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ABSTRACT

The aim of this paper is to introduce the concept of ;7,18 closed and open sets and study their basic properties in
bitopological spaces.
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1. INTRODUCTION

A triple (X, 1y, 1) where X is a non-empty set t; and T, are topologies on X is called a bitopological space.Kelly [10]
initiated the study of such spaces. In 1985, Fukutake [5] introduced the concepts of g-closed sets in bitopological
spaces and after that several authors turned their attention towards generalization of various concepts of topology by
considering bitopological spaces. Andrijevic.D[1], Levin[12], Nagaveni[16], K.Balachandran and Arokiarani[3],
Gnanambal[7], Mashour.A.S[15] and Maki[14] introduced the concepts of semi open sets, weakly closed sets,
generalized preclosed sets, pre regular closed sets, pre closed sets and a closed sets respectively. S.Pious Missier and
E.Sucila [8] introduced i closed set. In this paper we introduce the notion of 111, 71 closed set and their properties.

2. PRELIMINARIES

Definition 2.1: Let A be a subset of X, then A is called ty7, open [18, 19, 2] if A = A;UB; where A; is 1y and By is 1,,
Definition 2.2: tytoregularopen [4] in X if A = tqint[t,cl(A)]

Definition 2.3: tytopre open [9] in X if AC 1yint[t,cl(A)]

Definition 2.4: t;t,5emi open [13] in X if AC 1,cl[nint(A)]

Definition 2.5: 1,1, open [9] in X if ACt;cl[tint(t;cI(A))],whenever ACU and U is open in 1;.

Definition 2.6: 111, g closed [5] in X, if t,cl(A) €U whenever ACU and U is open in 1;.

Definition 2.7: ty1ow closed [6] in X, if T,cl(A) €U whenever ACU and U is semi open in 14.

Definition 2.8: 1;1,g* closed [20] in X, if t,cl(A) SU whenever ACU and U is g-open in 1;.

Definition 2.9: 1,159 closed [17] in X, if T, scl(A) €U whenever ACU and U is semi open in t;.

Definition 2.10: 1;t.ag closed [17] in X, if T,acl(A) €U whenever ACU and U is open in ;.

Definition 2.11: 1,t,0p closed [17] in X, if 1, pcl(A) €U whenever ACU and U is open in 1;.

Definition 2.12: ty1,9sp closed [17] in X, if 7, spcl(A) SU whenever ACU and U is open in 1;.
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Definition 2.13: tyt,gpr closed [17] in X, if topcl(A) SU whenever ACU and U is regular open in t;.
Definition 2.14: tyt,u closed [17] in X, if 1,cl(A) €U whenever ACU and U is go* open in 1;.
Definition 2.15: 1,1,9 closed [17] in X, if t,cl(A) €U whenever ACU and U is open in t;.
3. On 171, P closed set

Definition3.1: A set A of a bitopological space (X, 1y, 1) is called 17, 7P closed set in X if t,/icl(A) SU whenever
A cU and U is 1,8 open in X.

Theorem 3.2: Every 1, closed set in (X, 11,1) is 117, i closed set but not conversely.

Proof: Assume that A is 1,closed and whenever A €U and U is 1, 8 open. Every 1, closed set is 1, ji closed. Therefore
T,Cl(A) S1oficl(A) SU. Therefore tofcl(A) €U whenever A €U and U is 1,8 open. Hence A is 117, fi closed.

Example 3.3: Let X={a, b, c, d} be a bitopological space with topologies t; = {{a},{b}{a, b}, {a, b, c}, X, @} and
1, = {{a}.{c}.{a, c}.{a b, c},X, @}. Then the set {a, d} is 111, fiff closed but not 1,1, closed.

Theorem 3.4: Every 131, regular closed set is 1,7, £iff closed but not conversely.

Proof: Let A be a 131, regular closed set. Every 1,1, regular closed set is 111, closed. By theorem 3.2, A is
117, [P closed.

Example 3.5: Let X={a, b, ¢, d} be a bitopological space with topologies 1, = {{a},{b}.{a, b}, {a, b, c},X,@} and
1, = {{a}.{c}.{a c}.{a b, c}, X, @}. Then the set {d} is 117, {1 closed but not 111, regular closed.

Theorem 3.6: Every 1,1, g closed set is 1,7, i3 closed but not conversely.
Proof: Let A be a 111, g closed set. Every 117, g closed set is 117, closed. By theorem 3.2, A is 1,7, (i closed.

Example 3.7: Let X= {a, b, c, d} be a bitopological space with topologies 1, = {{a}, {b}.{a, b}, {a, b, c}, X, @} and
1, = {{a}.{c}.{a c}.{a b, c}, X, @}. Then the set {c} is 117, fip closed but not 1,7, g closed.

Theorem 3.8: Every 1y1, gr closed set is 11,8wg” closed.
Proof: Let A be 111, gr closed. Every 11, gr closed is 111, g closed. By theorem 3.6, A is 11, fi closed.

Example 3.9: Let X= {a, b, ¢, d} be a bitopological space with topologies 1, = {{a}, {b}, {a, b}, {a, b, c}, X, @} and
1, = {{a},{c}.{a c}.{a b, c}, X, @}. Then the set {a} is 117, fip closed but not 1,1, gr closed.

Theorem 3.10: Every 1,7, g* closed set is 1,7, (i closed but not conversely.
Proof: Let A be a 111, g* closed set. Every 111, g* closed set is 117, g closed. By theorem 3.6, A is 1,71, £if closed.

Example 3.11: Let X={a, b, c, d} be a bitopological space with topologies t; = {{a}.{b}.{a, b}, {a, b, c},X,0} and
1, = {{a}.{c}.{a c}{a b, c}, X, @}. Then the set {d} is 117, fiP closed but not 1,7, g* closed.

Theorem 3.12: Every 111, w closed set is 117, I3 closed but not conversely.

Proof: Let A be 11, W closed, whenever ACU and U is 1; semi open. Then 1,cl(A) S 1, ficl(A) € U. Since every
Ty semi open set is 718 open. Therefore every 1,1, w closed set is 117, (I3 closed.

Example 3.13: Let X={a, b, c, d} be a bitopological space with topologies t; = {{a},{b}.{a, b}, {a, b, c}, X, @} and
1, = {{a},{c}.{a c}.{a b, c}, X, 8}. Then the set {a, d} is 117, /ip closed but not 7,1, W closed.

Theorem 3.14: Every 1,1, ag closed set is 147, fiff closed but not conversely.

Proof: Let A be 1;1, @g closed such that t,acl(A) €U, whenever ACU and U is t; open. Then t0cl(A) S t,Cl(A) <
Toficl(A) € U. Since every 1; open set is 1;8 open. Therefore every 111, ag closed set is 117, £ closed.

Example 3.15: Let X={a, b, c, d} be a bitopological space with topologies t; = {{a},{b}.{a, b}, {a, b, c}, X, @} and
1, = {{a}.{c}.{a, c}, {a b, c}, X, @}. Then the set {c} is 1y1/iP closed but not 111, ag closed.
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Theorem 3.16: Every 1,1, sg closed set is 1,7, fiff closed but not conversely.

Proof: Let A be 1,1, sg closed such that t,5cl(A) SU, whenever ACU and U is 15 semi open. Then 1,5ClI(A) S t,Cl(A) <
Toficl(A) € U. Since every 1; semi open set is 118 open. Therefore every 111, sg closed set is 117, fip closed.

Example 3.17:Let X={a, b, c, d} be a bitopological space with topologies 1, = {{a}.,{b}.{a, b}, {a, b, c},X, 8} and
1, = {{a},{c}.{a c}{a b, c}, X, @}. Then the set {a, c, d} is 111, TP closed but not 1,1, Sg closed.

Theorem 3.18: Every 1,1, ga closed set is 117, i closed but not conversely.

Proof: Let A be 111, ga closed such that t,0cl(A) SU, whenever ACU and U is 15 a open. Then t0cl(A) S t,¢l(A) S
Toficl(A) € U. Since every 10 open set is 118 open. Therefore every 111, ga closed set is 117, £iff closed.

Example 3.19: Let X={a, b, ¢, d} be a bitopological space with topologies t; = {{a},{b}.{a, b}, {a, b, c}.X, @} and
1, = {{a},{c}.{a c}.{a b, c}, X, @}. Then the set {c, d} is 117,/1B closed but not 1,7, ga closed.

Theorem 3.20: Every 111, gS closed set is 1,7, (13 closed.

Proof: Let A be 11, gs closed such that t,5cl(A) SU, whenever ACU and U is 1; open. Then t,scl(A) € t,cl(A) <
Toficl(A) € U. Since every 1; open set is 18 open. Therefore every 117, gs closed set is 117, fip closed.

Theorem 3.21: Every 111, gsp closed set is 1,1, /1 closed.

Proof: Let A be 111, gsp closed such that t,spcl(A) €U, whenever ACU and U is t; open. Then t,spcl(A) € 1,¢l(A) <
Toficl(A) € U. Since every 11 open set is 118 open.Therefore every 1,7, gsp closed set is 111, fi closed.

Remark 3.22:.Every 111, Oclosed, 117, mclosed, 111, dclosed set is 17, closed set. Therefore every 11, 6 closedset,
117, mclosed, 111, Sclosed set is 11741B closed.

Theorem 3.23: Let A be a subset of a bitopological space (X, 11, 7). If A is 111, fip closed then t,ficl(A)-A does not
contain non empty 1 Sclosed sets.

Proof: Suppose that A is 1;1, fif closed. Let F be a 7,8 closed set such that FSt,ficl(A)-A. Since FCt,icl(A)-A, we
have FCt,/icl(A)-ANA°. Consequently FEA®, we have ACF®. since F is 1,8 closed set, we have F° is ;8 open. Since A
is 111,/ closed. We have tyicl(A) SF°. Thus FE [tyicl(A)-A]°=X- [1,4cl(A)].Hence FS ¢. But ¢ <F. Therefore
F=o.

Theorem 3.24: Let A be a t;0pen set in (X, 14, T2) and U be 1,8 open in A. Then U=ANW for some 1,8 open set W in
X.

Proof: Let A be a T;0pen set in (X, 13, T2) and let U be 1,8 open in X. Since U is 7,8 open in A, we have
U= tcl[rint(ticl(U))]
7 Cl[A Nrint(ticl(U))]
= A N {t.cl[A nrint(tcl(U)1}
= A n{ ucl(A) ntclnint(tcl(U)]}
= A n{A N 1cl[nint(tcl(U))]} [since A is t; Open]
=ANA nTlcl[Tzint(Tld(U))]
= A Nnryel[int(ticl(U))]
=AnW
Where W= 1;cl[t,int(t,cI(A))]. Then U=A NW, for some t; § open set W in X.

Remark 3.25: If A is 1, open and U is 1; 8 open in X then U NA is t; 8 open in A.
Theorem 3.26: If Xer,jicl(A) if and only if UnA+ ¢ for every 1, B open set U containing X.

Proof: Let X€tyficl(A). Suppose that there exist a 1,8 open set U containing X such that UnA= ¢. Then A cU°® and
U°®is 148 closed set. Since A CU°, 1pcl(A) Sroficl(U°). Since Xetyficl(A) we have Xet,icl(U°), since U is 1, closed
set =>XeU°. Hence X¢U, which is a contradiction that XeU. Therefore UnA= ¢. Hence UnA= ¢ for every 1,8 open
set U containing X. Conversely, let UnA= ¢, for every ;8 open set U containing X. Suppose that X&t,ficl(A), then
there exists a 7,8 open set U containing X such that UNA= ¢. This is contradiction to UnA+ ¢. Hence Xer,ficl(A).
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Theorem 3.27: If A is 7,8 open in (X, 11, Tp) then ANT,ficl(A) Srpficl(B) for any subset B of A.

Proof: Let A be 1; § open in (X, 11, T2). Let BEA and XEANT,fcl(B). Then xet,icl(B). Let U be a 145 open subset of
A such that XeU. By theorem 3.24, there exists a t; # open subset W of X such that U=ANW. Since XeU, we have
XeANW.Hence XeA and XeW.since Xertyicl(B) and W is 1, 8 open subset in X, we have WNB= ¢. Now
U nB=(A NnW) NB =W N(ANB)= W NB # ¢. Hence UNB # ¢ for any 1,8 open subset U of A such that X eU.
Therefore X € 1,4icl(B). Hence A N1,jicl(B) < tyficl(B) for any subset B of A.

Theorem 3.28: Let A and B be subsets such that A B Crt,ficl(A). If A is 111, ip closed, then B is 117, i closed.

Proof: Let A and B subsets such that A € B Cryjicl(B). Suppose that A is 1,7, (i closed. Let B €U and U is t; 8 open
in X. Since A €B and B cU, we have A cU. Hence A €U and U is 1; B open in X. Since A is 117, /I closed we have
ToAcl(A) €U. Since B Cryficl(A) = 1oicl(B) Sroficl[tficl(A)]= toficl(A) CU. Hence tyficl(B) €U. Therefore B is
117, f1 closed.

Example 3.29: The figure is justified with the following examples.

Let X={a, b, ¢, d} be a bitopological space with topologies t©={{a},{b}{a, b}, {a, b, c}, X, @} and
= {{a} {c}{a c}{a b, c}, X, 0}

11, closed setsin X are X, @,{d}.{b, d}.{c, d}.{a, b, d}.{a, c, d},{b, c, d}

1,7, [P closed sets in X are X, @,{a},{b}.{c}.{d}.{a, d}.{a, b}.{b, c}{b, d}.{c, d}.{a, b, d}.{a, c, d},{b, c, d}
1,7, regular closed sets in X are X, @,{c, d},{a, c, d}

117, gr closed sets in X are X, @, {d},{a, d},{b, d},{c, d}.{a, b, d}{a, c, d}.{b, c, d}

1,7, g* closed sets in X are X, @,{d},{a, d}.{b, d},{c, d}.{a, b, d}.{a, c, d},{b, c, d}

117, g closed sets in X are X, @,{d}{a, d}.{b, d},{c, d}.{a, b, d}.{a, c, d}{b, c, d}

11T closed sets in X are X, @,{a},{b}.{a, b}.{a b, c}

11T, semi closed sets in X are X, @,{b},{d}.{a, b}.{b, c}.{b, d}.{a, b, d},{b, c, d}

117, W closed sets in X are X, @, {d},{b, d},{a, b, d},{b, c, d}

10. 11,89 closed sets in X are X, @,{a}{b}{c}.{d}{a, b}.{a, d}.{b, c}.{b, d}{c, d}.{a, b, d}.{b, c, d}

11. ©u7, S closed sets in X are X, @,{b},{c},{d}.{a, b}.{b, c}{b, d}.{c, d}.{a, b, d}.{b, c, d}

12. ©u7, pre closed sets in X are X, @,{a},{b}.{a, b}.{a, c}.{a, b, c}{a, c, d}

13. 115wy closed sets in X are X, @,{b},{d}{b, d}{c, d}.{a, c, d}

14. 1y1, ga closed sets in X are X, @,{b},{d}.{b, c}.{b, d}.{b, c, d}

15. 11, go* closed sets in X are X, @,{b},{d}.{b, d}{c, d}.{a, b, d}{a, c, d}.{b, c, d}

16. 117, p closed sets in X are X, @0,{d}{a, d},{b, d},{c, d}.{a, c, d}{a, c, d}{b, c, d}

17. 11, gs closed sets in X are X, 9,{a},{b},{c}.{d}.{a, d}.{a, b} {b, c}.,{b, d}.{c, d}.{a b, d}, {a, c, d}.{b ,c, d}
18. 111, 0g closed sets in X are X, @,{b},{d},{a, d},{b, d}.{c, d}.{a, b, d}{a, c, d}.{b, c, d}

19. 11, gsp closed sets in X are X, @,{a},{b},{c}.{d}.{a, d}.{a, b}{b, c}{b, d}{c, d}.{a b, d}{a, c, d}.{b, c, d}

CoNoogk~wWdPE

TiT:Tclosed g1 TTxTclosed [#q TyTzToosed |feae TiTiET TEEGT P3™ T3T:rg closed

R T £ dossed |
1tz

¢ T,T;rw cClosed T,T; rew dosed < merwe closed |':
2

%%, closed T,T; § closed
l .1, W dosed J
T,T; Tg closed

T, Tclosed

\L T1T27"'ﬂ closed ‘/
.1, %7 closed T,1; gpclosed
n.:Semi closed el \ \ J
T,T; gpr closed
T:T: 7 closed 2 TT:ESP Closed SR
A B Means A implies B but not conversely
A B means A and B are independent of each other
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4. On 1,7, fip open set

Definition 4.1: A subset A of a bitopological (X, 13, 1,) is called 117, I open in X if its complement is 117, £ifp closed in
X.

Theorem 4.2: A subset A of a bitopological space (X, 11, T2) is 717> A open if and only if FSt,dint(A) whenever FCA
and F is 1,1, B closed in X.

Proof: Suppose that A is 111, A open. Let ACF and F is 1; B closed in X. Then A‘cF® and F° is 1,8 open in X. Since A
is Tyt, AP open, we have A° is 11, AP closed. Hence t,/icl(A°) SF°. Consequently, [t,Aint(A)]°SF°. Therefore
Fcr,aint(A).Conversely , suppose that FCStogiint(A) whenever FEA and F is 1,8 closed in X. Let A°CU and U is 1,8
open in X. Then U°CA and U is 1, closed in X. By our assumption we have U°Ctjiint(A).Hence [t 4int(A)]°cU.
Therefore T,4icl(A%) € U. Consequently A° is 1,7, fip closed. Hence A is 1,7, i open.

Theorem 4.3: Let A and B be subsets such that t,fint(A) SBCSA. If A is 1,1, i open, then B is 711, i open.

Proof: Suppose that A and B are subsets such that 1,iint(A) SBCA. Let A be 1,1, i open. Let FEB and F is 1, 8
closed in X. Since FSA. Therefore FCSt,/iint(A). Since tp[int(A) SB, we have
TAint[AINt(A)] Saint(B) =1,4int(A) Sriint(B) =>FCt,iint(B) =B is 141, A open.

Theorem 4.4: If a subset A is 117, (i closed then T,£CI(A)-A is 1175 fI open.

Proof: Suppose that A is 1,1, (i closed. Let FS1,icl(A)-A and F is t; B closed. Since A is 1,1, fIff closed, we have
T,icl(A)-A does not contain non empty t; 8 closed. By theorem 3.23,
F=p = ¢ Srficl(A)-A=1iint(¢p) Srodint[t[Acl(A)-A] =FCtdint[1,[Acl(A)-A]. Therefore 1oiCI(A)-A is 111, i Open.
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