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ABSTRACT

A Roman dominating function (RDF) on a block graph B(G) = (H, X) is defined as a function f: H— {0, 1, 2} satisfying
the condition that every vertex u for which flu) =0 is adjacent to at least one vertex v for which f(v)=2.
The weight of a Roman dominating function of B(G) is defined as f(H) = Y.,ey f(v). The Roman domination
number of a block graph B(G) is denoted by ygg(G), equals the minimum weight of a RDF of B(G). A Roman
dominating function of B(G) is connected Roman dominating function of B(G) if either (V; U V) or (V,) is connected.
The connected Roman block domination number y.zz(G) is the minimum weight of a connected Roman block
dominating function of B(G). In this paper we establish some results on y.zz(G) in terms of elements of G. Further
we develop its relationship with other different dominating parameters.
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INTRODUCTION

Let G = (V, E) be a simple, undirected (p, q) graph with p = |V|, ¢ = |E|. Any undefined terms or notations can be
found in [2]. We denote open neighbourhood of a vertex v of G by N(v). The degree of a vertex v denotes the
number of neighbours of v in G and A(G) is the maximum degree, 6(G) isthe minimum degree of G. For any
connected graph G, a vertex v € V(G) is called a cut vertex of G if G-v is no longer connected. A maximal
induced subgraph without cutvertex is called a block of G. For any (p, q) graph G, a block graph is the graph
whose vertices correspond to the blocks of G and two vertices in B(G) are adjacent whenever the corresponding
blocks contain a common cutvertex in G.

A set D of a graph G is a dominating set if every vertex in V - D is adjacent to some vertex in D. The domination
number y(G) of G is the minimum cardinality of a minimal dominating set. A dominating set D is called
connected dominating set if induced subgraph (D) is connected. The connected domination number y,.(G) is the
minimum cardinality of a connected dominating set of G. A dominating set D of a graph G is a strong split
dominating set if the induced subgraph (V — D) is totally disconnected with at least two vertices. The strong
split domination number y.,(G) of G is the minimum cardinality of a strong split dominating set of G. From
[1], a Roman dominating function (RDF) on a graph G = (V,E) is a function f:V — {0,1,2} satisfying the
condition that every vertex u for which f(lu) =0 is adjacent to at least one vertex v for which f(v) = 2. The
weight of a Roman dominating function is the value f(V) = Y.,ey f(v). The minimum weight of a Roman dominating
function on a graph G is called the Roman domintion number and is denoted by y;(G).

A Roman dominating function f= (V§,V},V)) on a graph G is a connected Roman dominating function
(CRDF) on G if (V{uV}) or (V}) is connected. The minimum weight of a CRDF is called a connected
Roman domination number of G and is denotd by y-(G) . This concept is introduced by M. H. Muddebihal and
Sumangaladevi [5].

Corresponding Author: 2Vedula Padmavathi* 2Department of Mathematics,
Gulbarga University, Gulbarga - 585106, Karnataka, India.

International Journal of Mathematical Archive- 6(9), Sept. — 2015 182


http://www.ijma.info/�

M. H. Muddebihal, *Vedula Padmavathi*/ Connected Roman block domination in graphs/ IJIMA- 6(9), Sept.-2015.

A Roman dominating function on a block graph B(G) = (H, X) is a function f: H — {0,1,2} satisfying the condition
that every vertex u for which f(u) =0 is adjacent to at least one vertex v for which f{v) =2. The weight of a
Roman dominating function on B(G) is the value f(H) = Y.,ey f (¥). The minimum weight of a Roman dominating
function on a block graph B(G) is called the Roman block domintion number and is denoted by yzz(G), see [6] .

A Roman block dominating function f = (V,, V;,V,) of agraph G is a connected Roman block dominating function if
either (; U ;) or (V,) is connected in B(G). The minimum weight of a connected Roman block dominating
function is denoted by y.p(G) and is called connected Roman block domination number of G.

PREREQUISITES

Theorem A[3] : If any tree T has p vertices, then its block graph B(T) has (p - 1) vertices.

Theorem B [4]: For any connected graph G on n vertices, yz(G) <n — [—1 + diam G]

3

Theorem C [7]: For any connected graph G, y(G) < y,(G) .
We used above Theorems in our further results.
RESULTS

Theorem 1:
(i) For any non - separable graph G, y.z5 (G) = 1.
(i) Forany path P,, vzs(P,) =p—2 if p=4
=p—-1if p #4.
(iii) For any graph G with exactly one cut vertex, y.zz(G) = 2.
(iv) For any graph G whose B(G) is a star, y.zp(G) =2.

In the following Theorems we establish relations betweeny gp (G), Yrc(G) and yrz(G) .
Theorem 2: For any connected graph G, Y.z (G) < Vrc(G) .

Proof: Let G be any connected graph with a CRDF f = (V¢,V{,V)) and let f = (V,,V;,V,) be the CRDF in
B(G). We consider the following cases.

Case-1: Suppose G be a non — trivial tree T. Let V,, = {vy,v,,v3,.....,7,,} be the set of all end vertices,
V. = {vy,v,,v5,....,v.} be the set of all cutvertices in T such that V(T) = V. UV,, and V! € V. be the set of
all cutvertices adjacent to endvertices in T.Then V v; € V! ,w(v;) =2 and V v EV, \ V!, W(vj) =1 such

that w(N(vi) nN(vj)) =1or2. Then (vv) is connected. Hence V. forms ygc—set in T and
Vel = |Vi| + V3| = ygre(D).

Let A={By,By, ... ,B,} be the set of all blocks of G, M' = {B;,B,, ... ... B}, k <n be the set of all non - end
blocks and E' = {By,B,, .....B,,},m <n be set of all endblocks of G.

Let H = {by, by, ... ... ,b,} be the corresponding block vertex set of A, M = {by, by, ... ... b}, k <nbe the set of
all cutvertices and M, = {by, by, ... ... b,},m<n be set of all non - cutvertices corresponding to M!, E!

respectively in B(G). Since G =T, V b; € M in B(T) are connected and w(b;) =1or2 and Vb € M, in B(T)
,w(bj) = 0. Hence M forms y.zz — set in B(T). By Theorem A, T has one vertex more than that of B(T). Hence
Vil + Vol < V| + V3] give verp(T) < yre(T) -

Case-2: Suppose G is not a tree. Then assume G is a tree and any two non — adjacent vertices u, v with d(u, v) =2 are
joined by an edge. Then the graph G contains a smallest block B; with p =3 vertices. If B; € E' in G, then the
two non — adjacent vertices u, v of B; € V}and the corresponding block vertex b;of B;belongs to V, in B(G). If
B; € M'in G, then u,v € V. where V. is ypc —set and the corresponding block vertex b; € y.zp — set in B(G).
Hence one can easily verify that y.z5 (G) < yrc(G).

Theorem 3: For any connected graph G, ygg (G) < yerp (G).

Proof: Let H = {by, by, ... ... ,b,} be the set of all vertices of B(G). Let H; = {by, by, ... ... b;},1 <i <mn such that
H, c H and Then H, = H \ Hy and V b; € H,, w(b;) = 0 or 1. Suppose each b; has weight 2. Then (H,) = (V) and
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is connected which gives V3| = yzp(G). Otherwise 3 b; € H,, w(b;) = 1and N(b;) = b; € H;. Then (V; UV,) is
connected. Hence |V; UV,| = vy.zp(G). Suppose H; —{b,} or H; —{b, U{b,}}, 1<k <i,1<n<j such that
|H, — {b}| or |Hy — {{b,. }U {b,}}| gives ygp- set. Hence |Hy — {b;}| or |H; — {{b, } U {b,}}| < I3 UV,| which
gives yrp (G) < Yerp (G).

In the following Theorem we establish the relation between y(T) and y.zz (T).

Theorem 4: For any connected tree T, y(T) < yzg(T).

Proof: Let V = {vl,vz, .....,vp} be the set of all vertices of T and suppose D = {vy,vy,....,v;},l <p be the
minimal dominating set of T such that |[D| = y(T). Let A= {Bl,Bz, ...... ,Bp_l} be the set of all blocks of T
and H = {bl,bz, ...... ,bp_l} be the corresponding block vertices in B(T). V B; adjacent to endblocks containing

v; €D in T, there exist a corresponding block vertex set { b;} in B(T) such that {b;} € V, UV, and V B; not
adjacent to endblocks in T there exist a corresponding block vertex set{ b;} in B(T) such that {bj} eV .
Hence (b; U b;) is connected and it forms y gg — set such that [V | + |V5| = [Derp| = verp (T) - Clearly |D| < [Dggg|

gives y(T) < yerp (T).
The following Theorem relates y(G), v.gp (G) and y.(G).
Theorem 5: For any connected (p, q) graph G, Y.z (G) < y(G) + y¢(G).

Proof: Let D = {vy,v;,.....,v;},1 <p be the set of vertices of G such thatevery v; €V — D is adjacent to
at least one vertex of D. Then D is ay —set. Suppose for some v; € D and Vv, € D — {v;} is not adjacent to at
least one vjl €V — D U {v,}. Then D is a minimal dominating set.

Forv, € D,v; €D if N(v)n N(vj) # @, then (D) is connected otherwise 3 at least one vertex x € V — D such
that N(v;) n N(vj) =x. Then DU{x} forms a minimal connected dominating set and D U{x}=D,. Let
A ={By,B,,..... , B, } be the set of all blocks of G, M' = {B;, B, ... ... By}, k < n be the set of all non - end blocks and
E'={B,,B,,.... B, },m < n be set of all endblocks of G. Let H = {by, by, ... ... ,b,} be the corresponding block
vertex set of A, M = {by, b,, ... ... b,}, k <n be the set of all cutvertices and M,. = {by, b,, ... ... b, },m <n be set
of all non - cutvertices corresponding to M',E' respectively in B(G). Let H; = {by,b,, ... ... b;},i < k such that
Hy S MandVb; € Hy,w(b) =2.Then H, = H\ H, andV b; € H,,w(b;) =0 or 1.

Suppose H; = M and each b; has weight 2. Then (H;) = (V;) and is connected gives |V,| = y.rp(G) otherwise
3 b € H, withw(b;) = 1and N(b;) = b; € M. Then (V, U V;) is connected. Hence [V; UV,| =y (G) .

Let B; € A is asmallest block with p =3 vertices in G. We consider the following cases.
Case-1: Suppose B; € E! € A. We consider following subcases.

Subcase 1.1: Assume B; € E' = A. Then at least one v; of B; € D and D.. The corresponding block graph B(G) is a
complete graph and corresponding block vertex b; € {V,}. Then |V,| < |D| + |D,| gives the result.

Subcase 1.2: Assume B; € E' c A. Then at least one v; of B; € D and D.. The corresponding block vertex b; € {V,} in
B(G). Then V by € {V, UV;} in B(G) form ygg-set and [V, U V| < |D| +|D.| gives result.

Case-2: Suppose B; € M' c A. Then at least two vertices of B; belong to D. and at leas one vertex of B; belongs
to D. The corresponding block vertex b; € M in B(G) with w(b;) =1 or 2. Hence b; € y.gg—sSetand |V, UV;| < |D]| +

ID.| . Hence y.rp(G) < v(G) +vc(G).

In the following Theorems we provide upper bounds for y.zz(G) in terms of number of blocks n and number of
vertices p of G.

Theorem 6: For any connected graph G, y.zg(G) < n where n is number of blocks of G.
Proof: We consider the following cases.

Case-1: Suppose G is non — separable. Then by Theorem 1, y x5 (G) = 1 = n.
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Case-2: Suppose G is separable. We consider the following subcases of case 2.
Subcase 2.1: Assume G has exactly one cutvertex. Then by Theorem 1, y x5 (G) = 2 < n.

Subcase 2.2: Assume G has more than one cutvertex. Let A = {By,B,, ... ... ,B,} be the set of all blocks of G,
M' = {By,B,, ... .. By}, k < n be the set of all non - endblocks of G. Let H = {b;, by, .. ... ,b,} be the corresponding
block vertex set of A such that V(B(G)) = Hand M = {by, b, ... ... b, }, k < n be the set of all cut vertices corresponding
to M' respectively in B(G). V b; € M,w(b;) = 10r2 such that |M| = |V;| + |V,|. Then M forms y.gs- set and
IM| = |Dgp | = verp (G) . Since B(G) contains at most n -2 cutvertices, vz (G) < n. Hence the result.

Theorem?: For any (p, q) graph G, Yz (G) < p — 1.

Proof: By Theorem 6, y gz (G) < n where n is number of blocks of G and since any graph contains at most n = p - 1
blocks, the result follows.

Following Theorem relates y.zz (G) and y,(G).

Theorem 8: For any connected graph G, y.z5(G) < 2 y-(G). Equality holds for a graph G with exactly one cutvertex
adjacent to all the vertices of all the blocks.

Proof: From Theorem C and Theorem 5, y.zg(G) < v(G) + y¢(G)
<¥c(G) +yc(G) =2y.(6)

Further Theorem gives relation between y gz (G) and yz(G).

Theorem 9: For any (p, q) graph G, ygg(G) < 2 yz(G) — 3.

Proof: Let V = {vy,v,,....,v,} be the set of all vertices of G. Let f = (V{,V{,V}) be a y — function in G and
suppose Di = {vy, V3, e euv.., U}, s < p be a minimal y; — set of G. Let A = {By, By, ... ... , B, } be the set of all blocks
of G, M'={B,B,,.... By}L,k<n be the set of all non-endblocks of G. Let H = {by, by, ..... ,b,} and
M = {by, by, ... ... b}, k <n be the corresponding block vertex sets of A and M' respectively in B(G). Consider
{v;} €V — Dy such that w(v;) = 0 and v; is incident with any B, € M' in G. Then V B, containing v; there exist a
corresponding block vertex set {b;} € V, UV, and {b;} € M such that M forms y.p —set in B(G). Since in G,
for any block B;, Y,.ep, w(v;) is at most 2 and the weight of corresponding block vertex in B(G) is

w(b;) = 1 or 2, itis clear that yc’*‘;& + ; < ¥r(G).

Hence y.p (G) < 2yx(G) — 3.

In next Theorem we establish an upper bound for y .z (G) in terms of diameter of G.
Theorem10: For any connected graph G, y.zp (G) < 2p — % [1+ diam G].

Proof: From Theorem B and Theorem 9,
Yerp (G) < 2yp(G) — 3
< 2yx(6)
1 +diam G”

=2 [p N [ 3
<2p- % [1 + diam G]. Hence the result.

The following Theorem relates y gz (T) with . (T).
Theorem 11: For any non — trivial tree T, y.zp (T) = y.s(T) + 1 if and only if B(T) has at least two cut vertices.
Proof: For necessary condition, suppose ¥gp(T) = v.(T) + 1.

Let B(T) has exactly one cutvertex. Then T has at least 3 blocks and y,(T) + 1 =3 > 2 = yp(T), a contradiction.
Hence B(T) has at least two cutvertices.

For sufficient condition, suppose B(T) has at least two cutvertices.
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Let V = {vl,vz, .....,vp} be the set of all vertices and V! = {v;,v,,....,v.} be the set of all cutvertices adjacent to
endvertices in T. Let E, = {eq,e,,.....,e,} be the set of all endedges and E, = {e, ey, .....,e.},¢ < n be the set of
all edges adjacent to endedges in T. Let V,. be the set of all minimum number of vertices that covers all the edges of
(E(G)\ E.UE,). Then V!uV,. forms y,- setand |V!| + |V,.| = y5(T).V B; € E(G) \ E,, 3 corresponding block
vertices b; € V, U V; in B(T) such that (V, U V;) is connected. Then {b;} forms yz —set and |b;| = |V;| + |V;,| =
IDcrg | = Vern (T)-

Obviously [V, | + [Vi| = [V!| + Ve | + 1 gives yrp (T) = v (T) + 1.
Suppose B(T) has no cutvertex. Then the corresponding tree T has exactly one cutvertex.
Clearly y g (T) = 2 =y, (T) + 1.

In the following Theorems we obtain lower bounds for y.z5(T) intermsof p, g, A, 8
Theorem 12: For any tree Twithp >3, y.zp (T) = p — % + 1.

Proof: We consider the following cases.

Case-1: Suppose the tree T has exactly one cutvertex. Then B(T) is a complete graph and yzz(T) = 2. Since for any
treeT,q=p-1and §(T) =1

Clearly p — % +1=p-— @ + 1 =2 givesthe result.

Case-2: Suppose T has more than one cutvertex. Let V. = {vy, v,, v, ....., v} be the set of all cutvertices in T. For
every non — endedge containing vertices v; € V. there exist a corresponding block vertex set{b;}such that|b;| = |V1+ V,|

in B(T). Hence {b;} forms yp —setand |b;|=|Vi+ V2 |=|Deks|>2=p — % + 1. Hence the result.
Theorem 13: For any tree T, [A(apﬁj < Yerp(T).

Proof: Let D, be a minimal dominating set of B(T) and D; = V(B(T)) \ Ds.

Suppose D, € D; and V b; € D, w(b) =2o0r1, Vb €D, w(b)=1 and Vb, € D; \ D, w(b,) = 0. If each
b; has weight 2 and N(b;) = x € D, then (D,) = (V,) which is connected and gives |V,| = y.zz (T) otherwise there
exist b; € D, w(b]) = 1and N(b;) = b;. Then (V; U V;) is connected. Hence |V, U V| = ygp(T). Forany tree T,

there exist at least one vertex u € V(T) such that deg(u) = A(T). Then lA(Gp)HJ < Vil + [V, or |V,].

p
Hence lA(G)+1J < Yerp(T).
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