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ABSTRACT 
A Roman dominating function (RDF) on a block graph B(G) = (H, X) is defined as a function f: H→ {0, 1, 2} satisfying  
the  condition  that  every  vertex  u  for  which  f(u) = 0  is  adjacent  to  at  least  one  vertex  v  for  which  f (v) = 2. 
The  weight  of  a  Roman  dominating function  of  B(G)  is  defined  as  𝑓𝑓(𝐻𝐻) = ∑ 𝑓𝑓(𝑣𝑣)𝑣𝑣∈𝐻𝐻 . The  Roman  domination  
number  of  a  block graph  B(G)  is  denoted  by  𝛾𝛾𝑅𝑅𝑅𝑅(𝐺𝐺), equals  the  minimum  weight  of  a  RDF of  B(G). A Roman 
dominating function of B(G) is connected Roman dominating function of B(G) if either 〈𝑉𝑉1 ∪ 𝑉𝑉2〉 or 〈𝑉𝑉2〉  is  connected. 
The  connected Roman  block  domination  number  𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐(𝐺𝐺)  is  the  minimum  weight  of  a  connected  Roman  block  
dominating function of B(G). In  this  paper we establish  some  results on 𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐(𝐺𝐺) in terms  of  elements  of  G. Further 
we develop its relationship with other different dominating parameters.  
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INTRODUCTION 
 
Let G = (V, E) be a simple, undirected (p, q) graph with 𝑝𝑝 = |𝑉𝑉|, 𝑞𝑞 = |𝐸𝐸|. Any undefined terms or notations can be 
found in [2]. We  denote  open  neighbourhood  of  a  vertex  v  of  G  by  N(v). The  degree  of  a  vertex  v  denotes  the  
number  of  neighbours  of  v  in  G  and  ∆(𝐺𝐺)  is  the  maximum  degree , 𝛿𝛿(𝐺𝐺)  is the  minimum  degree of G. For  any 
connected graph  G, a  vertex  𝑣𝑣 ∈ 𝑉𝑉(𝐺𝐺)  is  called  a  cut  vertex  of  G  if  G - v  is  no  longer  connected.  A maximal 
induced subgraph without cutvertex is called a block of G.  For  any  (p, q)  graph  G,  a  block  graph  is  the  graph  
whose vertices correspond to  the  blocks of  G  and  two  vertices  in  B(G)  are  adjacent  whenever  the  corresponding  
blocks contain a  common cutvertex  in  G. 
 
A set D of a graph G is a dominating set if every vertex in V – D is adjacent to some vertex in D. The  domination  
number  𝛾𝛾(𝐺𝐺)  of  G  is  the  minimum  cardinality  of  a  minimal  dominating  set.  A  dominating  set  D  is  called  
connected  dominating  set  if  induced  subgraph  〈𝐷𝐷〉 is connected. The  connected  domination  number  𝛾𝛾𝑐𝑐(𝐺𝐺)  is  the  
minimum  cardinality  of  a  connected  dominating  set  of  G.  A  dominating  set  D  of  a  graph  G  is  a  strong  split  
dominating  set  if  the  induced  subgraph  〈𝑉𝑉 − 𝐷𝐷〉 is  totally  disconnected  with  at  least  two  vertices. The  strong  
split  domination  number  𝛾𝛾𝑠𝑠𝑠𝑠(𝐺𝐺)  of  G  is  the  minimum  cardinality  of  a  strong  split  dominating  set  of  G.  From  
[1],  a  Roman  dominating  function  (RDF)  on  a  graph  G = (V,E)  is  a  function  𝑓𝑓 ∶ 𝑉𝑉 →  {0,1,2}  satisfying  the  
condition  that  every  vertex  u  for  which  f(u) = 0  is  adjacent  to  at  least  one  vertex  v  for  which  f(v) = 2. The 
weight of a Roman dominating function is the value 𝑓𝑓(𝑉𝑉) =  ∑ 𝑓𝑓(𝑣𝑣)𝑣𝑣∈𝑉𝑉 . The minimum weight of a Roman  dominating  
function  on  a  graph  G  is  called  the  Roman  domintion  number  and  is  denoted  by  𝛾𝛾𝑅𝑅(𝐺𝐺).  
 
A  Roman  dominating  function  𝑓𝑓 =  (𝑉𝑉0

Ι ,𝑉𝑉1
Ι  ,𝑉𝑉2

Ι)  on  a  graph  G  is  a  connected  Roman  dominating  function  
(CRDF)  on  G  if  〈𝑉𝑉1

Ι ∪ 𝑉𝑉2
Ι〉  or  〈𝑉𝑉2

Ι〉  is  connected.  The  minimum  weight  of  a  CRDF  is  called  a  connected  
Roman  domination  number  of  G  and  is  denotd  by  𝛾𝛾𝑅𝑅𝑅𝑅(𝐺𝐺) . This concept is introduced by M. H. Muddebihal and 
Sumangaladevi [5]. 
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A  Roman  dominating  function on a block  graph  B(G) = (H, X) is a function 𝑓𝑓:𝐻𝐻 → {0,1,2} satisfying  the  condition 
that every vertex u for  which  f(u) = 0  is  adjacent  to  at  least  one  vertex  v  for  which  f(v) = 2.  The weight of  a  
Roman dominating function on B(G) is the value 𝑓𝑓(𝐻𝐻) =  ∑ 𝑓𝑓(𝑣𝑣)𝑣𝑣∈𝐻𝐻 . The  minimum  weight  of  a  Roman  dominating 
function on a block graph  B(G)  is  called  the  Roman  block  domintion number and  is  denoted  by  𝛾𝛾𝑅𝑅𝑅𝑅(𝐺𝐺), see [6] .  
 
A Roman block dominating function 𝑓𝑓 = (𝑉𝑉0,𝑉𝑉1,𝑉𝑉2)  of  a graph G is a connected Roman block dominating function  if  
either 〈𝑉𝑉1 ∪ 𝑉𝑉2〉 or 〈𝑉𝑉2〉  is  connected  in  B(G). The minimum weight of a connected Roman block dominating  
function is denoted  by  𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐 (𝐺𝐺)  and  is  called  connected  Roman block domination  number  of G. 
 
PREREQUISITES 
 
Theorem A[3] : If  any  tree  T  has  p  vertices,  then  its block graph  B(T)  has (p - 1) vertices. 
 
Theorem B [4]: For any connected graph G on n vertices, 𝛾𝛾𝑅𝑅(𝐺𝐺) ≤ 𝑛𝑛 − �1 + 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑  𝐺𝐺

3
� . 

 
Theorem C [7]: For any connected graph G, 𝛾𝛾(𝐺𝐺) ≤ 𝛾𝛾𝑐𝑐(𝐺𝐺) . 
 
We used above Theorems in our further results. 
 
RESULTS 
 
Theorem 1:   
(i) For any non - separable graph G, 𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐(𝐺𝐺) = 1. 
(ii)  For any path  𝑃𝑃𝑝𝑝 ,  𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐 �𝑃𝑃𝑝𝑝� = 𝑝𝑝 − 2  𝑖𝑖𝑖𝑖  𝑝𝑝 = 4 
                                                   = 𝑝𝑝 − 1  𝑖𝑖𝑖𝑖  𝑝𝑝 ≠ 4. 
(iii)  For any graph G with exactly one cut vertex,  𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐 (𝐺𝐺) = 2 . 
(iv)  For  any  graph  G  whose  B(G)  is  a  star,   𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐(𝐺𝐺) = 2 . 
 
In the following Theorems we establish relations between𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐(𝐺𝐺),  𝛾𝛾𝑅𝑅𝑅𝑅(𝐺𝐺)  𝑎𝑎𝑎𝑎𝑎𝑎  𝛾𝛾𝑅𝑅𝑅𝑅(𝐺𝐺)  .   
 
Theorem 2:  For any connected graph G,  𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐(𝐺𝐺)  ≤  𝛾𝛾𝑅𝑅𝑅𝑅(𝐺𝐺) . 
 
Proof:  Let  G  be  any  connected  graph  with  a  CRDF  𝑓𝑓 =  (𝑉𝑉0

Ι  ,𝑉𝑉1
Ι ,𝑉𝑉2

Ι) and let 𝑓𝑓 =  (𝑉𝑉0,𝑉𝑉1,𝑉𝑉2)  be  the CRDF  in  
B(G).  We consider the following cases. 
 
Case-1: Suppose G be  a  non – trivial  tree  T. Let  𝑉𝑉𝑒𝑒𝑒𝑒 = {𝑣𝑣1, 𝑣𝑣2, 𝑣𝑣3, … . . , 𝑣𝑣𝑒𝑒𝑒𝑒 }  be  the  set  of  all  end  vertices, 
𝑉𝑉𝑐𝑐 = {𝑣𝑣1, 𝑣𝑣2, 𝑣𝑣3, … . . , 𝑣𝑣𝑐𝑐}  be  the  set  of  all  cutvertices  in  T  such  that  𝑉𝑉(𝑇𝑇) =  𝑉𝑉𝑐𝑐 ∪ 𝑉𝑉𝑒𝑒𝑒𝑒  and  𝑉𝑉𝑐𝑐Ι ⊆ 𝑉𝑉𝑐𝑐   be  the  set  of  
all  cutvertices  adjacent  to  endvertices  in  T. Then  ∀  𝑣𝑣𝑖𝑖 ∈  𝑉𝑉𝑐𝑐Ι   ,𝑤𝑤(𝑣𝑣𝑖𝑖) = 2  and   ∀  𝑣𝑣𝑗𝑗 ∈ 𝑉𝑉𝑐𝑐 ∖ 𝑉𝑉𝑐𝑐Ι  , 𝑤𝑤�𝑣𝑣𝑗𝑗 � = 1   such 
that 𝑤𝑤 �𝑁𝑁(𝑣𝑣𝑖𝑖) ∩ 𝑁𝑁�𝑣𝑣𝑗𝑗 �� = 1 𝑜𝑜𝑜𝑜 2. Then 〈𝑣𝑣𝑖𝑖𝑣𝑣𝑗𝑗 〉 is connected. Hence 𝑉𝑉𝑐𝑐  forms 𝛾𝛾𝑅𝑅𝑅𝑅–set in T and                                
|𝑉𝑉𝑐𝑐 | = �𝑉𝑉1

Ι� + �𝑉𝑉2
Ι� =  𝛾𝛾𝑅𝑅𝑅𝑅(𝑇𝑇).   

 
Let  𝐴𝐴 = {𝐵𝐵1,𝐵𝐵2, … … ,𝐵𝐵𝑛𝑛}  be  the  set  of  all  blocks  of  G,  𝑀𝑀Ι = {𝐵𝐵1,𝐵𝐵2, … …𝐵𝐵𝑘𝑘 }, 𝑘𝑘 < 𝑛𝑛  be  the set of  all non - end  
blocks  and 𝐸𝐸Ι =  {𝐵𝐵1,𝐵𝐵2, … …𝐵𝐵𝑚𝑚 },𝑚𝑚 < 𝑛𝑛  be  set  of  all  endblocks  of  G.  
 
Let 𝐻𝐻 = {𝑏𝑏1, 𝑏𝑏2, … … , 𝑏𝑏𝑛𝑛 }  be  the  corresponding  block  vertex  set  of  A, 𝑀𝑀 = {𝑏𝑏1, 𝑏𝑏2, … … 𝑏𝑏𝑘𝑘}, 𝑘𝑘 < 𝑛𝑛 be  the  set  of  
all  cutvertices  and 𝑀𝑀𝑛𝑛𝑛𝑛 = {𝑏𝑏1, 𝑏𝑏2, … … 𝑏𝑏𝑚𝑚 },𝑚𝑚 < 𝑛𝑛  be  set  of  all  non - cutvertices  corresponding  to  𝑀𝑀Ι  ,𝐸𝐸Ι  
respectively  in  B(G).  Since 𝐺𝐺 ≅ 𝑇𝑇,  ∀ 𝑏𝑏𝑖𝑖 ∈ 𝑀𝑀  in B(T)  are  connected  and  𝑤𝑤(𝑏𝑏𝑖𝑖) = 1 𝑜𝑜𝑜𝑜 2  and   ∀ 𝑏𝑏𝑗𝑗 ∈ 𝑀𝑀𝑛𝑛𝑛𝑛   in  B(T) 
,𝑤𝑤�𝑏𝑏𝑗𝑗 � = 0.  Hence M forms 𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐  – set in B(T).  By Theorem A, T has one vertex more than that of B(T).  Hence  
|𝑉𝑉1| + |𝑉𝑉2| ≤  �𝑉𝑉1

Ι� + �𝑉𝑉2
Ι�  give 𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇)  ≤  𝛾𝛾𝑅𝑅𝑅𝑅(𝑇𝑇) . 

 
Case-2: Suppose G is not a tree. Then assume G is a tree and any two non – adjacent vertices  u, v  with  d(u, v) = 2  are  
joined by an  edge.  Then  the graph  G  contains  a  smallest  block Bi  with  p = 3  vertices.  If  𝐵𝐵𝑖𝑖 ∈ 𝐸𝐸Ι  in  G, then  the  
two  non – adjacent  vertices  u, v  of  𝐵𝐵𝑖𝑖 ∈ 𝑉𝑉0

Ι
 and  the corresponding  block  vertex bi of  Bi belongs  to V0  in  B(G). If  

𝐵𝐵𝑖𝑖 ∈ 𝑀𝑀Ι in  G,  then 𝑢𝑢, 𝑣𝑣 ∈ 𝑉𝑉𝑐𝑐   where Vc is 𝛾𝛾𝑅𝑅𝑅𝑅  – set  and  the  corresponding block vertex 𝑏𝑏𝑖𝑖 ∈ 𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐  – set  in  B(G).  
Hence one can easily verify that  𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐(𝐺𝐺)  ≤  𝛾𝛾𝑅𝑅𝑅𝑅(𝐺𝐺).     
 
Theorem 3:  For any   connected graph G, 𝛾𝛾𝑅𝑅𝑅𝑅(𝐺𝐺) ≤ 𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐(𝐺𝐺). 
 
Proof: Let 𝐻𝐻 = {𝑏𝑏1, 𝑏𝑏2, … … , 𝑏𝑏𝑛𝑛} be the set of all vertices of B(G). Let 𝐻𝐻1 = {𝑏𝑏1, 𝑏𝑏2, … … 𝑏𝑏𝑖𝑖}, 1 ≤ 𝑖𝑖 < 𝑛𝑛 such that  
𝐻𝐻1 ⊂ 𝐻𝐻  and Then 𝐻𝐻2 = 𝐻𝐻 ∖ 𝐻𝐻1 and ∀ 𝑏𝑏𝑗𝑗 ∈  𝐻𝐻2, 𝑤𝑤�𝑏𝑏𝑗𝑗 � = 0 𝑜𝑜𝑜𝑜 1. Suppose each bi has weight 2. Then 〈𝐻𝐻1〉 = 〈𝑉𝑉2〉  and  
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is connected which gives |𝑉𝑉2| = 𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐(𝐺𝐺).  Otherwise ∃  𝑏𝑏𝑗𝑗 ∈ 𝐻𝐻2, 𝑤𝑤�𝑏𝑏𝑗𝑗 � = 1 and 𝑁𝑁(𝑏𝑏𝑖𝑖) = 𝑏𝑏𝑖𝑖 ∈ 𝐻𝐻1.  Then  〈𝑉𝑉1 ∪ 𝑉𝑉2〉 is 
connected.  Hence  |𝑉𝑉1 ∪ 𝑉𝑉2| = 𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐(𝐺𝐺).  Suppose  𝐻𝐻1 − {𝑏𝑏𝑘𝑘}  or  𝐻𝐻1 − �𝑏𝑏𝑘𝑘  ∪ {𝑏𝑏𝑛𝑛}�, 1 < 𝑘𝑘 ≤ 𝑖𝑖, 1 ≤ 𝑛𝑛 ≤ 𝑗𝑗  such that  
|𝐻𝐻1 − {𝑏𝑏𝑘𝑘}|  𝑜𝑜𝑜𝑜  �𝐻𝐻1 − {�𝑏𝑏𝑘𝑘  } ∪ {𝑏𝑏𝑛𝑛 }��  gives  𝛾𝛾𝑅𝑅𝑅𝑅- set. Hence |𝐻𝐻1 − {𝑏𝑏𝑘𝑘}| 𝑜𝑜𝑜𝑜 �𝐻𝐻1 − {�𝑏𝑏𝑘𝑘  } ∪ {𝑏𝑏𝑛𝑛 }��  ≤  |𝑉𝑉1 ∪ 𝑉𝑉2|  which  
gives 𝛾𝛾𝑅𝑅𝑅𝑅(𝐺𝐺) ≤ 𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐(𝐺𝐺). 
 
In the following Theorem we establish the relation between 𝛾𝛾(𝑇𝑇)  and  𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇). 
 
Theorem 4:  For any connected tree T,  𝛾𝛾(𝑇𝑇) ≤ 𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇). 
 
Proof: Let 𝑉𝑉 =  �𝑣𝑣1, 𝑣𝑣2, … . . , 𝑣𝑣𝑝𝑝� be the  set  of  all vertices of T and  suppose  𝐷𝐷 =  {𝑣𝑣1, 𝑣𝑣2, … . . , 𝑣𝑣𝑙𝑙}, 𝑙𝑙 < 𝑝𝑝  be  the  
minimal  dominating  set  of  T  such  that |𝐷𝐷| =  𝛾𝛾(𝑇𝑇).  Let  𝐴𝐴 = �𝐵𝐵1,𝐵𝐵2, … … ,𝐵𝐵𝑝𝑝−1�  be  the  set  of  all  blocks  of  T 
and 𝐻𝐻 = �𝑏𝑏1, 𝑏𝑏2, … … , 𝑏𝑏𝑝𝑝−1�  be  the  corresponding  block  vertices  in  B(T).  ∀ 𝐵𝐵𝑖𝑖  adjacent  to  endblocks  containing  
𝑣𝑣𝑖𝑖 ∈ 𝐷𝐷  in  T,  there  exist  a  corresponding  block  vertex  set  { bi }  in  B(T)  such  that  {𝑏𝑏𝑖𝑖} ∈ 𝑉𝑉2 ∪ 𝑉𝑉1   and  ∀ 𝐵𝐵𝑗𝑗   not  
adjacent  to  endblocks   in  T  there  exist  a  corresponding  block  vertex   set { bj }  in  B(T)  such  that  �𝑏𝑏𝑗𝑗 � ∈ 𝑉𝑉1 . 
Hence  〈𝑏𝑏𝑖𝑖 ∪ 𝑏𝑏𝑗𝑗 〉  is connected and it forms  𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐  – set such that |𝑉𝑉1| + |𝑉𝑉2| = |𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐 | = 𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐 (𝑇𝑇) . Clearly  |𝐷𝐷| ≤ |𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐 |  
gives  𝛾𝛾(𝑇𝑇) ≤ 𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇). 
 
The following Theorem relates 𝛾𝛾(𝐺𝐺), 𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐 (𝐺𝐺)  𝑎𝑎𝑎𝑎𝑎𝑎  𝛾𝛾𝑐𝑐(𝐺𝐺). 
 
Theorem 5: For any connected (p, q) graph G,  𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐(𝐺𝐺) ≤ 𝛾𝛾(𝐺𝐺) + 𝛾𝛾𝐶𝐶(𝐺𝐺). 
 
Proof:   Let  𝐷𝐷 =  {𝑣𝑣1, 𝑣𝑣2, … . . , 𝑣𝑣𝑙𝑙} , 𝑙𝑙 < 𝑝𝑝  be  the  set  of  vertices  of  G  such  that every  𝑣𝑣𝑗𝑗 ∈ 𝑉𝑉 − 𝐷𝐷  is  adjacent  to  
at least  one  vertex  of  D.  Then D is a 𝛾𝛾 – set.  Suppose for some  𝑣𝑣𝑖𝑖 ∈ 𝐷𝐷  and  ∀ 𝑣𝑣𝑘𝑘 ∈ 𝐷𝐷 −  {𝑣𝑣𝑖𝑖} is not adjacent to at 
least one  𝑣𝑣𝑗𝑗Ι ∈ 𝑉𝑉 − 𝐷𝐷 ∪ {𝑣𝑣𝑘𝑘}. Then D is a minimal dominating set. 
 
For 𝑣𝑣𝑖𝑖 ∈ 𝐷𝐷 , 𝑣𝑣𝑗𝑗 ∈ 𝐷𝐷  if 𝑁𝑁(𝑣𝑣𝑖𝑖) ∩ 𝑁𝑁�𝑣𝑣𝑗𝑗 � ≠ ∅,  then 〈𝐷𝐷〉  is  connected  otherwise ∃ at least  one vertex 𝑥𝑥 ∈ 𝑉𝑉 − 𝐷𝐷 such  
that 𝑁𝑁(𝑣𝑣𝑖𝑖) ∩ 𝑁𝑁�𝑣𝑣𝑗𝑗 � = 𝑥𝑥. Then 𝐷𝐷 ∪ {𝑥𝑥} forms a minimal connected dominating set and 𝐷𝐷 ∪ {𝑥𝑥} = 𝐷𝐷𝑐𝑐 . Let                 
𝐴𝐴 = {𝐵𝐵1,𝐵𝐵2, … … ,𝐵𝐵𝑛𝑛 } be the set of all blocks of G, 𝑀𝑀Ι = {𝐵𝐵1,𝐵𝐵2, … …𝐵𝐵𝑘𝑘 }, 𝑘𝑘 < 𝑛𝑛  be the set of all non - end blocks and 
𝐸𝐸Ι = {𝐵𝐵1,𝐵𝐵2, … …𝐵𝐵𝑚𝑚 },𝑚𝑚 < 𝑛𝑛 be set of all endblocks of G. Let 𝐻𝐻 = {𝑏𝑏1, 𝑏𝑏2, … … , 𝑏𝑏𝑛𝑛}  be  the  corresponding  block  
vertex  set  of  A, 𝑀𝑀 = {𝑏𝑏1, 𝑏𝑏2, … … 𝑏𝑏𝑘𝑘}, 𝑘𝑘 < 𝑛𝑛  be  the set of all cutvertices and 𝑀𝑀𝑛𝑛𝑛𝑛 = {𝑏𝑏1, 𝑏𝑏2, … … 𝑏𝑏𝑚𝑚 },𝑚𝑚 < 𝑛𝑛  be  set  
of  all  non - cutvertices  corresponding to  𝑀𝑀Ι ,𝐸𝐸Ι  respectively  in  B(G).  Let 𝐻𝐻1 = {𝑏𝑏1, 𝑏𝑏2, … … 𝑏𝑏𝑖𝑖}, 𝑖𝑖 ≤ 𝑘𝑘 such that 
𝐻𝐻1 ⊆ 𝑀𝑀 and ∀ 𝑏𝑏𝑖𝑖 ∈ 𝐻𝐻1 ,𝑤𝑤(𝑏𝑏𝑖𝑖) = 2. Then 𝐻𝐻2 = 𝐻𝐻 ∖ 𝐻𝐻1 and∀ 𝑏𝑏𝑗𝑗 ∈ 𝐻𝐻2,𝑤𝑤�𝑏𝑏𝑗𝑗 � = 0  𝑜𝑜𝑜𝑜  1.   
 
Suppose H1 = M and each bi has weight 2. Then 〈𝐻𝐻1〉 = 〈𝑉𝑉2〉 and is connected gives |𝑉𝑉2| = 𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐(𝐺𝐺) otherwise      
∃  𝑏𝑏𝑗𝑗 ∈ 𝐻𝐻2  with w(bj) = 1and 𝑁𝑁(𝑏𝑏𝑖𝑖) = 𝑏𝑏𝑗𝑗 ∈ 𝑀𝑀.  Then 〈𝑉𝑉2 ∪ 𝑉𝑉1〉  is connected.  Hence  |𝑉𝑉1 ∪ 𝑉𝑉2| = 𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐(𝐺𝐺) .  
 
Let  𝐵𝐵𝑖𝑖 ∈ 𝐴𝐴  is a smallest block with  p = 3  vertices  in  G.  We consider the following cases. 
 
Case-1: Suppose 𝐵𝐵𝑖𝑖 ∈ 𝐸𝐸Ι ⊆ 𝐴𝐴. We consider following subcases. 
 
Subcase 1.1:  Assume 𝐵𝐵𝑖𝑖 ∈ 𝐸𝐸Ι = 𝐴𝐴. Then at least one vi of Bi ∈ D and Dc.  The corresponding block graph B(G) is a  
complete  graph and  corresponding  block  vertex 𝑏𝑏𝑖𝑖 ∈ {𝑉𝑉2}.  Then  |𝑉𝑉2| ≤ |𝐷𝐷| + |𝐷𝐷𝑐𝑐 |  gives the result. 
 
Subcase 1.2: Assume 𝐵𝐵𝑖𝑖 ∈ 𝐸𝐸Ι ⊂ 𝐴𝐴. Then at least one vi of Bi  ∈ D and Dc.  The corresponding block vertex 𝑏𝑏𝑖𝑖 ∈ {𝑉𝑉0} in 
B(G). Then  ∀ 𝑏𝑏𝑗𝑗 ∈ {𝑉𝑉2 ∪ 𝑉𝑉1}  in B(G)  form  𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐 - set  and  |𝑉𝑉2 ∪ 𝑉𝑉1| ≤ |𝐷𝐷| + |𝐷𝐷𝑐𝑐 |  gives  result. 
 
Case-2:  Suppose 𝐵𝐵𝑖𝑖 ∈ 𝑀𝑀Ι ⊂ 𝐴𝐴.  Then  at least  two  vertices  of Bi  belong  to Dc  and at leas  one  vertex of Bi  belongs  
to D.  The corresponding block vertex 𝑏𝑏𝑖𝑖 ∈ 𝑀𝑀 in B(G) with w(bi) = 1 or 2.  Hence 𝑏𝑏𝑖𝑖 ∈  𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐– set and |𝑉𝑉2 ∪ 𝑉𝑉1| ≤ |𝐷𝐷| +
|𝐷𝐷𝑐𝑐 | .  Hence  𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐 (𝐺𝐺) ≤ 𝛾𝛾(𝐺𝐺) + 𝛾𝛾𝐶𝐶(𝐺𝐺). 
 
In the following Theorems we provide upper bounds for 𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐 (𝐺𝐺)  in terms of number of blocks n and number of 
vertices p of G. 
 
Theorem 6: For any connected graph G,  𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐 (𝐺𝐺) ≤ 𝑛𝑛  where n is number of blocks of G. 
 
Proof: We consider the following cases. 
 
Case-1: Suppose G is non – separable. Then by Theorem 1, 𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐 (𝐺𝐺) = 1 = 𝑛𝑛. 
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Case-2:  Suppose G is separable. We consider the following subcases of case 2. 
 
Subcase 2.1:  Assume G has exactly one cutvertex. Then by Theorem 1, 𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐(𝐺𝐺) = 2 ≤ 𝑛𝑛. 
 
Subcase 2.2:  Assume G has more than one cutvertex. Let 𝐴𝐴 = {𝐵𝐵1,𝐵𝐵2, … … ,𝐵𝐵𝑛𝑛}  be the set of all blocks of G,        
𝑀𝑀Ι = {𝐵𝐵1,𝐵𝐵2, … …𝐵𝐵𝑘𝑘 }, 𝑘𝑘 < 𝑛𝑛 be the set of all non - endblocks of G. Let  𝐻𝐻 = {𝑏𝑏1, 𝑏𝑏2, … … , 𝑏𝑏𝑛𝑛}  be the corresponding 
block vertex set of A such that V(B(G)) = H and 𝑀𝑀 = {𝑏𝑏1, 𝑏𝑏2, … … 𝑏𝑏𝑘𝑘}, 𝑘𝑘 < 𝑛𝑛 be the set of all cut vertices  corresponding  
to  𝑀𝑀Ι respectively in B(G).  ∀ 𝑏𝑏𝑖𝑖 ∈ 𝑀𝑀,𝑤𝑤(𝑏𝑏𝑖𝑖) = 1 𝑜𝑜𝑜𝑜 2  such that |𝑀𝑀| = |𝑉𝑉1| + |𝑉𝑉2|.  Then M forms 𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐 - set and  
|𝑀𝑀| = |𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐 | = 𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐(𝐺𝐺) . Since  B(G)  contains  at most  n – 2  cutvertices,  𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐(𝐺𝐺) ≤ 𝑛𝑛.  Hence the result. 
 
Theorem7: For any (p, q) graph G, 𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐 (𝐺𝐺) ≤ 𝑝𝑝 − 1. 
 
Proof: By Theorem 6, 𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐(𝐺𝐺) ≤ 𝑛𝑛 where n is number of blocks of G and since any graph contains at most n = p – 1 
blocks, the result follows. 
 
Following Theorem relates 𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐 (𝐺𝐺) and  𝛾𝛾𝑐𝑐(𝐺𝐺).  
 
Theorem 8: For any connected graph G, 𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐 (𝐺𝐺) ≤ 2 𝛾𝛾𝐶𝐶(𝐺𝐺). Equality holds for a graph G with exactly one cutvertex  
adjacent to all the vertices of all the blocks. 
 
Proof: From Theorem C and Theorem 5,  𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐(𝐺𝐺) ≤ 𝛾𝛾(𝐺𝐺) + 𝛾𝛾𝐶𝐶(𝐺𝐺) 
                                                                                  ≤ 𝛾𝛾𝐶𝐶(𝐺𝐺) + 𝛾𝛾𝐶𝐶(𝐺𝐺)  = 2 𝛾𝛾𝐶𝐶(𝐺𝐺) 
 
Further Theorem gives relation between  𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐 (𝐺𝐺)  and  𝛾𝛾𝑅𝑅(𝐺𝐺).                                                                                                
 
Theorem 9: For any (p, q) graph G,  𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐(𝐺𝐺) ≤ 2 𝛾𝛾𝑅𝑅(𝐺𝐺) − 3. 
 
Proof: Let  𝑉𝑉 =  �𝑣𝑣1, 𝑣𝑣2, … . . , 𝑣𝑣𝑝𝑝� be the set of all vertices of G. Let 𝑓𝑓 = (𝑉𝑉0

Ι ,𝑉𝑉1
Ι ,𝑉𝑉2

Ι) be a 𝛾𝛾𝑅𝑅  – function in G and  
suppose 𝐷𝐷𝑅𝑅 = {𝑣𝑣1, 𝑣𝑣2, … … . . , 𝑣𝑣𝑠𝑠}, 𝑠𝑠 < 𝑝𝑝 be a minimal 𝛾𝛾𝑅𝑅  –  set of G. Let 𝐴𝐴 = {𝐵𝐵1,𝐵𝐵2, … … ,𝐵𝐵𝑛𝑛} be the set of all blocks 
of G, 𝑀𝑀Ι = {𝐵𝐵1,𝐵𝐵2, … …𝐵𝐵𝑘𝑘}, 𝑘𝑘 < 𝑛𝑛 be the set of all non-endblocks of G. Let 𝐻𝐻 = {𝑏𝑏1, 𝑏𝑏2, … … , 𝑏𝑏𝑛𝑛} and                        
𝑀𝑀 = {𝑏𝑏1, 𝑏𝑏2, … … 𝑏𝑏𝑘𝑘}, 𝑘𝑘 < 𝑛𝑛 be the corresponding block vertex sets of A and 𝑀𝑀Ι respectively in B(G). Consider       
{𝑣𝑣𝑖𝑖} ⊆ 𝑉𝑉 − 𝐷𝐷𝑅𝑅  such that w(vi) = 0 and vi is incident with any 𝐵𝐵𝑖𝑖 ∈  𝑀𝑀Ι in G. Then ∀ 𝐵𝐵𝑖𝑖  containing vi  there exist a  
corresponding  block  vertex  set  {𝑏𝑏𝑖𝑖} ∈ 𝑉𝑉2 ∪ 𝑉𝑉1  and  {𝑏𝑏𝑖𝑖} ⊆ 𝑀𝑀  such  that  M  forms  𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐  – set  in  B(G). Since  in  G,  
for  any block 𝐵𝐵𝑖𝑖 , ∑ 𝑤𝑤(𝑣𝑣𝑖𝑖)𝑣𝑣𝑖𝑖∈𝐵𝐵𝑖𝑖   is  at most 2 and  the  weight  of  corresponding  block  vertex  in  B(G)  is          
𝑤𝑤(𝑏𝑏𝑖𝑖) = 1 𝑜𝑜𝑜𝑜 2, it is clear that  𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐 (𝐺𝐺)

2
+ 3

2
≤ 𝛾𝛾𝑅𝑅(𝐺𝐺). 

 
Hence  𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐 (𝐺𝐺) ≤ 2 𝛾𝛾𝑅𝑅(𝐺𝐺) − 3. 
 
In next Theorem we establish an upper bound for 𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐(𝐺𝐺)  in terms of diameter of G. 
 
Theorem10: For any connected graph G, 𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐 (𝐺𝐺) ≤ 2𝑝𝑝 − 2

3
[1 + 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝐺𝐺]. 

 
Proof: From Theorem B and Theorem 9,  
𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐(𝐺𝐺) ≤ 2 𝛾𝛾𝑅𝑅(𝐺𝐺) − 3 
              ≤ 2 𝛾𝛾𝑅𝑅(𝐺𝐺) 
              ≤ 2 �𝑝𝑝 −  �1 +𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑  𝐺𝐺

3
�� 

              ≤ 2𝑝𝑝 − 2
3

[1 + 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝐺𝐺].  Hence the result. 
 
The following Theorem relates  𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇)  with  𝛾𝛾𝑠𝑠𝑠𝑠(𝑇𝑇). 
 
Theorem 11: For any non – trivial tree T, 𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇) ≥ 𝛾𝛾𝑠𝑠𝑠𝑠(𝑇𝑇) + 1 if and only if B(T) has at least two cut vertices. 
 
Proof: For necessary condition, suppose  𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇) ≥ 𝛾𝛾𝑠𝑠𝑠𝑠(𝑇𝑇) + 1. 
 
Let B(T) has exactly one cutvertex. Then T has at least 3 blocks and  𝛾𝛾𝑠𝑠𝑠𝑠(𝑇𝑇) + 1 ≥ 3 > 2 =  𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐 (𝑇𝑇), a contradiction. 
Hence B(T)  has at least  two  cutvertices.   
 
For sufficient condition, suppose B(T)  has at least two cutvertices.   
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Let  𝑉𝑉 =  �𝑣𝑣1, 𝑣𝑣2, … . . , 𝑣𝑣𝑝𝑝� be the set of all vertices and 𝑉𝑉𝑐𝑐Ι = {𝑣𝑣1, 𝑣𝑣2, … . , 𝑣𝑣𝑟𝑟}  be the set of all cutvertices adjacent to 
endvertices in T.  Let  𝐸𝐸𝑒𝑒 = {𝑒𝑒1, 𝑒𝑒2, … . . , 𝑒𝑒𝑛𝑛}  be the set of all endedges and 𝐸𝐸𝑐𝑐 = {𝑒𝑒1, 𝑒𝑒2, … . . , 𝑒𝑒𝑐𝑐}, 𝑐𝑐 ≤ 𝑛𝑛 be the set of  
all edges adjacent to endedges in T. Let Vnc be the set of all minimum number of vertices that covers all the edges of  
〈𝐸𝐸(𝐺𝐺) ∖ 𝐸𝐸𝑐𝑐⋃𝐸𝐸𝑒𝑒〉.  Then  𝑉𝑉𝑐𝑐Ι ∪ 𝑉𝑉𝑛𝑛𝑛𝑛  forms 𝛾𝛾𝑠𝑠𝑠𝑠- set and |𝑉𝑉𝑐𝑐Ι| + |𝑉𝑉𝑛𝑛𝑛𝑛 | = 𝛾𝛾𝑠𝑠𝑠𝑠(𝑇𝑇).∀ 𝐵𝐵𝑖𝑖 ∈ 𝐸𝐸(𝐺𝐺) ∖ 𝐸𝐸𝑒𝑒 ,   ∃  corresponding block  
vertices 𝑏𝑏𝑖𝑖 ∈ 𝑉𝑉2 ∪ 𝑉𝑉1 in B(T) such that 〈𝑉𝑉2 ∪ 𝑉𝑉1〉  is  connected.  Then {bi} forms 𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐  – set and |𝑏𝑏𝑖𝑖| = |𝑉𝑉1| + |𝑉𝑉2| =
|𝐷𝐷𝑐𝑐𝑐𝑐𝑐𝑐 | = 𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐 (𝑇𝑇). 
 
Obviously |𝑉𝑉2| + |𝑉𝑉1| ≥ |𝑉𝑉𝑐𝑐Ι| + |𝑉𝑉𝑛𝑛𝑛𝑛 | + 1 gives  𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇) ≥ 𝛾𝛾𝑠𝑠𝑠𝑠(𝑇𝑇) + 1. 
 
Suppose B(T) has no cutvertex. Then the corresponding tree T has exactly one cutvertex. 
  
Clearly 𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐 (𝑇𝑇) = 2 = 𝛾𝛾𝑠𝑠𝑠𝑠(𝑇𝑇) + 1.  
 
In the following Theorems we obtain lower bounds for  𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇)  in terms of p, q, Δ, 𝛿𝛿 
 
Theorem 12: For any tree T with p ≥ 3, 𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇) ≥ 𝑝𝑝 − 𝑞𝑞

𝛿𝛿
+ 1. 

 
Proof:  We consider the following cases. 
 
Case-1: Suppose the tree T has exactly one cutvertex. Then B(T) is a complete graph and  𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇) = 2.  Since for any 
tree T, q = p – 1 and  𝛿𝛿(𝑇𝑇) = 1 
 
Clearly   𝑝𝑝 − 𝑞𝑞

𝛿𝛿
+ 1 = 𝑝𝑝 − (𝑝𝑝−1)

1
+ 1 = 2   gives the result. 

 
Case-2:  Suppose T has more than one cutvertex. Let 𝑉𝑉𝑐𝑐 = {𝑣𝑣1, 𝑣𝑣2, 𝑣𝑣3, … . . , 𝑣𝑣𝑐𝑐} be the set of all cutvertices in T. For  
every non – endedge  containing vertices  𝑣𝑣𝑖𝑖 ∈ 𝑉𝑉𝑐𝑐  there exist a corresponding block vertex set{bi}such that|bi| = |V1+ V2|  
in  B(T).  Hence {bi} forms  𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐  – set and | bi | = | V1 + V2 | = | DcRB | ≥ 2 = 𝑝𝑝 − 𝑞𝑞

𝛿𝛿
+ 1. Hence the result.   

 
Theorem 13:  For any tree T,  � 𝑝𝑝

∆(𝐺𝐺)+1
� ≤ 𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇). 

 
Proof:  Let  Db  be  a  minimal  dominating  set  of  B(T)  and D1 = V(B(T)) \ Db.   
 
Suppose 𝐷𝐷2 ⊆ 𝐷𝐷1 and ∀ 𝑏𝑏𝑖𝑖 ∈ 𝐷𝐷𝑏𝑏 , 𝑤𝑤(𝑏𝑏𝑖𝑖) = 2 𝑜𝑜𝑜𝑜 1 , ∀ 𝑏𝑏𝑗𝑗 ∈ 𝐷𝐷2, 𝑤𝑤�𝑏𝑏𝑗𝑗 � = 1 and ∀ 𝑏𝑏𝑘𝑘 ∈ 𝐷𝐷1  \ 𝐷𝐷2, 𝑤𝑤(𝑏𝑏𝑘𝑘) = 0. If each     
bi has weight 2 and 𝑁𝑁(𝑏𝑏𝑖𝑖) = 𝑥𝑥 ∈ 𝐷𝐷𝑏𝑏 , then 〈𝐷𝐷𝑏𝑏〉 = 〈𝑉𝑉2〉 which is connected and gives |𝑉𝑉2| = 𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇)  otherwise  there  
exist 𝑏𝑏𝑗𝑗 ∈ 𝐷𝐷2, 𝑤𝑤�𝑏𝑏𝑗𝑗 � = 1 and 𝑁𝑁(𝑏𝑏𝑖𝑖) = 𝑏𝑏𝑗𝑗 . Then 〈𝑉𝑉2 ∪ 𝑉𝑉1〉  is connected. Hence  |𝑉𝑉2 ∪ 𝑉𝑉1| = 𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇).  For any tree T, 
there exist at least one vertex  𝑢𝑢 ∈ 𝑉𝑉(𝑇𝑇)  such that  deg(𝑢𝑢) =  ∆(𝑇𝑇). Then � 𝑝𝑝

∆(𝐺𝐺)+1
� ≤ |𝑉𝑉1| + |𝑉𝑉2| or |𝑉𝑉2|. 

Hence   � 𝑝𝑝
∆(𝐺𝐺)+1

� ≤ 𝛾𝛾𝑐𝑐𝑐𝑐𝑐𝑐(𝑇𝑇). 
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