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ABSTRACT

In present paper, some fixed point theorems in Hausdorff spaces have been proved, which generalize the theorem of
YEH, C.C. [2].

d(Tx,Ty)<d(x,y); V x,ye X.
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INTRODUCTION:

In 1962, M. Edelstein [1] proved the following result:

Theorem 1: Let (X,d) be a metric space, T be a contractive self-mapping of X. If for some x € X , the sequence of
iterates {7"x} has a convergent subsequence {7 x} converging to a point x,€ X, then x, =lim{7T"x} is
unique fixed point.

Singh, S.P. and Zorzitto [3] generalized the result of M. Edelstein [1].
Here, we prove the following theorems, which generalized the result of YEH, C.C. [2]:

Theorem 2: Let T be a continuous mapping of a Housdorff space X into itself and let f be a continuous mapping of
XxX into non-negative reals such that

f(x,x)=0; Vxe X and f(x,y)#0,Vx,ye X, x#y 2.1

f(x,2)< flx,y)+ f(y,2).forallx,y,zin X 2.2)
1

F(TxTy) < qmax{ﬂx, P fTF 0TS (T, f (T, f (x’;’zlf i)y )

fTy)f(y,Tx)  f,nfTy)  f(xTy)f(Tx,Ty)  f(x,Tx)f(x,Ty)  f(,Ty)f(x,Ty)
Fy) ) FARTY) fu )+ fFTTY) f(y)+ FTTY) f(x,y)+ f(TxTy)
[f (x, ) f(Tx, Ty) + f(x, Ty)f(y,Ty)]}

23)
21, y)+ f(Tx.Ty)

*Corresponding author: "Zaheer K. Ansari*, *E-mail: zkansari@rediffmail.com

International Journal of Mathematical Archive- 2 (7), July — 2011 1040



!Zaheer K. Ansari*, *Rajesh Shrivastava and *Arun Garg / Unique fixed point theorems on hausdorff spaces / IIMA- 2(7),
July-2011, Page: 1040-1045

hold for all x,y€ X where g€ [0,1). Then T has a unique fixed point in X.

Proof: Let X, be an arbitrary point in X and a sequence {x, } defined by Tx, = X, ,,,n a positive integer. If for some

n+l >’

n, Tx, = x, then x, is a fixed point. If not T, # x, then by (2.3), we have.

FCx,x,) = f(Tx,,Tx,)

F g x) f(x,x,) fxg,x) f(x;,%x,)
S (xe,x)) T fxex) ’

S (x5 %) f (X9, %,) S (Xg,%,) f (X, %,) S (x5 %) f (X9, %,) S, x) f (X9, %,)

f(xo’x1)+f(x1’x2), f(XO’xl)'i'f(xl’xz)’ f(xo’x1)+f(x1axz), f(xo’x1)+f(x1vxz)’

f(xo,x1>f<xl,xz>+f(xo,x»f(xl,xz)}
2f(xy,x)+ f(x,,x,)

1
Sq max{f(xo’xl)’f(-xo’xl)f(x]’xz)’o’g{f(-x()’xl)+f(x]"xz)}’f('xl"x2)’0’f(-x0’x1)’
S QX)) f (o), f (61,30, f (3,%,))
ie. <g max{f(xo,xl),f(xl,xz)%[f(xo,xl)+f(xl’xz)]}

1
<q max{f(xo’x1),f(xo’x1),f(x1vxz)af(xl’)ﬂ)af(xo’xz),

Then we have either f(x,,x,) < gf (x,,X,) which is a contradiction as q<1

or f(x;,x,)<qf(xy,%) < f(x,,%,) asg<l

and f(x;,x,) < 2L f(xy,%)<qf (x,,%) < f(x,,x,)as g<l Proceeding in the same manner we have
—-q

fgsx)> f(x,x)> fxy,x5) > ...

Thus we have a monotone sequence of positive reals which converges with all it subsequences to some x € X , x being
real.

Again {xn } has a convergent subsequence {xnk } in X which converges to some x € X . From the continuity of T,

we have

Tx=T{lim x, }=1limTx,

=lim(x,,,)

T?(x)=T(Tx) =T{imx, . }

= lim{TxnkH } = xn+2

Now we are to prove that x is a fixed point for T.

f(-x’ Tx) = f(limxn ’limxn‘H )
= hm f(xn ’ 'xn+1 )
= hm f('xn+l ’ 'xn+2)

=lim f(Tx,T’x)
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Again by (2.3) we have

F(Tx,Tx) < qmax{ T, F(x,Tx), f(Tx,T2x), f(Tx,Tx),% FoTyy, LIRS TRT0

f(x,Tx)

FOT?x) f(Tx,Tx)  f(x,Tx)f(x,T*x) f(x,Tx) f(Tx, T x)

f(x,Tx) LT+ f(Tx,T?x) " f(x,Tx)+ f(Tx,T*x)
f(Tx,sz)f(x,sz) f(x, Tx)f(Tx,sz) + f(x,sz)f(Tx,sz)
f(x,Tx)+f(Tx,T2x)’ 2f(x,Tx)+ f(Tx,T*x)

<q max{ FuTx), £ Tx), f(Tx,Tx),0, % o+ F( 20},

f(Tx,sz),O, f(x,Tx), f(Tx,sz), f(x,Tx), f(Tx,sz), f(Tx,sz)}

<g max{ f(x,Tx), f(Tx,sz),%[ f(x,Tx)+ f(Tx, T2x)]}

which gives
F(Tx,T*x)< q f(x,Tx) < f(x,Tx) asq<l

So we arrive at a contradiction hence x =TX i.e. x is a fixed point for T.

Uniqueness: Let y (# X ) be another fixed point. Then by (2.3) we have

F<q max{f(x, Ve F @D, F Oy f ) fayy L8O SO0 F (3 0)
2 flxy) fx,y)

fFCnfy)  fOy.fxy)  fnfxy)  f.nfy) o)+ £y f(Qy, y)}
Fa+fxy) feanfey fn+fxy) fan+fy) 2f(y)+ f(xy)

f(x,¥)<q f(x,y)< f(x,y) which is a contradiction as g<1
Hence x = y i.e. x is a unique fixed point of T.

This completes the proof of the theorem.

Theorem 3: Let 7, and 7, be two commuting continuous mapping of a Hausdorff space X into it self and let f be a
symmetric continuous mapping of XxX into non-negative reals such that

f(x,x)=0 VxeX and f(x,y)#0 Vx,ye X, x#y 3.1
fD S+ f(y,2) (3.2)

1
fTxTy)<q max{f(x, PO T FOT f 0T L <X’T}X(>xf S’Tm

SOOI Ty faenfahy) fOxL)fxhy) feTOf0LLY) fOTOf(5hTy)
fey) T fenH TRy fan+fTaLy) fan+fEGaLy) fy)+fGaTy)

flx, y)f(Tlx,szHf(x,sz)f(y,sz)}
2f(x,y)+ f(Tx,T,y)

(3.3)
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hold for all x,ye X where ge€[0,1). If for somex,€ X, the sequence {x,} where T\x, =x,,,, and
T,x,,,, =Xx,,,, forn=0,1,2,3, ... has a convergent. Subsequence of the type {x(2p+l)n } where pe N , is fixed

and n€ N ,then 7, and T, have a unique fixed point.
Proof: Using (3.3) we have

1
fxqx)=f(Tx,Tx) <q maX{f(Xo,xl),f(xl,x2),f(xl,x2),f(xl,xl),zf(xo,xz),

S X)) (x5 x%5) f (s x) (X, %) (s X)) f (g5 X,)
fGox) T fex) (e x)+ f(x.x,)
Ss0) (X, %,)  f (X)) f (X, %) (%) f (X, X,) f(xo’)ﬁ)f(xpxz)+f(xo’xz)f(x1’xz)}
S o)+ 6. 1,) " f (a) + f(x0 %) f (X0 x,) + F(x.x,) 21 (x, %)+ f(x,x,)

<q max{f(xo’xl)af(xl’xz)vo’%{f(xo’xl)+f(xpxz)}}

Then we have either f(x;,x,) <q f(x;,X,) which is a contradiction as q<l1.

or f(x,,X,) < qf (xy,%,) asq<l.and f(xl’xz)gzif(xmxl) as q<l.
—-q

Repeating this argument we have
F(xo,x)> f(x,x,)> f(x,,x3) >0

Thus, the sequence { f(x,,x,, )} is converging to some z. Again sequence {X,} has a subsequence {x(z » +,)2n}.
From the continuity of 7} and T, , we have T;x =17, lim X priyan = lim X2 pr1y2ns1

T,T.x=T,lim Xop+h2nsl = lim X2pth2n+2
Now, we have to show that x is a fixed point for T1 and T2 , we get

f(x,Tx)= f(limx(Zerl)Zn ’x(2p+1)2n+l)
= f(limx(2p+l)2n > X2 pt)2n+ )

= f(hm X2 p)2n+l ’x(2p+1)2n+2)
= f(Tx,T,T,x)

Suppose x # 1, x then by (3.1), we have
1
fOxT,T0<q max{f(x,Tlxxf(x,nx>,f<nx, LT f (Tx.T0). [ (2T,

fOTOf G T fETTfOxTx) f T f (1T
f(x.Tx) ’ [ Tx) T+ f(Tx TyTx)
f,Tx) f(x,T,T,x) fx,Tx) f(x,T,T,x) fxT,Tx) f(T,x,T,T,x)

fET)+ fOETTY) [T+ fTT,L0) T f(uT0+ f(TxTTx)

fTx) f(Lx, T, T, x)+ f(x,T,T,x) f(T,x,T,T,x)
2f Ty + f (Tx 1T,

Implies

f(Tx,T,T,x) < qf (x,T,x) < f(x,T,x) acontradiction as g<1.
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Thus x =T,x , similarly if{x(zp+1>2n+1} be subsequence of{x(sz)n }then we can get easily x =T, x . Therefore x is a

fixed point for 7} and7,.

Uniqueness: Let y(# Xx) be another fixed point of T, and T,. By applying (3.3) we can prove
that f(T,x,7,y) < f(x,y), acontradiction as g<l.

Hence x is a unique fixed point of 7} and 7, .

This completes the proof of the theorem.

Theorem 4: Let 1,,T,,T;,..... T, be continuous mappings of a Hausdorff space X into itself and let f be a continuous
mapping of X x X into the non-negative reals such that

flx,x)=0 VxeX and f(x,y)#0 Vx,ye X,x#y 4.1)

fx)<fO,+f(y.2) (4.2)
1

f(Trx’TrHy) S q max{f(x, y),f(x,T,x),f(x,T,+1y),f(y,T,x),Ef(x,TH, y)’

fTO)fOD. T,y fO.T0fT,,y)  fanNfT,,y)
fx,y) ’ fxy) Cfy)+ f(TxT., %)
ST f(xT,y) ST 0)f(xT.,y) [T, (3.1,.,Y)
FaN+fTxT ) fenN+fTxT ) f)+fT,.T.y)
f(x,y)f(T,x,Tmy)+f(x,T,+1y)f(y,Tr+1y)}
2f(x, )+ f(TxT,,y)

4.3)

hold for all distinct x,y€ X where g€ [0,1) and T, x = x,,.

If for some X, € X , the sequence {x,} where

X, =Txy, x,=T,%, X3=T;%,,cceceiviiiininnnn. x, =T x,,
X =Tx, X0 =1 e, Xy =T, x5,
X =0%, 0 X, 0 =X, e Xnity, = LeXn 41kt

forn =0, 1, 2, 3, ... has a convergent subsequence of the type {x,,,,} where me N is fixed and n€ N . Then

T1,,T,,T;,..T, has a unique fixed point.

Proof: Using (4.3) we have

fG.x)) = f(Tx,.T,x) < q max{f(xo,xo,f(xo,xo,f(x,,x2>,0,%[f(xo,xl>+f(x,,x»]
f(xl,x»,o,f(xo,xl),ﬂxl,xz),f(xo,xo,f(xl,x»f(xl,xz)}

<q max{f(xo’xl’f(xl’xz)’%[f(xo’xl)"'f(xl’xz)]}

which implies

Fx,x,) < qf (xy,x,) < f(x,,X,) asq<l
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Analogously

S, %) < f(x,%,) . SO sx) < f(x5.x)
By (4.3) we have

1
fxx ) =fx . Tx) <q max{f(xk—ka )f('xk’xk+1)§[f(xk—l"xk)+f(xk’xk+1)]
implies
f(xk"xkﬂ) < Qf(xk_l’xk) < f('xk—l’xk) as g<l1

Hence
f(x,.x,,)<f(x,.,x,),n=0123,..

The uniqueness of 17,7,,7T5,....T, is similar as of theorem-3.

This completes the proof of theorem.
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