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ABSTRACT

In this paper, we apply the concept of interval-valued intuitionistic fuzzy set to n-fold implicative ideal and n-fold
(weak) commutative ideal BCK-algebras and introduce the notion of interval-valued intuitionistic fuzzy n-fold
implicative ideal, interval-valued intuitionistic fuzzy n-fold (weak) commutative ideal and investigate some of its related
properties
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1. INTRODUCTION

Algebraic structure play an important role in mathematics with wide range of applications in many disciplines such as
Theoretical Physics, Computer engineering, Control Engineering, Information Sciences, Coding theory etc. In 1999,
Hung and Chen [16] introduced the notion of n-fold implicative ideals, n-fold (weak) commutative ideals and
investigate some of its properties. Zadeh [23] introduced the notion of Fuzzy sets. At present this concept has been
applied to many mathematical branches, such as groups, Near Rings, Semi-rings, Functional Analysis, Probability
Theory, Topology and so on. Jun [19], introduced the notions of fuzzyfication of n-fold implicative ideals, n-fold
commutative ideals and n-fold weak commutative ideals and investigate some of its properties. Atanassov introduced
the ideal of defining a fuzzy set by ascribing a membership degree and non-membership degree separately in such a
way that sum of the two degrees must not exceed one, such a pair was given the name of intuitionistic fuzzy set [1].
Satyanarayana and Durga Prasad [22], introduced the notions of intuitionistic fuzzyfication of n-fold implicative ideals,
n-fold (weak) commutative ideals of BCK-algebras and some of its related properties are investigated. Atanassov and
Gargov [2, 5] introduced the notion of interval valued intuitionistic fuzzy sets which is a generalization of both
intuitionistic fuzzy sets and interval valued fuzzy sets. Durga Prasad and Satyanarayana [14] introduced notations of
interval-valued intuitionistic fuzzy (implicative and commutative) ideals in BCK-algebra and related properties are
investigated

In this paper, we apply the concept of interval-valued intuitionistic fuzzy set to n-fold implicative ideal, n-fold (weak)
commutative ideal and introduce the notion of interval-valued intuitionistic fuzzy n-fold implicative ideal, interval-
valued intuitionistic fuzzy n-fold (weak) commutative ideals in BCK-algebras. Using level ideals, we give the
characterizations of interval-valued intuitionistic fuzzy n-fold implicative ideal and interval-valued intuitionistic fuzzy
n-fold (weak) commutative ideals in BCK-algebras. Finally, we establish the extension property for interval-valued
intuitionistic fuzzy n-fold commutative ideal in BCK-algebras.
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2. PRELIMINARIES

Definition 2.1: Let X be a set with a binary operation “ > ” and a constant “0”. Then ( X, *, 0) is called BCK-algebra,
if it satisfies the following conditions.

(BCK-1) ((x *y) *(x*2))*(z*y)=0,

(BCK-2) (x * (x *y)) *y=0,

(BCK-3) X *x=0

(BCK-4) 0*x=0

(BCK-5) X *y=0and y*x=0 imply x =y, forall X,y,z € X

We can define a binary relation < on X by letting X <Y if and only if X *y =0. Then (X,<) is a partially ordered
set with least element “0 ” and ( X, *, 0) is a BCK-algebra if and only if, it satisfies the following: For all X, y,z € X
() (x*y)*(x*2)) < (z*y),

(i) (x*(x*y)) <y,

(iii) X <X,

(iv) 0<x

(v) X<Yyand y<Ximplythat X=Yy.

In a BCK-algebra ( X, *, 0) , we have the following properties:
PYHX*0=X,(P2)X*y <X, P)(X*y)*xz=(X*2)*y, (P4 (X*:2)*(y*2) <X*Y,
PEX*x(X*x(X*y))=X*Yy,(P6) XYy =>X*Z<y*ZandZ*y<Z*X,
(P7)yx*xy <zimpliesx*z <y, forall X,y,ze X.

Throughout this paper X will always mean a BCK-algebra unless otherwise specified.

A non-empty sub-set | of X is said to be sub-algebraof X ifforx,yel=x*yel.
A non-empty subset | of X is called an ideal of X if (I,) Oel (l,) X*Yy and yel= xelforevery X,y e X, an
n-fold implicative ideal if (I,) and (I,) there exists a fixed N € X such that (x*(y*x"))*zel and zel= X el

for everyX,y,ze X, an n-fold commutative ideal if (I,) and (I,) there exists a fixed n e Xsuch that
(x*y)*zeland zel=x*(y*(y*x"))el for every X,y,z e X, an n-fold weak commutative ideal if (l,)
and (I,) there exists a fixed n € X such that (x*(x*y" )*zeland ze | = y*(y*X) e | foreveryX,y,z e X.

For any elements x and y of X, x>l<yn denotes (.......((X *y) *y) *....... ) * Y inwhichy’ occurs n-times.

Let X be a given nonempty set. An interval-valued fuzzy set (briefly, i-v fuzzy set) B on X is defined by
B= {(X, [ng (X), ng (X)]) X € X}, Where pg(X) and pg(X) are fuzzy sets of X such that pg(X) < pg (X) for
all xex. Let pg(X) =[ugz(X),us(X)], thenB = {(X, Hg(X)):xe X}, Where i : X — D[0,1], where
D[O, 1]is the set of all closed sub intervals of [0, 1].

Combining the idea of intuitionistic fuzzy set and interval-valued fuzzy set, Atanassov and Gargov [2] introduced the
notion of interval-valued intuitionistic fuzzy sets which is a generalization of both intuitionistic fuzzy sets and interval-
valued fuzzy sets.

An interval-valued intuitionistic fuzzy set (i-v IFS, shortly) “A” over X is an object having the form
A= {(X, EA,XA) X e X}, where 1, (X): X — D[0,1] and XA (X) : X — D[0,1], the intervals W, (X)and
XA (X) denotes the intervals of the degree of membership and the degree of the non-membership of the element x to
the set A, where Ha(X) =[1a(X), wa(x)]and XA (X) =[AA(X), A (X)] for all X € X with the condition
[0,0] < EA (x) + XA (x) <[1,1] for all x € X. For the sake of simplicity, we use the symbol A = (KA, XA),
where D[O, 1]is the set of all closed sub intervals of [0, 1].
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Definition 2.2: [15] An i-v IFS A = (X, le , XA) in X is an interval-valued intuitionistic fuzzy sub-algebra if X if it
satisfies

(i-v IF-1) fin (x) 2 min{fi, (x * y),fA ()}
(i-v IF-2) &, () < max {A, (x * y), A, ()}, forall X,y,z € X.

Definition 2.3: [15] An i-v IFSA = (X, EA , XA) in X is an interval-valued intuitionistic fuzzy ideal (i-v IFl-ideal) of
X if it satisfies

(i-v IFI1-1) Ji, (0) > i, (X)and A, (0) < A, (X)

(i-v IF1-2) i, (x) 2 min {fi, ((x * y),(, (Y)}

(i-v IFI-3) &, (%) < max{A, (x *y),k, (y)}, forall X,y,z € X.

Theorem 2.4: [15] Let A= (X,ﬁA,}:A) be an interval-valued intuitionistic fuzzy ideal of X. If X <Vyin X then
Ha(X) 2 fLa(y)and Ay (x) SAL(y)

Theorem 2.5: [15] Let /Z\ = (X, EA , XA) be interval-valued intuitionistic sub-algebra of X.

Then Alis an interval-valued intuitionistic fuzzy ideal of X if and only if forX,y,ze X, X*y<2Zz then
Ha(X) 2 min{i, (y),fia(2)} and A, (x) < max{d, (¥),h (2)}

Definition 2.6: [15] An i-v IFS A = (X,ﬁA,XA) in X is an interval-valued intuitionistic fuzzy implicative ideal
(i-v IFl-ideal) of X if it satisfies

(i-v IF1-1) L, (0) > i, (X)and &, (0) < A, (X)

(v IF1-2) [, (X) 2 mindp, (¢ * (y * X)) *2), 1 (2)}

(i-v IF1-3) &, (X) < max{, (X * (Y * X)) *#2), X, (2)}, forall X,y,Z € X.

Definition 2.7: [15] An i-v IFS A= (X,ﬁA,iA) in X is an interval-valued intuitionistic fuzzy commutative ideal
(i-v IFC-ideal) of X if it satisfies

(i-v IFCI 1) [, (0) = i, (X) and 2, (0) < X, (X)

(v IFCI 2) i, (% (y * (y % X)) = min{ii, (x ¥ ) * 2), [i, (2}

(i-v IFCI 3) XA (X*(y*(y*x)) < max{??A ((x*y)*2), KA (2)}orall x,y,z € X.

3. INTERVAL-VALUED INTUITIONISTIC FUZZY N-FOLD IMPLICATIVE IDEALS OF BCK-
ALGEBRAS

In this section, we apply the concept of interval-valued intuitionistic fuzzy set to n-fold implicative ideals of BCK-

algebras and introduce the notions of interval-valued intuitionistic fuzzy n-fold implicative ideals of BCK-algebras and
investigate the some of its related properties.

Definition 3.1: An i-v IFS ;&:(X,ﬁA,XA)in X is an interval-valued intuitionistic fuzzy n-fold implicative
(i-vIFI™ —ideal) ideal of X if it satisfies

(i-v IF1N1) CLA(O) > ]'.IA (x), XA 0)< XA (x)and there exists a fixed N € N such that
(v IF1"2) iy ()2 mindfi, (v x)) *2), i, (2)}
(i-v IF1"3) XA(X) < max{XA((x *(y*x))*2), XA(z)}for every X, Y,z € X.

Note that, an interval-valued intuitionistic fuzzy 1-fold implicative ideal is an interval-valued intuitionistic fuzzy
implicative ideal.
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Theorem 3.2: Every interval-valued intuitionistic fuzzy n-fold implicative ideal of X is an interval-valued intuitionistic
fuzzy ideal.

Proof: Put y =0 in (i-v IF1" 2) and (i-v IF1" 3) .

We get, A= (s ,XA) is an interval-valued intuitionistic fuzzy ideal of X.

The following example shows that the converse of Theorem 3.2 may not be true.

Example 3.3: Let X = N W{0}, where N is the set of natural numbers , in which the operation * is defined by
x *y =max{0, X-y}forall X,y € X. Then X is a BCK-algebra.

Let A= (ﬁA,XA) be an i-v IFS in X given by [:LA(O) =[0.7,0.8]>[0.3,0.4] = ELA(X) and
XA (0)=[0.1,0.2]<[0.4,0.45] = XA (x), forall x(0) e X.Then A is an interval-valued intuitionistic fuzzy
ideal of X but A # (M SA is not an interval-valued intuitionistic fuzzy 2-fold implicative ideal of X because

|1A(3) =[0.3,0.4]<[0.7,0.8] = FLA(O) = min{ﬂA((?a*(14*32))*0),;1A(0)} and

A 7 (3)=[04,0.45]> [0.1,0.2]=x A0)= max{ A(B*(14 £32))%0).% A0}

We give a condition for an interval-valued intuitionistic fuzzy ideal to be an interval-valued intuitionistic fuzzy n-fold
implicative ideal.

Theorem 3.4: Let A = (fLA,XA) be an “interval-valued intuitionistic fuzzy ideal of X. Then A is an interval-valued
intuitionistic  fuzzy n-fold implicative ideal of X if and only if it satisfies the inequalities

gA(x)zaA(x*(y*x”))and XA(X)sXA(x*(y*x”))foraux,yex.

Theorem 3.5: Let A = (s ,XA) be an interval-valued intuitionistic fuzzy ideal of X.Then the following conditions
are equivalent:
() A is an interval-valued intuitionistic fuzzy n-fold implicative ideal of X.

(ii) QA(X)ZQA(X*(y*Xn))and XA(X) S?:A(X*(y*xn))for allx,y e X.

(i) fi 5 (x) = gA(x*(y*x”)) and XA(X) = XA(X*(y*x”)) forall X,y € X.

Proof: (i) = (ii) Assume (i), that is. Let A be an interval-valued intuitionistic fuzzy n-fold implicative ideal of X.
By Theorem 3.4, the condition (ii) holds.

(it) = (iii) Observe that in X, x*(y*xn)SX by (P3) and Theorem 2.4.

We have aA(x*(y*x”)) >y (%) andXA(x*(y*x”))sXA(x). It follows from (ii) that gA(x*(y*x”))ng(x)

and XA(X*(y*y”))=XA(x),foraux,yex.

Hence the condition (iii) holds.

(111) = (i) Suppose the condition (iii) holds.
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Using (i-v IF2) and (i-v IF3) we get
We have iy (c* (y*x)) = min{fi 5 ((x* (y*x")) £2),i 5 (2)} and

XA(X*(y*xn))) < max{?NLA((x*(y*xn))*z),XA(z)} forall X,y,z € X.

Combining (iii) we obtain [LA(X) > min{ﬂA((X *(y * x" )) * Z),ﬁA(Z)} and

XA(X) < max{XA((x*(y*xn))*z),XA(z)}for allx,y,z e X.

- r - - ~ > ~ 5 < 5
Obviously A satisfies N 0)> N (x)and XA 0)< XA (x)forall X € X.
Therefore A = (FasA ) is an interval-valued intuitionistic fuzzy n-fold implicative ideal of X. Hence the condition
(i) holds. This proof is complete.

Theorem 3.7: Ani-v IFS A = (ﬁA,XA) of X is an interval-valued intuitionistic fuzzy n-fold implicative ideal, if for

X,y,z,ue X, (X>l<(y>1<xn ))*Z<u implies that |1A(x) > min{ﬂA(z),ﬁA(u)}and XA(X) < max{?NLA(z)):A(u)}.

Theorem 3.8: Let A = AT XA) be an i-v IF set of X, then the following conditions are equivalent.
(M A is an i-v intuitionistic fuzzy n-fold implicative~ideal of X.
(ii) The non-empty sets U(fi,; [s;,8,]) and L(A,;[t;,t,]) are interval valued n-fold implicative ideals
of X forall [S;,S,],[t;, t,] € D[0,1]

Proof: The proof is straight forward.

4. INTERVAL-VALUED INTUITIONISTIC FUZZY N-FOLD COMMUTATIVE IDEALS OF BCK-
ALGEBRAS

In this section, we apply the concept of interval-valued intuitionistic fuzzy sets to n-fold commutative ideals of BCK-
algebras and introduced the notions of interval-valued intuitionistic fuzzy n-fold (weak) commutative ideals of BCK-
algebras and investigate the some of its related properties.

Definition 4.1: An i-v IFS A= (ﬁA,XA)in X is an interval-valued intuitionistic fuzzy n-fold commutative ideal
(i-v IFCI" —ideal) of X if it satisfies

R n N >0 N < y . .

(i-v IFCI''1) ],LA(O) > uA(X) , XA(O) < }LA (x) and there exists a fixed N € N such that

(v IFCIN2) iy (o (y* (v +x ) 2 min{il , ((x*y) *2),fl 5 (2)}
(i-v IFCI"3) XA(X *(y*(y*x)) < max{XA((x *y) *z),XA(z)}for all X,y,z e X.
Definition 4.2: Ani-v IFS A = (ﬁA,XA) in X is an interval-valued intuitionistic fuzzy n-fold weak commutative ideal

(i-v IFWC" —ideal) of X if it satisfies
(i-v IFWCI"-1) FLA 0)=> ﬁA (x), XA(O) < XA (x)and there exist a fixed N € N such that

(i-v IFweI"-2) o (y*(y*x)) 2 min{f, ((x*(x #y™) *2),fl 5 (2);

(i-v IFWCI"-3) XA(y*(y* X)) < max{iA((x * (X * yn ) *Z),XA(Z)}for all x,y,zeX.
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Note that, an interval-valued intuitionistic fuzzy 1-fold commutative ideal is an interval-valued intuitionistic fuzzy
commutative ideal.

Theorem 4.3: Every interval-valued intuitionistic fuzzy n-fold commutative ideal is an interval-valued intuitionistic
fuzzy deal of X.

Proof: Put y =0 in (i-vIFCI"-2) and (IFCI"-3).
We get, A= (s ,XA) is an interval-valued intuitionistic fuzzy ideal of X.

Theorem 4.4: Every interval-valued intuitionistic fuzzy n-fold weak commutative ideal is an interval-valued
intuitionistic fuzzy ideal of X.

Proof: Put y = X in (i-vIFWCI"-2) and (i-vIFwCI"-3).
We get, A= (s ,XA) is an interval-valued intuitionistic fuzzy ideal of X.

Theorem 4.5: Let A = (fi,,A,) be an interval-valued intuitionistic fuzzy ideal of X. Then

(M) A= (QA,XA) is an interval-valued intuitionistic fuzzy n-fold commutative ideal of X If and only

iffp Ocr (v (v e x ) 2 (xey)anddy (cx(y* (y£x) <7 (xxy)forallx,y e X.
(i) A= (ﬁA ,XA) is an interval-valued intuitionistic fuzzy n-fold weak commutative ideal

of X if and only ifﬁA(y*(y*x)) 2ﬁlA(x*(x*yn))andXA(y*(y*x)) SXA(X*(x*yn)),

forall X,y € X.

Proof: Let A = (ﬁA,XA) be an interval-valued intuitionist fuzzy ideal of X.

(i) Assume that A= (s ,XA) is an interval-valued intuitionistic fuzzy n-fold commutative ideal of X.
Putz = 0in(i-vIFCI" 2) & (i-vIFCI" 3) , we get

- n . ~ ~

iy (xx(y*(y*x7)) 2 min{fi 5 (x*y)*0),i 5 (0)) =i, (x*y) and

b Gy *(yxx) S maxfhy ((cxy) #0005 (0} =4y (x*y)

Therefore, plA(x*(y*(y*xn))) > le(X*y) and XA(X*(y*(y*x”))) < XA(X*y)for allx,y e X.

Conversely assume that iy (x *(y #(y*x" ) 2 iy (x*y)and by (x (v £ (y*x")) S hp (x+y) for al
X,y eX
Using (i-vIF2) and (i-vIF3) we get
ﬁA(x*(y*(y*x“))ZﬂA(x*y)2min{ﬂA((x*y)*Z),ﬁA(Z)}and
XA(X*(y*(y*x”))siA(x*y)smax{XA((x*y)*z),XA(z)},foraux,y,zex.

Thus A is an interval-valued intuitionistic fuzzy n-fold commutative ideal of X

i) Assume that A = ({i ,7: is an interval-valued intuitionistic fuzzy n-fold weak commutative ideal of X. Put
Hasa y

z =0in(i-vIFWCI" 2) & (i-vIFwCI"3),
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We get fiy (v *(y*X)) 2 min{fi ((c*(x*y") ¥, (00} =fi 5 ((x*(x*y") and

A (% () S max{hy ((cx(exyM) #0010 =Ky ((xx(xxy™).
ThereforeaA(y*(y*x))zaA(x*(x*y”))andXA(y*(y*x)) SXA(X*(X*y”)),for allx,y e X.

Conversely assume that plA(y*(y* X)) QA(X * (X *yn )) and XA(y*(y*x)) < XA(X * (X * yn ),
for all X,y € X. Since (i-vIF2) and (i-vIF3), we obtain

p (V*(#30) > 5 (xox (ory™) > mindi, (o (x + y)) ¥ 2) i (7)) and

XA(y*(y*x)) < XA(X*(x*y”) < max{XA((x*(x*y”))*z),XA(z)},for all x,y,z € X.
Thus A is an interval-valued intuitionistic fuzzy n-fold weak commutative ideal of X.

% Observe that x*ygx*(y*(y*xn )) and using Theorem 2.4. we have
~ ~ n Y Y n
ApxEy) 2, (x(y*(y*xT))and Ay (x*y) <Ay (X#(y*(y*x7))).
Hence proposition 4.5(i) can be improved as follows.

Theorem 4.6: An interval-valued intuitionistic fuzzy ideal A= (ﬁA,XA) is an interval-valued intuitionistic fuzzy n-
fold commutative ideal if and only if

i Gox(ys(rex™)) =i, (cxy)andd, (ox(y*(yxx™) =1, (xxy)forallx,y e X.

Theorem 4.7: Let A = AT XA) be an i-v IF set of X, Then the following conditions are equivalent.

(1) A is an i-v intuitionistic fuzzy n-fold commutative ideal of X .
(i) The non-empty sets U(fi,; [s,,s,]) and L(A,;[t;,t,]) are interval valued n-fold commutative ideal

of X, forall [S,S,],[t;, t,] € D[O,1].
Proof: The proof is straight forward.

Theorem 4.8: Let A = X Ky, XA) be an i-v IF set of X, Then the following conditions are equivalent.

Q) ;\ is an i-v intuitionistic fuzzy n-fold weak commutative ideal of X .
(ii) The non-empty sets U(fi,; [s,, s,]) and L(A,;[t;,t,]) are interval valued n-fold weak commutative

ideal of X ,for all [s;,S,],[t;,t,] € D[0,1]
Proof: The proof is straight forward.

Theorem 4.9:  (Extension property for interval-valued intuitionistic fuzzy n-fold commutative ideals). Let
A= (FLasAs) and B= (fig,Ag ) are interval-valued intuitionistic fuzzy ideals of X such that A(0) = B(0) and

A c B, thatis, ]IA(O) = QB(O),XA(O) ZXB(O) and ﬁA(x) < FLB(X) XA(X) > XB(X) forallX € X. If Ajis

an interval-valued intuitionistic fuzzy n-fold commutative ideal of X, then so is B.

Proof: LetX,y € X. Takinga = X * (X *Y),
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We have fig (0) =i, (0)=fin(a*y) < fi,(a*(y*(y*a")) [By Theorem 4.5()]

<figla*(y*(y*a")))
<fig((x*(x*y)*(y*(y*a")))  [ByP3]
<fg((x*(y*(y*a"))*(x*y))

Therefore, [ig(0) <fig((x*(y*(y*a")))*(x*y)), forallX,y € X

Since X * (y * (y *X")) < x* (y* (y*a")) and since [iis an order reversing, it follows that

fig(x*(y*(y*x")) 2 fig(x*(y*(y*a")))
> min{fig((x*(y*(y*a")))*(x*y)),ig(x*y)}
> min{fig(0),fig(x*y)} =fig(x*y).

LetX,y € X. Takingh = X * (X *y),

we have Ag(0) =4, (0)=A,(b*y) =L, (b*(y*(y*b")))  [By Theorem 4.5 (i)]

> dg(b*(y*(y*b"))
> g (x*(x*y))*(y*(y*b")))  [ByP3]
> hg (X *(y * (y *b"))) * (x *y))

Therefore, 7:8 0)> 7:5 (x*(y*(y*b"))) *(x*y)), forall X,y € X

Since X * (y * (Y * X" )) < x * (y* (y*b")) and since XB is an order preserving,
it follows that Ag (X * (y * (y * X"))) < Ag (X * (y * (y % b")))

< max{ig (X * (y * (y #b")) * (x # y)) Ag (x ¥ )}
< max{hg (0)4g (x )} = kg (x *y) and

Therefore, ﬁB(x*(y*(y*xn ))Zfg(x*y)and XB(X % (y * (y * x" ) < XB(X *y)forall X,y € X.

Hence by Theorem 4.5(i), B= (FLB ,XB) is an interval-valued intuitionistic fuzzy n-fold commutative ideal of X.
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