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ABSTRACT
Defining the function A, (X, n) related to the r-totatives of n we study certain properties of it.
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1. INTRODUCTION

Throughout this paper r denotes a fixed positive integer. For positive integers a and b, their greatest rth power common
divisor is denoted by (a,b)r. It is clear that (a,b)l is the greatest common divisor (a, b) of a and b; and that

(a, b)r =1 ifand only if (a, b) is r-free (we recall that a positive integer is r-free if it is not divisible by the rth power
of any prime).

For a positive integer n, a number T with (‘[, n)rzlwill be called a r-totative of n. Note that 1-totatives of n are
referred as totatives of n by J.J.Sylvester (see [7], p.124). V.L. Klee [4] has defined the function ¢, (n) as the number
of integers m with 1<m<n and (m, n)r =1. Note that ¢l(n) = ¢(n) , the well-known Euler function; and that

o, (n) is the number of r-totatives of n in [O, n). Denote the number of r-totatives m of n with m < X by ¢, (X, n) :

Here we define the function

(11 A, (x,n)= > 1-x4,(n) =¢, (xn,n)—x4, (n)

m<xn
(mn) =1

Note that A(X, n) = Al(X, n) was studied by Codeca and Nair [1]. In this paper we present some proerties of
(1.1) and the results involving this function in seciton 3.

2. PRELIMINARIES

The r-analogue of the Mobius function, s, (n) , iIs defined (see [4]) by
1 if n=1

1) u,(n)= (—1)t if n=p/p;...p{ where p,'s aredistinct primes
0 otherwise

and showed that it is multiplicative. V.L.Klee [4] has proved that

©2) 4,()=Xu (0)5- L[ 5o

din Sin
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Since ¢r (X, n) is the number of r-totatives m of n with m < X, it is easy to show that

o sea-Euto 5[4

where [y] is the greatest integer not exceeding .

(2.4) Suppose foragivennlet N, =N, (n) is the r™ power of the maximal square free divisor of n. Then note that
(a,n)r =l (a, Nr)r =1. Hence we may assume, without loss to generality, that n itself is an r'" power of a

squarefree number m, say N =m". Inall that follows n is always of this form.

Note that

(2.5) A, (X, n) is periodic in x with period 1.

(26) Let 1=a <a,<..<a,, =n-1 be the ¢.(n) rtotatives of n in the interval [LNn) . We write

a, =0anda, .,

we observe that

=N.Thenn—-g =a

a .
4, (n)-i12NC FI € [O,l] for 0<i< 8, (.- If 8’s are defined as in (2.6)

2.7) Ar(%,njzi—ai 4.(n) for 0<i<g,(n)

n

a a
(2.8) A, (x,n) =A, (ﬁ,nj—(x—ﬁjﬂ (n) which imply that A, (x,n) is a piecewise linear function of x

a a
with each line segment in [—'Llj having the gradient —¢,(n).
n n

3. MAIN RESULTS

3.1Lemma: A, (X, —,ur Z,ur

din
Proof: By (1.1), (2.3) and (2.2) we get

)= F (0 @}2ﬁ

}%M @1 = Zu( ool

where {y} denotes the fractional part of y. Since the contribution of divisiors d of n to the sum on the right is non-zero
if and only if d is the r' power of square free integer, so that

A, ()= X2 ) ()3 (¢

din Hy (d) din
proving the Lemma.
As a consequence of Lemma 3.1, we have the identity:

B2 pin, A (xnp)=A(xp",n)-A, (x.n)

It is easy to see that

(33) A, (x,n)=—x,( Z,ur ( {xd —%)

din
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~ u-+n
Theorem A: If (ﬁ,n)r =1 then ZAr T,n =A, (u,n)
n=0

Proof: By (3.3) we have

G R (e
= () (0) )5

din

_ <(fud n| 1 1
Since, Z 7+z _E = {ud} —E, by a result of Landau ([5], p.170), we get
n=0

ZA (””‘ j A, (u,n),

provmg the theorem.

1
Theorem B: IA? (X, n)dx =é2w(n) ¢r f\n)

Proof By (3.3) we have

fA (x,n)dx=3" x(d, y,(dz)I({xdl}—%]({xdz}—%jdx

dy In
daln

Now using the result of Franel [3], namely
p 1 1 1(d,d,)
) i e

it follows that

(.9
(34) [A%(x,n) . (d) g, - 2
f 12% (4 )m )75
dyln
Let D :(dl,dz) sothat d, =Dd,, d, =D&, and (5,,6,)=1, Then (3.4) gives
L 1 1 (86,) 1 1.(5)z, ()
A%(x.n)dx = — A\ ) _ 21 H\9)t %)
't[ r(x n) " 12DZ|n: 5(>Z|:N 5152 2Dzln:(;|z’\‘: )
12D D

1
1
(3.5) jAf(x,n)dx:Eg(n),

where g (n Zf( jinwhich f(m)= z . (d)z, (d )

Djn djm
p)=1

4 pr)

r

d
clearly f (m) is a multiplicative arithmetic function and f (

Therefore g(p")=f(p’)+f (1) = 2{1——} =2

Y p
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4 (n)

Againsince ¢ (n) is multiplicative, it gives that ¢ (n) = 2“’(n)
n

1
Hence IAf(x,n)dX:izw(n) ¢r(n)'
0 12 n

proving the theorem.
We need the following Lemma proved in [1] (Corollary. p.347) for our next result:

1
3.6 Lemma: Let o, <&, <a;<..<a, be the points in (0,1) such that they are symmetric about > and if

S(X)=Zl — X{ then %iz:‘sz(ai)=

aj=X

1
2 dx +=.
s*(x) x+6

O ey

Theorem C: For n>1 andif 8 <a, <..<a, (n) 2re the r-totatives of n then

1 ¢r(n)A2(ﬁ nj:izwm)MJA
d(n)iz "in) 120 6

n n
Proof: Since (z’,n)r :1©(n—r,n)r =1, the intervals [O,Ej and {E,nJ have the same number of

o 3, . - 1. . a;
r-totatives, it follows that the numbers — are symmetrically distributed about — in (0,1). Taking o; =— for

n 2 n
1<i<¢ (n) inLemma3.6 and noting S(ij =A, [i, nJ , We get
n n
1 ¢r(n) Z(a j 1 ) 1
Arl—,n|=|A(x,n)dx+=.
¢r(n)g‘ n ! (xn) 6

Using Thereom B, we have

#.(n)
: ZAf(ﬁ,nj:iﬂ“)m”H
¢.(n) = n 12 n

proving the theorem.

ol
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