑𝜑−1(𝐸𝐸𝑖𝑖) compact and measurable}   
4. For 𝜑𝜑−1(F) ⊂ 𝜑𝜑−1(𝐵𝐵�  ),  

(i) ∀ 𝜑𝜑−1(q) ∈ 𝜑𝜑−1(𝐵𝐵�  )  ⊂(M, 𝜏𝜏1, Σ1,𝜇𝜇𝑅𝑅1 ), 𝜇𝜇𝑅𝑅1 (𝑈𝑈𝑗𝑗 )  <∞; 
(ii) For any measurable compact chart 𝜑𝜑−1(𝐵𝐵�  ) = (𝑈𝑈𝑗𝑗 ,𝜑𝜑𝑗𝑗 ) 
𝜇𝜇𝑅𝑅1 (𝑈𝑈𝑗𝑗 ) = sup{𝜇𝜇(𝜑𝜑−1(𝐹𝐹𝑖𝑖);i∈ 𝐼𝐼:𝜑𝜑−1(𝐹𝐹𝑖𝑖) ⊆  𝑈𝑈𝑗𝑗 : 𝜑𝜑−1(𝐹𝐹𝑖𝑖) compact and measurable} 
and 𝜇𝜇𝑅𝑅1 (𝜑𝜑−1(�̅�𝐴) ∩ 𝜑𝜑−1(𝐵𝐵�  )) = 0.  
i.e., 𝜇𝜇𝑅𝑅1 (𝑈𝑈𝑖𝑖 ∩ 𝑈𝑈𝑗𝑗 ) = 0                                                                                      (ii) 

 
Therefore, Radon measure manifold (M, 𝜏𝜏1, Σ1,𝜇𝜇𝑅𝑅1 ) is a Radon e-regular space. 
 
⇒Radon e-regularity property on compact Radon measure manifold (M, 𝜏𝜏1, Σ1,𝜇𝜇𝑅𝑅1 ) is invariant under 
measurable homeomorphism. 

 
Step-II: In step II, we show that 𝜑𝜑 preserves the Radon e-regularity property under Radon measure- invariant 
transformation.  
 
Since, for every Borel open subsets A⊂ �̅�𝐴, B⊂ 𝐵𝐵� ∈ Σ2, ∃ measurable compact charts 
𝜑𝜑−1(�̅�𝐴) = (𝑈𝑈𝑖𝑖 ,𝜑𝜑𝑖𝑖) ⊂(M, 𝜏𝜏1, Σ1,𝜇𝜇𝑅𝑅1 ) and 𝜑𝜑−1(𝐵𝐵�) = (𝑈𝑈𝑗𝑗 ,𝜑𝜑𝑗𝑗 ) ⊂(M,𝜏𝜏1, Σ1,𝜇𝜇𝑅𝑅1 ) such that, 𝜇𝜇𝑅𝑅1 (𝜑𝜑−1(�̅�𝐴)) = 𝜇𝜇𝑅𝑅2 (�̅�𝐴)  
   ⇒  𝜇𝜇𝑅𝑅1 (𝑈𝑈𝑖𝑖) = 𝜇𝜇𝑅𝑅2 (�̅�𝐴) 
 and 𝜇𝜇𝑅𝑅1 (𝜑𝜑−1(𝐵𝐵�  )) =𝜇𝜇𝑅𝑅2(𝐵𝐵�  )  
  ⇒  𝜇𝜇𝑅𝑅1 (𝑈𝑈𝑗𝑗 ) = 𝜇𝜇𝑅𝑅2 (𝐵𝐵�)                                                                                                                                                       (iii) 
 
Therefore, from (i), (ii) and (iii), we confirm that Radon e-regularity property is preserved under the measurable 
homeomorphism and Radon measure-invariant transformation𝜑𝜑 and 𝜑𝜑−1. 
 
Therefore, from steps I and II, we conclude that Radon e-regularity property on compact Radon measure manifold     
(M, 𝜏𝜏1, Σ1,𝜇𝜇𝑅𝑅1 ) is invariant under measurable homeomorphism and Radon measure-invariant transformation.                                                                                 
 
Now, the Radon e-normality property on compact measurable space which was proved in theorem 3.3, which states that 
“If (𝑅𝑅𝑚𝑚 , 𝜏𝜏2, Σ2,𝜇𝜇𝑅𝑅2 ) is a locally compact Radon e-normal space then Radon e-normality property is invariant under 
measurable homeomorphism and Radon measure invariant transformation” is extended on compact Radon measure 
manifold (M, 𝜏𝜏1,Σ1, 𝜇𝜇𝑅𝑅1) as follows:  
 
Theorem 3.4: If (𝑅𝑅𝑛𝑛 ,𝜏𝜏2, Σ2, 𝜇𝜇𝑅𝑅2 ) is a locally compact Radon e-normal space then Radon e-normality property is 
invariant under measurable homeomorphism and under Radon measure-invariant transformation 
𝜑𝜑 : U ⊂ (M, 𝜏𝜏1,Σ1, 𝜇𝜇𝑅𝑅1) ⟶(𝑅𝑅𝑛𝑛 ,𝜏𝜏2, Σ2,𝜇𝜇𝑅𝑅2 ).  
 
Proof: Let (𝑅𝑅𝑛𝑛 ,𝜏𝜏2, Σ2, 𝜇𝜇𝑅𝑅2 ) be a locally compact Radon e-normal space. 
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We show that a Radon measure manifold (M,𝜏𝜏1,Σ1,𝜇𝜇𝑅𝑅1 ) is also a Radon e-normal space by using measurable 
homeomorphism concept [11] and Inverse Function Theorem for measure manifolds [11]. 
 
We show that 𝜑𝜑: U ⊂(M, 𝜏𝜏1,Σ1, 𝜇𝜇𝑅𝑅1 ) ⟶ (𝑅𝑅𝑛𝑛 ,𝜏𝜏2, Σ2,𝜇𝜇𝑅𝑅2 ) and 𝜑𝜑−1: V ⊂ (𝑅𝑅𝑛𝑛 ,𝜏𝜏2,Σ2,𝜇𝜇𝑅𝑅2 )⟶ U ⊂ (M,𝜏𝜏1,Σ1, 𝜇𝜇𝑅𝑅1) are C∞ 
measurable homeomorphisms where 𝜇𝜇𝑅𝑅1  and 𝜇𝜇𝑅𝑅2 are Radon measures on M and 𝑅𝑅𝑛𝑛  respectively. 
 
In step I, we show that Radon e-normality property is invariant under measurable homeomorphism. 
 
Step I: Since (𝑅𝑅𝑛𝑛 ,𝜏𝜏2, Σ2,𝜇𝜇𝑅𝑅2 ) is a locally compact Radon e-normal space. i.e., for any disjoint Borel compact subsets E 
and F in 𝑅𝑅𝑛𝑛 , ∃ Borel open subsets A ⊂ �̅�𝐴, B ⊂ 𝐵𝐵� ∈ Σ2, where �̅�𝐴 and 𝐵𝐵�  are Borel compact subsets of (𝑅𝑅𝑛𝑛 , 𝜏𝜏2, Σ2), such 
that E  ⊂ �̅�𝐴, F ⊂ 𝐵𝐵�  and  𝜇𝜇𝑅𝑅2 (𝐴𝐴 � ∩ 𝐵𝐵�) = 0 satisfying the Radon measure conditions: 

1. For E ⊂ A⊂ �̅�𝐴 ⊂(𝑅𝑅𝑛𝑛 ,𝜏𝜏2, Σ2,𝜇𝜇𝑅𝑅2 ), 
(i) 𝜇𝜇𝑅𝑅2 (𝐴𝐴 � ) <  ∞; 
(ii) For any Borel compact subset �̅�𝐴 ⊂(𝑅𝑅𝑛𝑛 ,𝜏𝜏2, Σ2,𝜇𝜇𝑅𝑅2 ), 𝜇𝜇𝑅𝑅2(𝐴𝐴)��� = sup{𝜇𝜇(𝐸𝐸𝑖𝑖), 𝑖𝑖 ∈ 𝐼𝐼 : 𝐸𝐸𝑖𝑖 ⊆  �̅�𝐴 : 𝐸𝐸𝑖𝑖  compact and 

measurable} 
2. For F ⊂ B ⊂ 𝐵𝐵� ⊂(𝑅𝑅𝑛𝑛 ,𝜏𝜏2, Σ2,𝜇𝜇𝑅𝑅2 ), 

(i) 𝜇𝜇𝑅𝑅2 (𝐵𝐵�) <  ∞; 
(ii) For any Borel compact subset 𝐵𝐵� ⊂(𝑅𝑅𝑛𝑛 ,𝜏𝜏2, Σ2,𝜇𝜇𝑅𝑅2 ), 𝜇𝜇𝑅𝑅2(𝐵𝐵�  ) = sup{𝜇𝜇(𝐹𝐹𝑖𝑖), 𝑖𝑖 ∈ 𝐼𝐼 : 𝐹𝐹𝑖𝑖 ⊆  𝐵𝐵�  : 𝐹𝐹𝑖𝑖  compact and 

measurable} and 𝜇𝜇𝑅𝑅2 (�̅�𝐴 ∩ 𝐵𝐵�  ) = 0.                                                                                                                (i) 
 
Again, by using theorem 3.3 and Inverse Function Theorem for measure manifolds [11] , we can write, ∀ Borel open 
subsets A ⊂ �̅�𝐴 , B ⊂ 𝐵𝐵� ∈  Σ2 , ∃  measurable compact charts 𝜑𝜑−1(�̅�𝐴) =  ((𝑈𝑈𝑖𝑖 , 𝜏𝜏1/𝑈𝑈𝑖𝑖

, Σ1/𝑈𝑈𝑖𝑖
),𝜑𝜑𝑖𝑖) and  

𝜑𝜑−1(𝐵𝐵�) = ((𝑈𝑈𝑗𝑗 , 𝜏𝜏1/𝑈𝑈𝑗𝑗
, Σ1/𝑈𝑈𝑗𝑗

),𝜑𝜑𝑗𝑗 )  ∈  Σ1, where 𝜑𝜑−1(�̅�𝐴) and 𝜑𝜑−1(𝐵𝐵�) are Borel compact charts of 

 (M, 𝜏𝜏1, Σ1,𝜇𝜇𝑅𝑅1 ), ∋ 𝜑𝜑−1(E) ⊂ 𝜑𝜑−1(�̅�𝐴) = ((𝑈𝑈𝑖𝑖 , 𝜏𝜏1/𝑈𝑈𝑖𝑖
, Σ1/𝑈𝑈𝑖𝑖

),𝜑𝜑𝑖𝑖), 𝜑𝜑−1(F) ⊂ 𝜑𝜑−1(𝐵𝐵�) = ((𝑈𝑈𝑗𝑗 , 𝜏𝜏1/𝑈𝑈𝑗𝑗
, Σ1/𝑈𝑈𝑗𝑗

),𝜑𝜑𝑗𝑗 ) and 

 𝜇𝜇𝑅𝑅1(𝜑𝜑−1(�̅�𝐴)  ∩ 𝜑𝜑−1(𝐵𝐵�)) = 0  
 
⇒ 𝜇𝜇𝑅𝑅1 (𝑈𝑈𝑖𝑖 ∩ 𝑈𝑈𝑗𝑗 ) = 0 satisfying the Radon measure conditions: 
 

3. For 𝜑𝜑−1(E) ⊂ 𝜑𝜑−1(�̅�𝐴) = (𝑈𝑈𝑖𝑖 ,𝜑𝜑𝑖𝑖) ⊂ (M, 𝜏𝜏1, Σ1,𝜇𝜇𝑅𝑅1 ), 
(i) 𝜇𝜇𝑅𝑅1 (𝑈𝑈𝑖𝑖) <∞;   
(ii) For any measurable compact chart (𝑈𝑈𝑖𝑖 ,𝜑𝜑𝑖𝑖), 𝜇𝜇𝑅𝑅1 (𝑈𝑈𝑖𝑖) = sup{𝜇𝜇(𝜑𝜑−1(𝐸𝐸𝑖𝑖); i∈ 𝐼𝐼:𝜑𝜑−1(𝐸𝐸𝑖𝑖) ⊆  𝑈𝑈𝑖𝑖 : 

𝜑𝜑−1(𝐸𝐸𝑖𝑖) compact and measurable}   
4. For 𝜑𝜑−1(F) ⊂ 𝜑𝜑−1(𝐵𝐵�  ) = (𝑈𝑈𝑗𝑗 ,𝜑𝜑𝑗𝑗 )  ⊂(M, 𝜏𝜏1, Σ1,𝜇𝜇𝑅𝑅1 ), 

(i) 𝜇𝜇𝑅𝑅1 (𝑈𝑈𝑗𝑗 )  <∞; 
(ii) For any measurable compact chart(𝑈𝑈𝑗𝑗 ,𝜑𝜑𝑗𝑗 ) 
       𝜇𝜇𝑅𝑅1 (𝑈𝑈𝑗𝑗 )=sup{𝜇𝜇(𝜑𝜑−1(𝐹𝐹𝑖𝑖); i∈ 𝐼𝐼:𝜑𝜑−1(𝐹𝐹𝑖𝑖) ⊆  𝑈𝑈𝑗𝑗 : 𝜑𝜑−1(𝐹𝐹𝑖𝑖) compact and measurable}and 
        𝜇𝜇𝑅𝑅1 (𝜑𝜑−1(�̅�𝐴) ∩ 𝜑𝜑−1(𝐵𝐵�  )) = 0.   i.e., 𝜇𝜇𝑅𝑅1 (𝑈𝑈𝑖𝑖 ∩ 𝑈𝑈𝑗𝑗 ) = 0                                                                                   (ii) 

 
Therefore, (M, 𝜏𝜏1, Σ1,𝜇𝜇𝑅𝑅1 ) is a  compact Radon e-normal space.  
 
⇒Radon e-normality property on compact Radon measure manifold is invariant under  measurable homeomorphism. 
 
In step II, we show that 𝜑𝜑 preserves the Radon e-normality property under Radon measure- invariant transformation. 
 
Step II: Since, for every Borel open subsets A⊂ �̅�𝐴, B ⊂ 𝐵𝐵� ∈ Σ2, ∃ measurable compact charts  
𝜑𝜑−1(�̅�𝐴) = (𝑈𝑈𝑖𝑖 ,𝜑𝜑𝑖𝑖) ⊂(M, 𝜏𝜏1, Σ1,𝜇𝜇𝑅𝑅1 ) and 𝜑𝜑−1(𝐵𝐵�) = (𝑈𝑈𝑗𝑗 ,𝜑𝜑𝑗𝑗 ) ⊂(M,𝜏𝜏1, Σ1,𝜇𝜇𝑅𝑅1 ) such that, 
𝜇𝜇𝑅𝑅1 (𝜑𝜑−1(�̅�𝐴)) = 𝜇𝜇𝑅𝑅2 (�̅�𝐴) ⇒  𝜇𝜇𝑅𝑅1(𝑈𝑈𝑖𝑖) = 𝜇𝜇𝑅𝑅2 (�̅�𝐴) and 
𝜇𝜇𝑅𝑅1 (𝜑𝜑−1(𝐵𝐵�)) =𝜇𝜇𝑅𝑅2(𝐵𝐵�)⇒  𝜇𝜇𝑅𝑅1 (𝑈𝑈𝑗𝑗 )=𝜇𝜇𝑅𝑅2 (𝐵𝐵�)                                                                                                                       (iii)                                                                                                                  
 
Therefore, from (i), (ii) and (iii), we confirm that Radon e-normality property is preserved under measurable 
homeomorphism and Radon measure-invariant transformation 𝜑𝜑 and 𝜑𝜑−1.  
 
Therefore, from steps I and II, we conclude that Radon e-normality property on compact Radon measure manifold     
(M, 𝜏𝜏1,Σ1, 𝜇𝜇𝑅𝑅1) is invariant under measurable homeomorphism and Radon measure-invariant transformation.                
                                                                                                                                                              
Example for a Radon measure manifold of dimension 1 is as follows: 
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Example 3.1: Measurable closed unit interval I = [0, 1] ⊂ (𝑅𝑅1, 𝜏𝜏, Σ) is a Radon measure manifold of dimension 1. 
 
Solution: Let (M,𝜏𝜏1, Σ1) = [0, 1] be measurable closed interval. The closed unit interval I = [0, 1] ⊂ 𝑅𝑅1 is a                  
1-dimensional manifold whose boundary consists of the two points 0 and 1. A 1-dimensional measurable manifold 
(M,𝜏𝜏1, Σ1) = [0, 1] is homeomorphic to a measurable closed unit interval I = [0, 1] ⊂ (𝑅𝑅1, 𝜏𝜏, Σ). Measurable closed unit 
interval I has a non-empty boundary consisting of the two points {0} and {1}. 
 
We know that, any connected compact 1-dimensional manifold with non-empty boundary is homeomorphic to              
I = [0, 1] ⊂ 𝑅𝑅1. For connected 1-dimensional manifolds, two invariants called compactness and presence of boundary 
form a complete system of topological invariants [8].  
 
Also we know that, every subset of the unit interval has a supremum and infimum. 
 
Now, let  𝜑𝜑 : (M,𝜏𝜏1, Σ1)  ⟶ [0, 1] ⊂ (𝑅𝑅1, 𝜏𝜏, Σ) be a measurable homeomorphism. 
 
By lemma 2.1 [8], since I = [0, 1] can be represented as the union of a monotonically increasing sequence of Borel 
open subsets, all homeomorphic to (𝑅𝑅1, 𝜏𝜏, Σ), that is, I = [0, 1] is homeomorphic to (𝑅𝑅1, 𝜏𝜏, Σ). The closed unit interval 
[0, 1] satisfies the Radon measure conditions: 

(i) 𝜇𝜇𝑅𝑅([0, 1]) <  ∞; 
(ii) For some 𝜀𝜀 > 0, 𝜇𝜇𝑅𝑅([0, 1]) = sup{𝜇𝜇([s- 𝜀𝜀, s+ 𝜀𝜀]) : [s- 𝜀𝜀, s+ 𝜀𝜀] ⊆ [0, 1] : [s- 𝜀𝜀, s+ 𝜀𝜀] compact measurable charts} 

 
Since the closed unit interval has supremum, the length of [0, 1] is 1. 
 
Therefore, 𝜇𝜇𝑅𝑅([0, 1]) = 1. 
 
Therefore, Radon measure on a locally compact 1-dimensional measurable manifold (M,𝜏𝜏1,Σ1,𝜇𝜇𝑅𝑅1) is 1. 
 
Note: Lebesgue measure on measurable space (𝑅𝑅𝑛𝑛  , 𝜏𝜏, Σ) is a Radon measure.  
 
CONCLUSION 
 
Measurable properties like Radon e-regularity and Radon e-normality are studied on locally compact Radon measure 
space and extended this study on Radon measure manifold. This study has applications in the field of engineering 
science and neural network. 
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