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ABSTRACT
In this paper, we introduce a new class of #gp- closed sets, and their properties. Applying #g-preclosed sets, we also
introduce and study some new classes of spaces, namely, Td# spaces, #Td spaces, Td## spaces, aTd# spaces, aTd##
spaces and #;Td spaces and some interrelationships between these spaces.
1991 AMS Classification: 54A05, 54D10.
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1. INTRODUCTION

N. Levine [11] introduced the class of g-closed sets. M. K. R. S. Veerakumar introduced several generalized closed sets
namely, g*-closed sets, g#-closed sets, g* p- closed sets and their properties. In this paper we introduce #gp-closed sets
and their properties. Applying g#-preclosed sets, we introduce and study some new classes of spaces, namely, Tp#
spaces, "Ty spaces, Ty spaces, T4 spaces, T4 spaces, aTp## spaces and #sTp spaces. We obtained some
interrelationships between these spaces.

2. PRELIMINARIES

Throughout this paper (X, 1) (or X) represent topological spaces on which no separation axioms are assumed unless
otherwise mentioned. For a subset A of a space (X, 1), cl(A), int(A) and Ac denote the closure of A, the interior of A
and the complement of A respectively.

We recall the following definitions which are useful in the sequel.

Definition2.1: A subset A of a space (X, 1) is called
1. apreopen set [16]if A < int(cl(A)) and a preclosed set if cl(int(A)) € A.
2. asemi-open set [12] if A < cl(int(A)) and a semi-closed set if int(cl(A)) SA.
3. ana-open set [17] if A € int(cl(int(A))) and an a-closed set if cl(int(cl(A))) SA.
4. a semi-preopen [2] set (=p-open [1] ) if Accl(int(cl(A))) and a semi-preclosed set [2] (=B-closed[1]) if
int(cl(int(A))) < A.
5. aregular open set [20] if A=int(cl(A)) and a regular closed set [20] if cl(int(A))=A.

The semi-closure (resp. preclosure, a-closure, semi-preclosure) of a subset A of (X, 1) is the intersection of all semi-
closed (resp. preclosed, a-closed, semi-preclosed) sets that contain A and is denoted by scl(A) (resp.pcl(A), acl(A),

splc(A)) .

Definition 2.2: A subset A of a space (X, 1) is called

1. ageneralized closed (briefly g-closed) set [11] if cl(A)< U whenever ACU and U is open in (X, 1).

2. semi-generalized closed [4] (briefly sg-closed) set if scl(A)S U whenever ACU and U is semi-open in (X, 1).
The complement of a sg-closed set is called a sg-open set.

3. a generalized semi-closed (briefly gs-closed) set [3] if scl(A)c U whenever ACU and U is open in
X, 7).

4. an o-generalized closed (briefly ag-closed) set [13] if acl(A)S U whenever ACU and U is open in
X, 7).

Corresponding Author: K. Alli*
Department of Mathematics, The M. D. T. Hindu College, Tirunelveli, Tamil Nadu, India.

International Journal of Mathematical Archive- 6(9), Sept. — 2015 22


http://www.ijma.info/�

K. Alli* / "g-Preclosed Sets in a Topological Spaces / IIMA- 6(9), Sept.-2015.

5. a generalized a-closed (briefly ga-closed) set [14] if acl(A)<S U whenever ACU and U is a-open in (X, t). The
complement of a ga-closed set is called a ga-open [5] set.

6. a generalized semi-preclosed (briefly gsp-closed) set [7] if spcl(A)S U whenever AU and U is open in
X, 1).

7. a generalized preregular closed (briefly gpr-closed) set [10] if pcl(A)S U whenever AcU and U is regular
open in (X, 1).

8. ag*- pre closed [18] (briefly g*p-closed) set if pcl(A)< U whenever ACU and U is g-open in (X, 7).

9. g#-closed set [19] if cl(A)< U whenever ACU and U is ag-open in (X, 7).

10. a generalized pre closed (briefly gp-closed) set [15] if pcl(A)< U whenever AcU and U is open in (X, 1).

Definition 2.3: A space (X, 1) is called a,
1. T1/2 space [11] if every g-closed set is closed,
2. semi-T1/2 space [4] if every sg-closed set is semi-closed,
3. semi-pre-T1/2 space [7] if every gsp-closed set is semi-preclosed,
4. preregular T1/2 space [10] if every gpr-closed set is preclosed.l.

BASIC PROPERTIES OF #g-PRECLOSED SETS

We introduce the following definition.

Definition 3.1: A subset A of a space (X, 1) is called a “g-preclosed set(briefly *gp-closed set) if pcl(A) = U whenever
Ac Uand U isa ag-open set of (X, 1).

Theorem 3.2: Let (X, 1) be a topological space. Then
1. Every preclosed set is “gp -closed, and thus every go-closed set, and every a-closed set and every closed set
is “gp - closed.
2. Every "gp -closed set is gp-closed, and hence gsp-closed and gpr-closed too.
3. Every g’-closed set is “gp-closed.

Proof:

1. Since pcl(A) = A for any preclosed set A of (X, 1), we have that every preclosed set is “gp -closed. Since every
closed (a-closed) set is a-closed (ga-closed) and every go-closed set is preclosed (Theorem 2.4(ii) of [11]),
then every ga-closed set, every a-closed set and every closed set is also “gp -closed.

2. Follows from the fact that every open (gp-open) set is g-open (gsp-closed and gpr-closed) (see [13]).

3. Let Abeag*closed setand Ac U and U is a ag-open,cl(A) = U and pcl(A) = U.Hence A is “gp-closed.

The reverse implications in the above theorem are not true as we see the following examples.

Example 3.3: Let X = {a, b, ¢} and t = {¢, X, {a}, {a, c}}. The set A = {a, b} is “gp -closed but not even a preclosed
set of (X, 1).

Example 3.4: Let X = {a, b, c} and © = {¢, X, {a}}. The set B = {a, b} is gp-closed and thus gsp-closed and gpr-closed.
But B is not a “gp -closed set of (X, 1).

Example 3.5: Let X = {a, b, c} and © = {0, X, {a, c}}. The set C = {c} is “gp -closed but it is not a g’- closed set of
(X, 7).

Thus the class of “gp -closed sets properly contains the classes of preclosed sets, go-closed set, a-closed set,g"-closed
set and the class of closed sets. Moreover the class of “gp -closed set is properly contained in the classes of gp-closed
sets, gsp-closed sets and in the class of gpr-closed sets.

Theorem 3.6:
1. *gp -closed sets are independent of semi-closed sets and semi-preclosed sets.
2. "gp -closed sets are independent of g-closed sets, ag-closed sets, gs-closed sets and sg-closed sets.

Proof: Follows from the following examples.

Example 3.7: Let X, T and A be as in the example 3.3. A is a “gp -closed set but not even a semi-preclosed set of
(X, 7).

Example 3.8: Let X = {a, b, c} and t = {9, X, {a}, {b}, {a, b}}. Let C = {a}. C is semi-closed and hence a semi-
preclosed set of (X, 1). But C is not a “gp -closed set of (X, t). Moreover C is a sg-closed set.
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Example 3.9: Let X = {a, b, ¢} and = = {¢, X, {a, b}}. Let D = {a}. D is “gp -closed. D is neither sg-closed nor even a
gs-closed set of (X, 1).

Example 3.10: Let X, T and B be as in the example 3.4. B is g-closed and hence ag-closed and gs-closed set in (X, 7).
But B is not a “gp -closed set of (X, 7).

Remark 3.11: Union of two gp -closed sets need not be *gp -closed set again.

Proof: Let (X, 1) be as in the example 3.9. A = {a} and B = {b} are “gp -closed sets but A U B = {a, b}, their union is
not a “gp -closed set of (X, ).

Theorem 3.12: If A is ag-open and “gp -closed set of (X, 1), then A is a preclosed set of (X, 7).

Theorem 3.13: Let A be a “gp -closed set of (X, t). Then
1. pcl(A)-A does not contain any non-empty ag-closed set.
2. If Ac B cpcl(A), then B is also a “gp -closed set of (X, ).

Proof:
1. LetF be a g-closed set contained in pcl(A)-A. pcl(A) < X-F since X-F is g-open set with A < X-Fand A is a
*gp -closed. Then F < (X-pc(A)) N (pc(A)-A) < (X-pcl(A)) N pel(A) = ¢. Therefore F = ¢.
2. Let U be a g-open set of (X, 1) such that B = U. Then A < U. Since A U and A is “gp -closed, pcl(A)  U.
Then pcl(B) = pel(pcl(A)) = pel(A) since B < pel(A). Thus pel(B) < pel(A) < U. Hence B is also a “gp -
closed set of (X, 7).

Theorem 3.14: The following diagram shows the relationships between “gp -closed sets and some other sets.

clozad » E-closad - oE-closad
)
¥ / J’
5 e Zm-Closed Ep-closd

7é_hg' cloed Epr-Closad
'_-___.-—F"”-'H

1 4

Ezp-closad

praclossd

where A—/ B (A 4—’—’ B) represents A implies B and B need not imply A (A and B are independent
of each other).

4. APPLICATIONS OF “g-PRECLOSED SETS

We now introduce and study some new spaces, namely T4" spaces, T4 spaces, T4 spaces, T4 spaces, T4 spaces
and *;T4 spaces.

Definition 4.1: A topological space (X, t) is said to be

a T4 space if every “gp -closed set in it is closed.

a "T4 space if every gp-closed set in it is “gp -closed.
a T4 space if every “gp -closed set in it is go-closed.
a T4 space if every “gp -closed set in it is preclosed.
a T4 space if every “gp -closed set in it is a-closed.
a *T4 space if every gsp-closed set in it is “gp -closed.

ok wnE
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Theorem 4.2:
1. Every T4 spaceis ,T4" space and T4™ space.

2. Every T4 space is , T4 space and hence T4 space ., T4" space.
3. Every T4 space is ,T4" space.

1. Follows from the fact that every a-closed set is go-closed and hence a preclosed set.
2. Follows from (1) and the fact that every closed set is an a-closed set.
3. Follows from the fact that every go-closed set is preclosed.

Following examples show that the reverse implications in the above theorem need not be true in general.

Example 4.3: Let X = {a, b, c} and © = {¢, X, {a}, {b, c}}. {b} is a “gp-closed set but not even an a-closed set. So
(X, 1) is neither T4" nor ,T4". However (X, 1) isa T4 space.

Example 4.4: Let X = {a, b, ¢} and © = {¢, X, {a}}. (X, 1) is not a T4" space since {b} is a “gp -closed set but not a
closed set. However (X, 1) isan ,Tq4" space.

Example 4.5: Let X = {a, b, ¢} and © = {¢, X, {a, b}}. (X, 1) is not even a T, space since {a} is a “gp -closed set but
not a ga-closed set. However (X, t) isan ,T4" space.

Thus T4 spaces is properly contained in the classes of T4 spaces, T4 spaces and in the class of , T4 spaces. The
class of ,T4™ spaces is properly contained in the classes of ,T4" spaces and T4 spaces. Moreover the class of ,T4"
spaces properly contains the class of T4* spaces.
Theorem 4.6:

1. Every*.Tq space is a “T4 space.

2. Every semi-pre-Ty, space is an T4 space and a ar space.
Proof:

1. Follows from the fact that every gp-closed set is gsp-closed.

2. Follows from the fact that every “gp -closed (resp. preclosed) set is gp-closed (resp. “gp -closed) set and the

Lemma 2.4 of [3].

Following examples show that the reverse implications in the above theorem need not be true in general.

Example 4.7: Let X = {a, b, ¢} and © = {¢, X, {a}, {b}, {a, b}}. {a, b} is a gsp-closed set but not a “gp -closed set of
(X, 7). Thus (X, 1) is not a *;T4 space. However (X, 1) is a “T4 space.

Example 4.8: Let (X, 1) be as in the example 4.4. (X, 1) is not a semi-pre-Ty/, space since {a, b} is a gsp-closed set but
not a semi-preclosed set. However (X, t) isan ,T4" space.

Example 4.9: Let (X, 1) be as in the example 3.3. (X, 1) is not a semi-pre-Ty,, space since {a, b} is a gsp-closed set but
not a semi-preclosed set. However (X, 1) is a “T4 space.

Thus the class of T4 spaces properly contains the class of *;T, spaces. Moreover the class of semi-pre-Ty, spaces is
properly contained in the class of ,T4" spaces and in the class of “T4 spaces.

Dontchev [10] proved that the dual of the class of semi-Ty,, spaces to the class of Ty, spaces is the class of semi-pre-
Ty, Spaces.

Theorem 4.10: A space (X, t) is semi-pre-Ty,, if and only if it is «Ta"and T,

Proof: Follows from the theorem 2.4 of [4].

Thus the class of T, spaces is the dual of the class of semi-pre-T,,, spaces to the class of T4 spaces.
The following theorem gives a tridecomposition for T4, spaces.

Theorem 4.11: A space (X, 1) is Ty, if and only if it is semi-Ty, o To" and *T.

Proof: Follows from the above theorem 4.10 and the theorem 4.5 of Dontchev [10].
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Theorem 4.12:
1. T4 spaces are independent of “T, spaces and *,T spaces.
T4 spaces are independent of T, spaces and T4 spaces.
* T4 spaces are independent of T,4" spaces, T4 spaces, T4" spaces, . T4 spaces and semi-pre-T;,, spaces.
«Td" spaces are independent of semi-pre-T,,, spaces and preregular Ty, spaces.
T4 spaces are independent of preregular T, spaces.

akrwn

Proof: The space (X, 1) in the example 3.8 is a T4 space but it is not *;T4. Moreover (X, 1) is not preregular Ty,. The
space (X, 1) in the example 4.3 is *;Tq, preregular T+, semi-pre-Ty,, “Tq but not even an , T4 space. The space (X, 1)
in the example 4.4 is an , T4 space and thus ,T4" and also T4™ but it is not even a “T4 space . The space (X, 1) in the
example 4.5 is a *;T, space and thus a “T, space but it is not even a T4 space. The space in the example 4.9 is T4 but
not , T4

Theorem 4.13:
1. Every preregular Ty, space is a “T4 space but not conversely.
2. Every preregular Ty, space is an , T4 space but not conversely.

Proof:
1. The first assertion follows from the fact that every preclosed set is a “gp -closed set. The space (X, 1) in the
example 3.3 is a T4 space. But (X, ) is not a preregular T+, space.
2. The first assertion follows from the theorem 4.06(2) and the corollary 5.8 of [13].The space (X, 1) in the
example 3.8 supports the second assertion.

Thus the class of preregular Ty, spaces is properly contained in the class of ,T4" spaces and in the class of “T spaces.
Definition 4.14: A subset A of a space (X, 1) is called a “gp -open if C(A) is “gp -closed.

Theorem 4.15: The following statements are true but the respective converses are not true in general.
1. If(X, 1) isa T4 space, then every singleton of X is either ag-closed or open.

If (X, 1) is a “T space, then every singleton of X is either closed or “gp -open.

If (X, 1) is a T4™ space, then every singleton of X is either ag -closed or ga-open.

If (X, 1) is an ,T4" space, then every singleton of X is either ag -closed or pre-open.

If (X, 1) isan ,T4" space, then every singleton of X is either ag -closed or o-open.

If (X, 1) is a *,T4 space, then every singleton of X is either closed or “gp -open.

oW

Proof: (1): Let x e X and suppose that {x} is not a g-closed set of (X, t). This implies X-{x} is not a g-open set. So X
is the only g-open set such that X-{x} = X. Then X-{x} is a “gp -closed set of (X, 1). Since (X, 1) isa T4" space, then
X-{x} is closed or equivalently {x} is open. The space in the example 4.03 shows that the converse need not be true.

The proofs for the first assertions of (2) to (6) are similar to as that of the first assertion of (1). The space (X, 7) in the
example 4.4 shows that converse of (2) need not be true. The space (X, 1) in the example 4.3 shows that the converse of
(4) need not be true. The space (X, t) in the example 4.0 shows that the converses of (3), (5) and (6) need not be true.

Theorem 4.16: The following diagram shows some relationships among the spaces considered in this paper.
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-
prarzmular T, zami-pre-T,

where A ——— B (resp. A<—’—> B) represents A implies B but B need not imply A (resp. A and B
are independent of each other).
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