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ABSTRACT

In the present paper, we consider a new boundaries conditions of the tired kind. we prove the basis property,
completeness, and the minimality of the eigen functions with a nonlocal Oddness condition of the tired kind.
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1. INTRODUCTION

The classical Frankl problem was considered in [3]. The problem was further developed in [2, pp.339-345], [8, pp.235-
252]. The modified Frankl problem with a nonlocal boundary condition of the first kind was studied in [1, 6]. The basis
property of an eigen functions of the Frankl problem with a nonlocal parity conditions in the space sobolev was studied
in[7]. In the present paper, we consider a hew boundaries conditions of the tired kind and prove the completeness, the

basis property, and the minimality of the eigen functions in the space L’ . This analysis may be of interest in itself.

2. PRELIMINARIES

Definition 2.1: In the domain D = (D, UD_ U D ), we seek a solution of the modified generalizedFrankl problem

U, +sgn(y)u,, + u%sgn(x+y)u=0 in (D,ub,uD,), (@))
with the boundary conditions
u(Lo)=0,0 ¢ {oﬂ @)
ou
&(01 y) = O! y € (_11 O) o (0!1) (3)
ku(0,y) =u(0,-y), y €[0,1], ku(0,+0) = u(x,-0). 4)

where U(X, y) is a regular solution in the class
ueC’D,uD_,uD,)nC*(D,)NC?*(D.,),

and where

D+={(r,¢9):0<r<l,0<9<%},
-1
Dlz{(x,y):—y<x< y+1,7<y<0},

D, ={(x, y):x-1< y<—x,O<x<%},

ou ou
Kk—(X,+0) =—(x,-0),—0o < Kk < 00,0 < x < 1. (5)
oy oy
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Definition 2.2: .System{X, },.y < X is called complete in X if L[{x },_,]= X.
Definition 2.3: .System{X },., < X iscalled minimalin X if x, ¢ L[{x }._ ] Vk e N.

Remark 2.1: If the system{X },.y < X minimal in L (1), then it is also minimal inL,(J),for J > |, and if it is

complete inL (J)for J < I.
Theorem 2.5 ([5]): The eigenvalues and eigenfunctions of problem (1-5) can be written out in two series.

In the first series, the eigenvalues 4 = ,ufk are found from the equation

J471 (Mnk) = 0’ (6)
where 2, ,N,K =12 ,..., are roots of the Bessel equation (6),J,(Z), is the Bessel function [4], and the
eigenfunctions are given by the formula

Awk‘]4n (:unkr) COS(4n) (%_8j1 in D+’

unk = kA1k‘J4n (lunkp) COSh(4n)V/! in D_l; (7)
kA]kJ4n (:unk R) COSh(4n)¢)1 in D—Z’

where X = I c0s @, y = rsin @ for 0393%,r2=x2+y2in D,, x=pcoshy,y = psinhy, for, 0< p<1,

—0 <y <0,p>=x*—y?% in D, and, X=Rsinhg,y=-Rcoshg, for, 0 < ¢ < +0,R* =y’ —x*inD,,.

In the second series, the eigenvalues A= ﬁnzk are found from the equation

J4(n+A) (/Jnk) =0. 8
wheren, K =1,2 ,... and the (£, ) are the roots of the Bessel equation (8).

'5\1k‘]4(n+A) (lankr) Cos 4(n +A) (%_0]’ in D+’
Uy = A]sz;(nﬂ) (ft, p)[cosh4(n+a)pcos4(n +A)%+ xsinh4(n+a)y cosd(n+a)], in D (9)

KA J sns) (i R) COSH 4(n +8)pfcOS 4(n +A)%—sin A(n+a) %], in D,

1 . K 1
where A =—arcsin—,A e (O,—j , and
T V1+x? 2
2 142
A’Ik _[0 ‘J4n (/unk r)rdr =1!
~ (1, B ~
A'lk.[o Janee (dyr)rdr =1, Ay >0and A, >0.
3. THE COMPLETENESS, THE BASIS PROPERTY, and MINIMALITY of THE EIGENFUNCTIONS

Theorem 3.1: The function system

{cos(4n) (% - Hj}w : {cos 4(n+a) (% - «9)}@ , (10)

. i . /4 . -11
is complete and a Riesz basis in L2 O'E , provided that ac T’E .
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Proof: In order to prove this theorem we use the method in [1, 6] by considering convergence function

fO)=Y A cos4n(%—0j+z B, cos4(n m(%—ej, (11)
n=0 n=1
Vs . . . V4 -1 3
InL, | 0,— |and Riesz basis the system| Sin4(n+a)| ——8@ | |for ae| —,— |.
2 2 4 4

-1 3
Remark 3.2: For a< T the system (10) is not complete but is minimal, for a> Zis complete but isnot minimal, and

if A= T is complete and minimal.

Theorem 3.3: The system of eigenfunctions

U (1,0) = Ay d, (41,,7) cOS(4n) (g— e}
0 (1,0) = Ay ducorny (i F)[COSh 4(N +4) @ cOS 4(n m%,

, therefore

N
N—

. . Vi
is complete and basis in the space L, (0,—

f(r,0)u, (r,0)rdrdd =0,

O ey [N

f f(r,0)d, (r,0)rdrd@ =0,

and f e L(O,zj then f =0in (O,zj.
2 2

Proof: Using fobini theorem and Lebesgue‘s integral for any N,k =1,2,... we have

0= ff f(r,0)u,, (r,0)rdodr
1 % T
JO(rJ4nwnkr)jo f (r,0)cos(4n)| - -0 |do)dr,
Againsince f e (O,%j S0;
16Z )
j0j02|f(r,9)| dodr < o,

In so much system{\/FJ4n (1,1}, in L?(0,1) is orthogonal and complete, it is enough to prove:

\/;LZ f (r,e)cos(4n)(%—6’jd6?eL2(0,1).

Using the Holder inequality

3 44 2_1 (352 3
|ﬁj0 f(r,0)co mn)(E—ejdm <Erj0 If (r,¢9)|o|9j0 do

_72' z 2 _7Z' z 2
_er02|f(r,9)| de_zr_[02|f(r,6’)| do,
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with the integration interval (0,1).

1 z T Tl
jONFjOz f(r,0)co @n)(g—ejdmz dr<zjojoz r|f(r,0)F drdé <.
This inequality is equivalent to

{j:mjoz f(r,) cos(4n)(%—9jd9|2 dr}z <o,

V4
Also system{~/r J,,, (14, ,F)}7, is orthogonal and complete in L* (O, Ej of relation

I:(xﬁhn (,unkr)\/FJ.f f (r,6)cos(4n) (%—dea)dr =0,
imply that

ﬁjoz f(r,e)cos(4n)[%—ejde= 0.

According to theorem 2,we conclude that f (r,6) =0 in L (0,2). Similarly, if we consider the above calculations for

sequence {COS 4(n+a) [% - 9}} ;
n=1

We have

\/F.[O; f(r,0)cos4(n +A)(%—9]d0=0.

0

Because completeness {COS 4(n+a) (%— 0)} ,f(r,0)=0in L?(0,1).

n=0

The proof of the theorem is complete.

Theorem 3.4: The system of eigenfunctionsu,, (r,6)and U, (r, &) of the problem (1)-(5) is a Riesz basis in the

. 1 a4 L L 1
Space L[O'E]’ where, A, = (.[o Jan (:unkr)rdr) Ay = ('[0 ‘]j(nﬂ) (/unkr)rdr) :

Proof: Theorem 3.3 results from Theorem 3.2 and the completeness and orthogonality of the system{A,, J,, (44, )}
Sfor n>0and {A,J .., ()} for n>1in L2(0,1),
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